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Full landscape of master equations for non-rotating BHs
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Landscape of master equations
[e] Jelele]e)

Decoupling Einstein equations

m Perturbed Einstein equations at linear order

g,ul/ = /g\,u,l/ + h,u,l/ — G,u,l/ = 07 6G,uu =0
= Metric splitting reflecting spherical symmetry
_ 9ap 0 Japda®da® = —f(r) dt* + dr?/ f(r)
G = - A30B 2 2 2
0 2 Qup Q,pdO7dO~ = db” + sin” Ody

= Harmonics expansion hy, =Y., hip°dd 4 pimmeven
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Decoupling Einstein equations

g,ul/ = /g\,u,l/ + h,u,l/ — G,u,l/ = 07 6G,uu =0

= Metric splitting reflecting spherical symmetry

Yab 0 . Gopdz®da’ = —f(r)dt* + dr?/f(r)

v =
g 0 120, Q,5d04dOT = d6? + sin® §dy>

= Harmonics expansion hy, =Y., hip°dd 4 pimmeven

m The master equations

o o ¢ ¢
5Gul/ =0 — (77 + 7 - ‘/cvcn/odd) qlc?c‘n/odd =0
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Landscape of master equations
[e]e] lele]e)

Known master equations

Odd parity

re -~
Vrw = 7ha
U S
Vopm = -+ 2)° <hb:a Trahb)
00 +1 3r,
Vew = f(r)<(1"2 )_ 7‘3)

T. Regge and J. A. Wheeler, Phys. Rev. 108, 1063-1069 (1957), C. T. Cunningham
et al., Astrophys. J. 224, 643-667 (1978)
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\IIRW =

Y
Vopm = -+ 2)° <hb:a Trahb)

Vew = f(r) <£(ér7—21) - ?;7;8)

Even parity

vaw = s (R 3 (b - oK) )
Vg = fi?{“‘”i#(é(u 1)+ 3:) + 95((6 —1)(E+2) + %)}

F. J. Zerilli, Phys. Rev. D 2, 2141-2160 (1970), V. Moncrief, Ann. Phys. (N.Y.)
88, 323 (1974)
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Landscape of master equations
[e]e]e] Jele)

Assumptions

What are all the possible master equations that one can obtain for
the vacuum perturbations of a Schwarzschild BH?

M. L. and C. F. Sopuerta, Phys. Rev. D 104, 084053 (2021)
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Landscape of master equations
[e]e]e] Jele)

Assumptions

What are all the possible master equations that one can obtain for
the vacuum perturbations of a Schwarzschild BH?

Linear in the metric perturbations and first-order derivatives

Voga = Coho™ +Cihi™ + Cg hy™
+ Cg ]"LZ + C4 h/ém + Cé "Lém
+ CG hlf'm + C7 hém + CZ h/ém

Time independent coefficients
Cf = Ci(r)

Arbitrary perturbative gauge

M. L. and C. F. Sopuerta7 Phys. Rev. D 104, 084053 (2021)
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Landscape of master equations
[e]e]e]e] Je)

The standard branch

= Standard branch potentials

VEW odd parity

odd/even
sV =

V2 even parity
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Landscape of master equations
[e]e]e]e] Je)

The standard branch

= Standard branch potentials

w“ VEW odd parity
S‘/; /even _
V2 even parity

= Most general master function

CuUCPM 4 @ W 6dd parity

\I/odd/even _
S
C UM 4 @, UNE even parity

1 _ -
WNE () = 3 t* (rKja — habrb) — [ New master function! ]
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The standard branch

= Standard branch potentials

w“ VEW odd parity
S‘/; /even _
V2 even parity

= Most general master function

w) CUCPM 4 e, URW  4dd parity
\I/D even __
S

C UM 4 @, UNE even parity

1 - -
\IINE(t,r) = Wt“ (rKia — habrb) — [ New master function! ]

m Time derivative relation

ta\IJCPM -9 \IIRW ta\I/ZM -9 \I/NE
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Landscape of master equations
[e]e]e]e]e] ]

The Darboux branch

= Family of potentials D\/Qfdd/even satisfying
sV VleW/Z
Z 2 =2 — -0V =0
( 5V >x 2 v ’

with §V = D‘/Zodd/even o ‘/ZRW/Z-

Michele Lenzi C BH Greybody Factors from KdV Integrals December



Landscape of master equations
[e]e]e]e]e] ]

The Darboux branch

= Family of potentials D\/z’dd/ even

5V, v
’ o Lo ) sy =
(5v>’x+ ( 5V V=0,

)

satisfying

with §V = D‘/Zodd/even o ‘/ZRW/Z-
= Most general (potential dependent) master function

C UM 4 @, (209 wOPM 4 $°94)  odd parity
D\I}odd/even _

elquM +Cy (Zeven piM + q:.eve“) even parity
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Darboux cova

0

Darboux covariance in perturbed Schwarzschild BH
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Darboux covariance
oe

Darboux transformation

= Darboux transformation between (v, ®) and (V, ¥)
U=0,+gd
(-0F+02-v)@=0— 1 V=v42g, — (-07+0;-V)¥=0

g.—9 +v=_0C
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Darboux co
oe

Darboux transformation

= Darboux transformation between (v, ®) and (V, ¥)

U=>0,+g®
(-0F+02-v)2=0— 1 V=v4+2g, — (-07+0:-V)¥=0

go—9g +v=0C

() w2 (), -ov=0
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Darboux transformation

= Darboux transformation between (v, ®) and (V, ¥)

U=>0,+g®
(-0F+02-v)2=0— 1 V=v4+2g, — (-07+0:-V)¥=0

go—9g +v=0C

(5), +2(G).-ov =0

= Darboux covariance of perturbations of spherically-symmetric BHs

RW—Z
8

(sr87) s (3977)
Standard Branch

awoods | Odd Even | s.0en M. L.and C. F. Sopuerta,
8 Parity Parity | & Phys. Rev. D 104, 124068
(2021)

Darboux Branch
odd odd evel evel
(”‘P vv/u) < > (I)WH.YV/ n)

odd<even

8
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Darboux covariance
oe

Darboux transformation

= Darboux transformation between (v, ®) and (V, ¥)

U=>0,+g®
(-0F+02-v)2=0— 1 V=v4+2g, — (-07+0:-V)¥=0

go—9g +v=0C

(5), +2(G).-ov =0

= Darboux covariance of perturbations of spherically-symmetric BHs

gRW-Z
( Sq,mm , VRW ) > (S\Pc»cn ,VZ ) ( )
Standard Branch Isospectral symmetry
_ ikt
RW—odd | Odd Even Z—even U=e"9
8 Parity Parity 8
2

¢,zz - ’qu = _k ¢

Darboux Branch w = Vw — —]CZQ/}
( ”‘P“"", yead ) — ( e yewen ) L ]

odd<even

8
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deformations

Korteweg-de Vries isospectral deformations
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KdV deformations
oe

Korteweg-de Vries isospectral deformations

‘/:T - 6V‘/,ac + ‘/,:cwac =0

m DT + inverse scattering to solve the KdV equation

C. S. Gardner et al., Phys. Rev. Lett. 19, 1095-1097 (1967)
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KdV deformations
oe

Korteweg-de Vries isospectral deformations

‘/:T - 6V‘/,ac + ‘/,:cwac =0

m DT + inverse scattering to solve the KdV equation

m KdV deformations of the frequency domain master equation
V(z) = V()

Y(x) = Y(1,2)
k— k(1)

M. L. and C. F. Sopuerta, Phys. Rev. D 104, 124068 (2021)
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KdV deformations
oe

Korteweg-de Vries isospectral deformations

‘/:T - 6V‘/,ac + ‘/,:cwac =0

m DT + inverse scattering to solve the KdV equation

m KdV deformations of the frequency domain master equation

V(z) = V()
Y(x) = Y(re) = | ("), =0
k— k(1)

M. L. and C. F. Sopuerta, Phys. Rev. D 104, 124068 (2021)
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Korteweg-de Vries isospectral deformations

‘/:T - 6V‘/,ac + ‘/,:cwac =0

m DT + inverse scattering to solve the KdV equation

m KdV deformations of the frequency domain master equation

V(z) = V()
Y(x) = Y(re) = | ("), =0
k— k(1)

m KdV equation as an integrable Hamiltonian system with infinite
conserved quantities

mw:/ da Py (V, Vo, Vs ..)
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KdV deformations
oe

Korteweg-de Vries isospectral deformations

‘/:T - 6V‘/,ac + ‘/,:cwac =0

m DT + inverse scattering to solve the KdV equation

m KdV deformations of the frequency domain master equation

V(z) = V()
Y(@) = Y(rz) =

k— k(1)

m KdV equation as an integrable Hamiltonian system with infinite
conserved quantities

IL,[V]= /oo de P,(V,V 2, Vigy...) —> [ I,[V] = I,[Vaw] ]

— 00

M. L. and C. F. Sopuerta, Phys. Rev. D 104, 124068 (2021)
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Greybody factors from KdV integrals: moment problem

methods
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Greybody factors from KdV
(o] Jele]e]

BH scattering

08
Potential Maximum (x = 3M)
07
06 ikx
ikx —ikx e
a(k, 7)e™ +b(k,T)e”"" = o
L incident eix
= o4 ANAAS
¢(Z’, 5 kv T) = 3 ek transmitted
= 03 RV VN
. reflected
ezkz 0
01
00
S0 0 o 0 o 2 ® 4

BH Tortoise Coordinate [M]




Greybody factors from KdV int.
(o] Jele]e]

BH scattering

Potential Maximum (x = 3M)

eikx

ik —ik
a(k,7)e’™™ + bk, T)e” """ e .
Yz, k,7) = o

Va(x) [M72]

reflected

% 20 -0 o0 0 20 0 4
BH Tortoise Coordinate [M]

= Bogoliubov coefficients completely determine the greybody factors
(and QNMs)

Tk,7)= |a(l€,7’)|_2 , R(k,7)=
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Greybody factors from KdV integ
(o] Jele]e]

BH scattering

Potential Maximum (x = 3M)

ik . o
a(k, 7)™ + bk, T)e™™ £ o et
¢(I IR k ’ T) = % o ek transmitted
P

reflected

% 20 -0 o0 0 20 0 4
BH Tortoise Coordinate [M]

= Bogoliubov coefficients completely determine the greybody factors
(and QNMs)

T(k,7) = la(k,7)| ">, Rk,7) = ‘M

= Bogoliubov coefficients (and greybody factors) are conserved by DT
and KdV deformations
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Greybody factors from KdV integ
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BH greybody factors from KdV integrals

= Trace identities: a set of integral equations that relate the KdV
integrals to the greybody factors

I 1 [
n+142n41 2n
()" e = %/ dk k*" In T'(k)

—o0
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BH greybody factors from KdV integrals

= Trace identities: a set of integral equations that relate the KdV
integrals to the greybody factors

I 1 [
n+142n41 2n
()" e = %[ dk k*" In T'(k)

A moment problem

The greybody factors in BH scattering processes are uniquely determined by
the KdV integrals of the BH potential via a (Hamburger) moment problem

o = / kK2 (k)

where

_ n Lanta InT'(k)
Hon = (_1) 22n+1 ) ( ) o

M. L. and C. F. Sopuerta, arXiv:2212.03732 [gr-qc|
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Greybody factors from KdV integrals
(e]e]e] o]

Moment problem

= Existence: Is there a function p(x) on J whose moments are given by

{pn}?

» Uniqueness: Do the moments {y,} determine uniquely a distribution
p(z) on J?7

= Construction: How can we construct all such probability distributions?
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Greybody factors from KdV
(e]e]e]e] ]

50
Ho Hy T Moy
0
My Ha T Hpgr z
D, = K2 K3 T Hpga >0 g
-100
. 150+
Mo, “n+1 Hop 0 5 10 15 20 25 30 35

Uniqueness

A(n) = C™(2n)! — iy, >0

0 5 10 15 20 25 30 35 40 45 50
n
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Conclusions and Outlook

= Construction of the solution in a forthcoming paper

= Complete picture of master equations for perturbations of non-rotating
BHs and their connection to two different isospectral symmetries

= Explotation of the isospectral symmetries and KdV conserved
quantities to determine that the BH greybody factors are completely
determined by the KdV integrals (a covariant formulation) as a
moment problem

m General framework: extensions to Kerr BH, modified theories of
gravity, higher dimensions...
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