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Motivations
CMB observations allow the existence of anomalies.
Vector field perturbations may cause part of the primordial
perturbations.
Vector fields are natural sources for statistical anisotropies, parity
violation, among others.
Statistical descriptors in cosmology relates theory and
observation.
Symmetries gives information about physical systems.
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Key idea
1 We exploit the isomorphism between the 4D de Sitter space and

the 3D Conformal space.
2 We will asume that correlation functions of primordial

perturbations are invariant under conformal transformations.

The Method
1 Solve the equations of motion of the fields.
2 Find the asymptotic fields in the limit when −kτ → 0.
3 Find the conformal weight of the fields in 3D by using the

transformation laws for the fields in 4D.
4 Propose a general form for the correlation function.
5 Find the form of the correlator using the conditions impose to the

fields.
6 Use the Ward identities to constrain the form of the correlation

functions.
josue.motoa@correounivalle.edu.co Josué Motoa Manzano September 11, 2018 4 / 16



Some Motivations The Method The Scalar-Vector Coupled System Example and Results Summary

The Scalar-Vector Coupled System

The action

S = −1

4

∫
d4x
√
−g
[
f1(φ)FµνFµν + f2(φ)F̃µνFµν

]
+ SE−H + Sφ .

Dynamical equations

∇µ
(
f1(φ)Fµν + f2(φ)F̃µν

)
= 0 ,

∇µF̃µν = 0 .

We use the gauge symmetry to
impose the Coulomb gauge.

We assume that the inflationary
dynamic homogenize the scalar field.

Dynamic equations for Ai(
∂2

∂τ2
−∇2 +

1

f1

∂f1

∂τ

∂

∂τ
+

1

f1

∂f2

∂τ
∇×

)
~A(τ, ~x) = 0 .
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Dilatation imply that the coupling
functions must be proportional and of
the same order:
f1 = γf2 and f1 ∝ (−Hτ)−2α

Canonical fields

Ai(τ, xi) ≡
wi(τ, xi)√

f1
.

The equation to solve(
∂2

∂τ2
+ k2 − α(α+ 1)

τ2
± 2αγk

τ

)
w̃±(τ,~k) = 0 .

The solution

w̃±(τ,~k) = C±1 (k)G−α−1(±ξ,−kτ) + C±2 (k)F−α−1(±ξ,−kτ).
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Taking the asymptotic limit |8ξkτ | � 1 and come back to coordinates:

w±(τ, ~x) ≈ u±(~x)(−ξHτ)α+1 + v±(~x)(−ξHτ)−α .

When α > −1/2:

lim
|τ |→0

w±(τ, ~x) = τ−αv±(~x) .

When α < −1/2:

lim
|τ |→0

w±(τ, ~x) = τα+1u±(~x) .

v± conformal weight

∆v = 1− α .

u± conformal weight

∆u = α+ 2 .

josue.motoa@correounivalle.edu.co Josué Motoa Manzano September 11, 2018 7 / 16



Some Motivations The Method The Scalar-Vector Coupled System Example and Results Summary

The Ward Identities

Dilatation Ward identity for a N -point correlation function

[
−3(N − 1) +

N∑
a=1

∆a −
N∑
a=2

~ka ·
∂

∂~ka

]
〈V (1)
i (~k1) · · ·V (N)

j (~kN )〉′ = 0 .

SCT Ward identity for a N -point correlation function

bm
N∑

a=1

[
2(∆a − 3)

∂

∂kma
+ km(a)∇2

ka − 2~ka ·
∂

∂~ka

∂

∂kma

]
〈V 1

i1(~k1) · · ·V N
iN (~k2)〉′−

− 2

N∑
a=1

N∑
l=1

[(
bjl

∂

∂kila
− bil

∂

∂k(a)jl

)
〈Vi1(~k1) · · ·Vjl(~kl) · · ·ViN (~kiN )〉′

]
= 0 .
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The vector two-point correlation functions

General form:

〈δAi(~k)δAj(−~k)〉 = PA(k)(δij − b1(k)k̂ik̂j + b2(k)εijaka) ≡ Pij(~k) .

By using the divergenceless condition for Ai and the reality condition:

Pab(~k) ≡ ΠabP (k) ≡ [∆ab + ib(k)εabck̂c]P (k). ∆ab ≡ δab − k̂ak̂b.

Applying the dilatation Ward identity we get:

(−3 + 2∆v − ~k · ∂~k)P (k) = 0, ~k · ∂~kb(k) = 0,

“Electric case”:

P vab(~k) = Avk
2α+1[∆ab + iβεabck̂c] .

“Magnetic case”:

Puab(~k) = Auk
−(2α+1)[∆ab + iβεabck̂c] .
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Vector 3-point correlation functions

We propose the general form:

〈δφ(~k1)δAi(~k2)δAj(~k3)〉′ = a1δij + a2k̂2ik̂3j + a3k̂3ik̂2j + a4k̂2ik̂2j + a5k̂3ik̂3j

+ b1εijak̂2a + b2εijak̂3a + b3k̂2iεjabk̂2ak̂3b

+ b4k̂3iεjabk̂2ak̂3b + b5k̂2jεiabk̂2ak̂3b + b6k̂3jεiabk̂2ak̂3b

Following the method and taking the squeeze limit we can write:

〈δφ(~k1)δAi(~k2)δAj(~k3)〉′ =

1

k
3−∆δφ

1 k3−2∆v
2

[
(α1 + α2)

(
δij − k̂2ik̂2j

)
+ 2iα3εijak̂2a

]
.

josue.motoa@correounivalle.edu.co Josué Motoa Manzano September 11, 2018 10 / 16



Some Motivations The Method The Scalar-Vector Coupled System Example and Results Summary

Tensor perturbations

Equation of motion

h′′λ−
2

τ
h′λ−∇2hλ =

2

M2
P

Πlm
λ TEMlm ,

Asymptotic solution

hλ(τ, k) = γλ(k)(−Hτ)4+2n.

Conformal weight for the 3D field

∆γ = 4 + 2n,

Solution in terms of the polarization
tensor

γij(~k) =
∑
λ=±2

Πij
λ (~k)γλ(~k) .
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Results
Two point functions

〈γ(0)
λ (~k)ζ(0)(−~k)〉 = 0,

〈γ(δA)
λ (~k)ζ(δA)(−~k)〉 ∝ δ(~k12)k−3+∆γ+∆ζ

[
1− 2Aλ− 2Bλ2] ÊlÊmΠlm

λ ,

〈γ(0)
λ (~k)γ

(0)

λ′ (−~k)〉 ∝ δ(~k12)k−3+2∆γ
[
1− 2λB2 − 2B3λ

2] δλ,λ′ ,

〈γ(δA)
λ (~k)γ

(δA)

λ′ (−~k)〉 ∝ δ(~k12)k−3+2∆γ ÊkÊn∆kn

[
1 + λU2 + λ2U3

]
δλ,λ′ .

3-point functions (squeezed limit)

lim
k1→0

〈γ(0)
λ (~k1)ζ(0)(~k2)ζ(0)(~k3)〉 ∝

δ~k123k
−3+2∆γ
1 k

−3−∆γ+2∆ζ
2

[
1− λR2 − λ2R3

]
2Πab

λ (~k1)k̂2ak̂2b ,

lim
k1→0

〈γ(0)
λ (~k1)ζ(δA)(~k2)ζ(δA)(~k3)〉 ∝

δ~k123k
−3−∆γ+2∆ζ
2 k

−3+2∆γ
1 Πij

λ (~k1)ÊlÊmΠ
(−)
lj (~k2)Π

(+)
mi (~k2)

[
1− λS2 + λ2S3

]
.
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Summary

We probed that the coupling (f1(φ)F 2 + f2(φ)FF̃ ) is compatible
with conformal symmetries in the asymptotic future when the
coupling functions are homogeneous.
Using this method for f(φ)(F 2 + γF F̃ ) we found a form for the
correlators is in agreement with the literature. With the only down
side being that you can’t compute the amplitudes with this method.
The parity violation term in the action generates an explicit
dependence of the polarization in the tensor correlators.
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THANK YOU!!!
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matrices resulting from the conditions over the γ − ζ vector sourced
correlation function

B
(1)
ijlm = ∆mj∆il + ∆lj∆im −∆ij∆lm,

B
(2)
ijlm = ∆ilεjmak̂a + ∆ljεimak̂a −∆ijεlmak̂a,

B
(3)
ijlm = εilak̂aεjmbk̂b + εimak̂aεjlbk̂b −∆ij∆lm,

B
(4)
ijlm = ∆imεjlak̂a + ∆mjεilak̂a + ∆ijεlmak̂a.

Maxwell dual tensor

F̃µν =
1

2
√
−g

εµναβF
αβ
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Conformal de Sitter metric

ds2 =
1

(Hτ)2
(
−dτ2 + d~x2

)
.

Conformal Transformations

xi → x′i = ai +Mijxj ,

xi → x′i = λxi τ → τ ′ = λτ ,

xi → x′i =
xi + bi

(
−τ2 + ~x2

)
1 + 2~b · ~x+ b2 (−τ2 + ~x2)

τ → τ ′ =
τ

1 + 2~b · ~x+ b2 (−τ2 + ~x2)
,
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