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BPS black holes in string theory

Black holes: gravitational solutions to Einstein’s field equations.

Behave as thermodynamic systems w/ entropy:
(Bekenstein+Hawking in the 70’s)
Ay area of event horizon

A c
SBHZJ+C1 |OgAH+f2+"'+Oénef’8”AH+...
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Boltzmann: black hole microstates Sgy = log dhicro, Omicro € N
Central question in quantum gravity:  microstates ?  Amicro?

Goal:
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Invariant under symmetries.
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BPS black holes in string theory

@ Heterotic string theory compactified on a six-torus:
1 BPS black holes.

@ BPS: supersymmetric. Asymptotically flat black holes.
@ Single-centre black holes. Near horizon geometry is AdS, x S?,
dr?
(r2—1)

ds? = v, <—r2 —1)df? + + d§2§>

@ Dyonic black holes:
electric-magnetic charges (g, p') (several Maxwell fields F'),
charge bilinears m=p-p, n=q-q, {=q-p

@ Supported by complex scalar fields Y.

Attractor mechanism: near horizon geometry supported by
constant scalar fields Y/(q,p).  Sgu(q, p)-
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dim,n¢), mniecZ , A=4mn—(>>0 (3)

Iogd(m,n,ﬁ):ﬂ\/g—l—---:/xl (4)

Number theoretic objects: Modular forms and Siegel modul forms.

Complex upper half plane D = {r € C, Im(7) > 0} (5)
ar+b o Kk a b
fk(CT—i—d) = (er 4+ d)*f(7), (C d) € SI(2,7) (6)
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Siegel modular form of degree 2

Siegel’s upper half plane Hs:

Ho ={Q eMat(2x2,C): Q" =Q, ImQ > 0}

Q:(ﬁ ;) . p2>0, 02 >0, det(ImQ) > 0

Siegel modular group Sp(4,7Z) acts on H, as

A B
(c D)ESp(4,Z) ., ATID-C'D=1,

Qe Q' =(AQ+B)(CQ+ D), (p.o,v) s (90 V)

A Siegel modular form & of weight k € N is a holomorphic function
bk :Hr—C st

4 ((AQ + B)(CQ + D)) = det(CQ + D)¥ d4(9)
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Number theory: meromorphic Siegel modular form

Heterotic string theory on T¢: % BPS states.

Microstate degeneracies d(m, n, ¢) given in terms of the Fourier
coefficients of 1/®49. P49 Igusa cusp form of weight 10.

Dijkgraaf, Verlinde, Verlinde, arXiv: 9607026
e—27ri(mp+na+év)

(D10(:0a g, V)

d(m,n,E):/ do dvdp
c

Three contour integrations. Since 1/®1q is meromorphic Siegel
modular form, d(m, n, ¢) depends on the choice of the integration
contour C. A =4mn— (2.

1/®49 captures degeneracies of single-centre (A > 0) as well as of
two-centre black holes (A < 0). asnoke sen, arxiv:070s.3874

Need to select a contour C that only captures single-centre
degeneracies d(m, n, ¢), with A > 0.
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Rademacher expansion: a classic example

Dedekind’s eta function - D — C:  n?*(q) =q]] (1 - g™

Meromorphic modular form of weight k = —12: g = €™, Imr > 0

1 00 orin Z+1 e—27rln7'
—— = dne”T,dn—/ dr , n>0
7~ 22 40 W=1. 7o
Polar coefficient: d(—1) =1. Forn >0, modular properties:
240y _ _12__oafa@r+b
1) = (o + o) T2y 2 (8 d)
z+1 g—2minT K(n C 47T\/ﬁ
d(”)—/z WT(T)dT ,,13/22 hs ( c >

Rademacher expansion: polar coefficients, classical Kloosterman
sums K, Bessel functions /43

Uses: modular symmetry SL(2,Z), Ford circles.
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Exact expression for d(m, n, ) with A = 4mn — (2 > 0

Theorem:

d(m,n, ¢) =

with

dim,nt)eN, A=4mh—7?<0
A A _ 1A\ 28/4
1’+1 Z Z o Z CE(FLZ)KI(‘“W’ 4m”‘/:’¢’)e£ (%) ,23/2 ( /A‘Al)
v=1Zez/2mz h>—1, v ym
A<0
KI(F:, =17, ¥)eo (4m\© 2r A
—d&; oV2md(m)—"—— (—) I | —1/ —
’ Val A % m
2
+id(m) Ki(#p, —1 *z%m;%w)ez
am gez/2mz v
g=~F mod 2m

(

4m
A

)

Suresh Nampuri (IST)

1/ vm
1/ vm

' £y, gm0 )(1 = mx"22 4 1yg ( 2\ [ - mxfz))) ,

>

3

Y

((ad 1 be)d + 2ach + 2bdm) d(cPh + oPm + cdf) d(&2h + b®m + abl)

a>0,c<0
bez/aL, ad—be=1

b
0= +2m<77

oo

ST dm T, two SL(2,2)
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Exact Rademacher type expansion for 1/®4q

Area law: 5 .
y=1,n=-1,{=m: d(m,n, () ~ e"VA = exhn

Rademacher type expansion that we obtained arises as:

@ A sum over residues of the quadratic poles of 1/®4g

@ Expansion uses two SL(2,7Z) subgroups

@ Expansion encoded in degeneracies of the perturbative % BPS
states! ¢/ (7, /)= Ld(M)d(N) bound state degeneracy

@ Exponentially suppressed corrections: ™V A[A|/ym
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‘2D integral’

Integrate 1/®4¢ over p, change of variables (o, v) — (74, 72), connect
to macroscopics QEF:

eme A ar:
d(m7 na£)A>0 - Z - (30)13 /r 722 < r1 dT1 f(T177—2)>

-
SL2(2,2), % v 2’2

. m(‘r12+‘r22)+n7£7—1

2n (M(r2+72)+n—Ir)| e= =
f(r1,72) = 26+*( 2 ) 240 1\ 24 (1) 12
N T2 ne* (L) n#H (o) 75
y - _@ntie ba 2
* c v cy ¢
2 .
= —(—5fl—mn+nm
2 nz( 5/ 1N+ N )
14
M = —+4in(—-1+2 1
1 T 2m+l7_2( + }/) , 0<y<
A
Mo m» = \Z/n:—l—lt, —0o<t<
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Macroscopic interpretation

@ Measure:

_o42 0

™ (m(712+722)+n—671) |
* 4I72

2
[26 42
n2 T2
absence of log Ay term in N = 4 black hole entropy,
SBH == A47H + 0 |Og AH ‘I" - Banerjee, Jatkar, Sen, arXiv: 0810.3472

S
o Terms 1?4 (pl) n?4 (o) 732

underlying bound state structure of Rademacher picture not
manifest here  (cf, = >" Ld(M) d(N))

Consider no = 1: - how to account for this?

;
n?4 () P4 (=7) (71— T)
2D JT gravity point of view: Syr = 87rGg 3 [y @2x/gR +

Jom dtVhK) = % [, dPx\/Go(R+ &) — faM dtv/h( K——))
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Macroscopic interpretation

Global Euclidean AdS»: supported by constant dilaton field g5 = v,

Vi
sin o
Proposal:

Add 24 chiral + 24 antichiral periodic scalar fields (critical closed
bosonic string), time-independent classical configuration: Tﬁ}, =0.

1-loop partition function of periodic scalars:
1 1
P4 () n?4(=7) (r — 7)'2

< T >+#0, backreacts on the dilaton

ds® =

(dT2+d02) , —m<o<0 , T=2T+2717m,,

Zl—loop _

s
O'+§
tano

o+ ® = @ — 24 [277.] (1 ) . —m<o<0
The resulting solution (trumpet + dilaton) is interpreted as an 2D

Euclidean wormhole solution. Garcia-Garcia, Godet, arXiv:2020.11633
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Conclusions

Summarizing:

@ Rademacher picture: Finite seed data to generate black hole
entropy.

@ Macroscopic interpretation: 2D picture.

> 1Au: JT gravity.

» 124 contributions: Euclidean wormhole on the double trumpet.
@ Further Checks: HOLOGRAPHY! See Gabriel Cardoso’s talk

Thanks!
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Quantum entropy function

Reproduce d(m, n, ¢) by a suitable quantum gravity path integral,
quantum entropy function (QEF). ashoke sen, arxiv:0805.0095, 0809.3304

@ Functional integral over all fields in string theory in an Euclidean
background B that asymptotes to a specific Euclidean AdS, x S?
solution fixed by the attractor mechanism. W =35 Wp

@ Background B: supported by Abelian gauge potentials A/,
constant complex scalar fields Y’

@ Using supersymmetric localization: QEF is a finite-dimensional
integral over {¢'}, where Y/ = 2(¢’ 4 ip'). bashorkar, Gomes, murtny, 2010

@ QEF— Rademacher picture. ¢/ (h,7) in measure.
Macroscopic interpretation:
@ Saddle point analysis: T = (11 + i), = 5= + iz—\/g

r (M +)+n—tr), A TAy
. = — |— +27i (=5l —mn+nm
™ P [eotmitp = o | 7 2ni (= gjt = min 4 mm)
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Macroscopic interpretation

@ Semi-classical interpretation in terms of sums over space-time
backgrounds: Z,, orbifolds of Euclidean AdS, x 2

2
ds? = v, ((r2 —1)d6? + ,zdi T+ dy? +sin2wd¢2>
0<6<2"  0<p<?,
no no

supported by gauge potentials A(’, that acquire a constant real part
when orbifolding,

Al = —iel (r — 1) df + ReA},

1 [Ax ) ~
E [4 + i (q ReAg —pP- ReA9>]
(ReAy, ReAy) expressed in terms of (g, p'; my, ny.j) ,
symplectic vector under S-duality
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Three approaches to BPS black hole entropy

@ Number theory:
d(m, n, £): meromorphic Siegel modular form.
Exact expression as a Rademacher type

expansion. c, wampuri, Rossells, arxiv: 2112.10023

e Quantum entropy function: asnoxe sen, arxiv:0805.0095
d(m, n,?) from a quantum gravity path integral:
sum over space-time geometries that asymptote
to a product geometry AdS, x S?.

© Conformal quantum mechanics:
AdS,/CFT; correspondence: waidacena, arxiv:s711200
d(m, n,?) from a conformal quantum mechanics
model (DFF model). e aifaro, rubini, rurian, 1976
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