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QCD at very small y and T =0

* studies on the hadronic properties play an important role

iIn understanding QCD in medium

A

* hadron mass spectrum m

* hadron interactions
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o we focus on the region of small chemical potential

and 7=0

* thermodynamics quantities in this region
are unchanged under the change of u

(Silver Blaze phenomenon)
[Cohen, 2003]

- hadronic properties are also
Independent of u

T A

Tc

Quark-Gluon-Plasma
phase
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.
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Hadronic

nuclear Superconductor
superfluid
q_l_h—> Hq
i . ~ my/3



Hadron scatterings at small u two-point function of

. . : baryon (diguark) at 4 > 0 in QC,D
* temporal two-point correlation function Yor 9 . k” :
iquar

itself can change even for small u T A E
* the trivial modification of the dispersion %, L %% . Egjjx::ee
relation é ol 5%2%555555 X*xx ee?
Blo) = VoF bm? —pmo E |
* Q. how can we see that the hadron L % T wmieon

1 1
0 5 10 15 20 25 30

scatterings are independent of small »?
Our work

* extend the method for studying hadron scatterings

(HAL QCD method) to the u # 0 case
o see what are the u-(in)dependent quantities step by step

e demonstrate our formulation in two-color QCD with nonzero
quark chemical potential g,
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Trivial u-dependence of the 2-point correlation function (1/2)

* two-point correlation function at T=0and y#0  meson: «7a7)
| — baryon: a(7)a(7)a(T)
1 N

C(pi7) = lim —Trle™ 7 H#NO(7)O(0)

 if we assume that N'|0) = 0,

| l I nuclear |
/ mzr/2 T He = My T

valid not valid not valid

(i) =0 (Np) = (fig) # 0
0

N



Trivial u-dependence of the 2-point correlation function (2/2)

» suppose O(7) has the quantum number for N
[N, O(71)] = =noO(7)
= [ uclidean-time evolution

OA(T) _ e—l—(ﬁ—,u]\Af)TOA(O)e—(ﬁ—,uN)T _ e,unoTe—l—ﬁTOA(O)e—ﬁT

> C(i1;7) = "07(0[0(0)e 7O (0)|0)

E(p,p) = \/p2 +m2 — puno trivial shift of the
Fermi surface

« Note: dynamics are independent of y despite of the shift (see later)
8
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HAL QCD method at 4 =0

* calculate four-point correlation function given by

1 A i e
F(r,7) = lim ETI‘[G_H/TO(I‘,T)O(O,T) O1(0)07(0)]

= (0|0(r,7)0(0,7)0"(0)0*(0)[0)

* evaluate the R-correlator defined by
F(r, 1)

C(r)C(7)
t

R(r,7) =

2-point correlation function

* (leading-order) interaction potential can be obtained by

2
;(w —m2 + i%)R(r,r)

VLO(r) =



HAL QCD method at u # 0

« fOour-point correlation function x # 0

1 .
F(u;r,7) = C%1510 ETr[e T (H~ “N)O(r 7)0(0,7) OT(0)OT(0)]

= (0|0(r,7)0(0,7)0"(0)0"(0)|0)

e R-correlator with u # 0
F(u;r,7)
C(p; 7)C (15 7)

4 4 2-point correlation function
with u # 0

R(u;r,7) =

* (leading-order) interaction potential with x # 0

<V2 —mZ + %%)R(M;I’ﬂ')
R(ps;r, 7)

VLO (I‘)
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u-independence of the potential

e u-dependence of C(u;t) and F'(u;r, 7)

C(p;7) = 07 (0|0(0)e~ 701 (0)|0)

A A

F(u:r,7) = 2/ 10|0(r, 0)0(0,0)e' 7' O (0)0 (0)]0"

FQusr,! |
= R(;r,!) = C(LJ.;(!H)C(U.); > - independent of u

L2 ml 1 Ry

- VO (r)= - independent
R, 1) of

=P the scattering phase shifts are independent of u

(Silver Blaze phenomenon)
12
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S-wave scatterings of zz and DD in QC,D

* we demonstrate our formulation and theoretical results by
the lattice simulation in QC,D in the hadronic phase

e wWe examine S-wave scatterings using the HAL QCD method

target

e two pions with isospin I =2 (“zz")
e two scalar diguarks ("DD”) (D! ud) T

QGP
 Conf.: lwasaki gauge action + 2-flavor Wilson __

quark action in QC,D in finite u,

oy
~
e
~

. =08, 32" lattices, m,/m, ~ 0.81

this work

uylm, =0, 0.16, 0.32, T ~ 0.197,

— finite-T (periodicity) effect appears K. lida, E. Itou and T. -G. Lee, PTEP 2021,
no.1, 013B05 (2021)

14



Two-point correlation functions of pion and diquark

C(7) [lattice unit]

Pion
o X ug/mP=0.16 ar
& i /m%=0.32 &
10—1 @ ! uq. " | &5
= =
& &
e —
1072 & &
& &
= =
, & &
10 & &
= -
Hett
1 1 1 1 L 1 1
0 5 10 15 20 25 30
T/a

] Diquark
- &
10% R, | BBE%
s VA
| P B0 x©
=) xS - B X O
= = x| ©
= =B -
g TEPE < ©
=102 g% o
D x © X ©
) y ee (e ©D uy/mP=0.00
107 %8 o ¥ Himi=016
©s eee 0 ug/mP=0.32
1 1 1 1 1 1 1
0 5 10 15 20 25 30
T/a

. plon: symmetric under time reversal, independent on y,

. diquark: become more asymmetric for nonzero u,

e we define
» diquark propagator: C° (aN; !

- antidiquark propagator: C° (!)

)
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Four-point correlation functions of pion and diquark

D F(r, T) [lattice unit]

e see temporal dependence of F(Hg;r,!)
I
Pion quuark
&
~10 ﬁﬁ QO  pg/mR=0.00 & [10-10F By R
0o e X pg/mP=0.16 & 57 57
& Ha/ M & % 5T e
& 0 pe/mP=0.32 & S, BE‘E e S
10-12f & . | & 10—12_ | Exe EEE > | e
s s SUE = x| 6
= & e = X 8
& & B %EEE e
1014} & & 14| g5 x o
o 10 <
& s¢ S 3¢ )
& & o Ve © D pg/mP=0.00
- 16 & & > O x & o
1071 @Q @& 10-16F X s o X Hg/mp=0.16
S S S 0_—
1 \ 1 1 L L i . | | ?ee | @ I-llq/mn—ol32
0 > b0 30 0 5 10 15 20 25 30
T/a _[_/a

e similar behavior to that of two-point correlation functions

e Note: contribution from

DD system: F° (g, r,aN; ! 1)
DD system: FP°(uqg,r,!)

N\ suffer from the periodicity
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zwr and DD R-correlators

e zr and DD R-correlators are defined by

I F' (Hg:r,!)
R” (I.J.q;r,!): C! o C! 1)
(Mg; ' )C (Mgs t)
FP(ug:r,aN, ! !
7 1)~ G e T
(“'C]! alN; * ) (“‘C]! alN; * )
le—15 nr (t/a = 8)
4.25 4.25
'§ 4.00 § 4.00
y : v =
5 3.75 2375
© & © &
— & p— =3
= 3.50F @ = 350F @ |
- b 0 o & 0
= 0-0.00 | = 0-0.00
E 3.25F —# : pq/mo 8 3.25F  ® ! uq/mo
- ¥ ug/mp=0.16 o = ¥ ug/my=0.16
3.00F 0_ 3.00F o_
18 ] ] ] @l “q/m"l_o'32 g ] ] 1 @1 l‘lq/m"l 022
0 5 10 15 20 25 0 5 10 15 20 25
r/a r/a
. both have no u -dependence
V\

consistent with our formulation
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: 1 ¢ 2w | 112 .
zz and DD LO potentials O 20 mi-+ Lo R, Y)
r) =
R(p;r,!)
3000 It (T/a = 8) 3000 DD (T/a — 8)
10.0 i 10.0 3
i3} 0_ 2 —
2500 7.5 - & Hg/mg=0.00 2500 75 - ® pg/mp=0.00
¥ pg/m2=0.16 ¥ pg/mP=0.16
5.0 | 0 5.0 | 0
. 2000 [ pg/m7=0.32 2000 B pg/m9=0.32
= 2.5 | | > 2.5 . |
= =
= 1500 =
(N, (.
S
> 1000F

500} &

r[fm]

« 7 and DD have the same potential at Hq =0

. global symmetry in two-flavor QC,D
m#0,u=0

- 5p(4) ~ SO(3)

5 pseudo-NG

m=0,u=0

SU4)

bosons

~__ consistent with
analytical prediction

e both potentials are independent of Haq
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Suppression of the periodicity in F~ (Mg.r,aNi ! 1)

e TO obtain the reliable potential, we have to take long ! region to
suppress the inelastic contribution

° F:! (qu; ry! ):Eat:rch)Sﬂ:! /Ei ! 63

e FP(Hg,r,aNi ! 1) Ny bt /a ™ 17 with large Mo

F (Mg T, 1)
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DD LO potential at longer timeslice for pu, # 0

e Note: Vir® (r) = Vpp (1) : He-independent

DD (ug/m? =0.32)

10.0
2500 7 5k
5.0
__ 2000}
E 2.5¢
= 1500} 0.0
S
3 —2.5k
S 1000
| 1 | |
L  — Ry o
2 3 4
r[fm]

VO(r) [MeV]

e attractive pocket disappears at long !

e repulsive force remains at long !

—

zn LO potential with heavy pion
mass in 3-color QCD

500

400

300

200

100

$ Original data t=6
—}— Fitting result

—100+~

0.0 02 04 06 08 1.0 1.2 1.4 1.6
r[fm]

(Akahoshi et al. (HAL QCD), PTEP 2019,
no.8, 083B02 (2019))

same as 3-color =z potential
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Phase shifts of DD at longer timeslice for u, # 0

e Note: 't (P) = !pp (P): He-independent

e scattering length, effective range

DD (ug/m? =0.32) | _ 1 rea -
~1.6f | | B T/a=8 pcot’ (p) = 7T 7p t ac
.» — a0
~1.8f
Tl
>0k t 8 11 14 17

0
n

dg | 0.108(4) | 0.146(2) | 0.155(5) | 0.157(2)

pcoto/m

el | 0.685(404) [-0.535(18) |-0.571(58)|-0.525(17)

_30 | 1 | | |

0.0 0.1 0.2 0.3 0.4 0.5
(p/m2)?

edependon! for!l/al 14

=P inelastic contribution remains until! /a = 14
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Conclusion

« we formulate the HAL QCD method at small but nonzero u

and see that the potential is iIndependent of u

« OUr numerical results of the demonstration in QC,D are

consistent with our formulation

e we see the potential at long r using the suppression of the
periodicity in DD 4-point correlation function at small p,

Future work

« Application of the small-u technique to g

* our formulation is valid only in the hadronic phase
=P what would happen after phase transition?

24
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Global symmetry in 2-color QCD (v, =2, j =0)

m=0,u=0
SU(4) enhanced symmetry because of

pseudo-reality of SUN. = 2)
m # 0,
(py) # 0
Sp(d) ——— U)X SUQ)y ———r SpQ2)y
~ SO(3) 3 mass splitting of o ~ SU(Q)V
5 pseudo-NG bosons 99> 94 isospin symmetry
7, 7%, 99, 44

e In superfluid phase, the states are labeled by
spin, parity and isospin (no baryon number)

26



Two definitions of the effective mass of hadron at 4 # 0

« dispersion relation of a single hadron at u #0

= E(p, ) = V/p? +m? — ino

. u-independent scheme: 111 = 111 [Muroya, Nakamura, Nonaka 2003]

—— pu-independence of the hadron spectrum

. u-dependent scheme: ma = E(p = 0,4)= m! pno
— > trivial shift of the [Hands, Sitch, Skullerud 2008]

effective mass [Wilhelm et al., 2019]

appear as a pole of the [K.M., Suenaga, lida, E. Itou 2023]

Z2-point correlation functions

27



Review of the HAL QCD method at 4 =0

(For simplicity, 111 = 112 = 111)

* key quantity: equal-time Nambu-Bethe-Salpeter (NBS) wave function

2-body hadron state
with energy W

(W =2 p?+m?

W)= 10|O(r + x,0)0(x,0)[HH ;W"_—
ot T

hadron operators at
one spacetime point

. " I—I | |
Wy o 2P T gie g (21 W) o
| e pr \ T r1"
pﬁase IShif't [Lin, Martinelli, Sachrajda, Testa, 2001]

* HAL QCD method: obtain the interaction potential defined by
7 [Ishii, Aoki, Hatsuda 2007]

[Ishii et al. 201 1]

odr' Ur,r)! W(r') = %(p2+ 121 W(r)

. : . A
from the R-correlator (defined in the next slide) (T reduced mass)

R(r,!)! A, Wo(r)g (Wn! 2m)!
n

=P \we can extract the phase shift !'(p) by
solving the Schrédinger equation with U(r,r’)
28




HAL QCD method at u #0 (1/2)

(W= KkZ+m2+ K2+ md)
* R-correlator

F(ur,!)
R(WT, 1) = = ¥
(?:(u’ ' )CT:(H, . ) 2-point correlation function
with P =0
o F'(pi51,7) four-point correlation function at y #0 and T=0
F(wr, 1) = lim Te FE O GG+ x,1)8(x,1) 6 )6 ()

X

= 10|0(r + x,!)O(x,!)O (0)O (0)|0"

X

* in the same way as for the two-point correlation functions,
F(u;r,!) = e 10&(r,0)d(r, 0 '* & (0)& (0)|0"
(m5r, 1) |O(r, 0)O(r,0)e ", G (0)C (0)]
1=> |n)(n
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HAL QCD method at u #0 (2/2)

(I Wy = W, ! 2m)
* thus

Wi I (Wp! 2uno)!
R(wr 1)1 —nhnt t(r)e i

— Rnl W (r)e! I W, |
n
independent of u
e each term satisfies the Schrodinger equation

d*rt U(r,r)A,! Wo(r')ye ' Wo' = i(pﬁ + 1 &, Wn(r)ye ' Wn'

Ce! (m! pno)! Ce' (m! png)!

V(O ﬁwﬁlg Wity 10

(leading-order (LO) approximation) SH 't 8u!t?

) 2
= 12" mae+ 3257 R(Wr,!)

K LO _
> s T R

possible y-dependence only here

« Note: m can be set by hand in the HAL QCD method; varying m

just alters the definition of U(r. ") without changing ! " (1)
=P the scattering phase shifts are independent of .
30



Effective masses of pion and diguark

« We choose y-dependent shceme flet = IT1: |ITO

= fit function: C(!) ! Ae M

[Mel v.s. Mg (dashed line: M(Hg = 0) ! 2uq)
1.6 —g}-- Pion . | e
-0} biquark | T X
1.4} e I i E— _
-X- Antidiquark sz
o 12 | | ‘!}’(;‘f;—,f:/ | |
£ e
>5- 1.0 g_:.::.\_ ........................... - —— )
=08 T
s U = : \\\‘\.
\E\\\
0.6-' [ I T “\\\\
0.4F - | | | | \\\‘E~
. . | because of the Pauli-Glrsey

| | | | |
0.2000 005 010 015 020 025 030 035

Hq/my —
» the three hadrons are degenerated at Hq =0

symmetry in QC,D

e pion, diquark: consistent with e = I+ Hqllg

- antidiquark: slightly deviates from Mel = M + 24
+~_ due to the periodicity on
31 finite lattices




Spatial dependence of four-point correlation functions

e see spatial dependence of F(Ha1.!) at fixed timeslice

le—18 Pion (t/a = 8) le—16  Diquark (N, — t/a = 8)
= 8r
— 1.4 = &
:‘é - &=
z :
013§ 6 0
o & = $  Hg/mp=0.00
S 12 = al ¥ Hg/mp=0.16
= . . b Hg/mg=0.32
S ¢ ug/m;=0.00 % i
= i
2 ¥ pg/m2=0.16 Qf
LOf | | | T Hg/mP=0.32
1 1 1 1 1 1 0
0 5 10 15 20 25
r/a r/a

. pion (zz): no drastic change for different p,

. diquark (DD): the scale increases with u , keeping its shape

=P u -dependence appears only in the overall factor gMno’ 7
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pcotd(p) of =z and DD scatterings

e solve (radial part of) Schrdédinger equation (I = 0)
: 2 2
1°-1d | |(|+1) l |W(r)+ VLO (r)| IW(r): 2p_m| IW(r)

| — |
2 r dr? r2
W sin(pr + "(p))
= | 2o (1) r!.!. or e (P
. Pcot!(p) for zz and DD scatterings
50 nn (t/a =8) | 50 DD (t/a =8) |
= ,/m°=0.00 == ,/m(=0.00
- EEE (1g/m3=0.16

B 1,/m2=0.16
B g/mP=0.32

—2.2
B g/mP2=0.32
T —2.4
)
°
S 2.6
—2.8
L L 1
0.3 0.4 0.5 —3.05.0 0.1 0.2 0.3 0.4 0.5
(p/m2)?

—3.05.0 0.1 0.2

(p/m2)?

e results for different Ha agree with each other for both zz and DD
™\ consistent with our conclusion

(Silver Blaze phenomenon)
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Temporal dependence of DD R-correlators

e see temporal dependence of - RPP (Kgsr,!)

r

DD

® pg/m2=0.00 =
X Hg/m2=0.16

1.52 x 1071% T pg/m2=0.32 o
1.5 x 10710}

1.56 x 10~ 10F

1.54 x 1010t

1.48 x 10~} &

@
-10L

& i

D RPP(r, 1) [lattice unit]

~1.44 x 1010t & an)

1.42 x 10710f | . . .
0 5 10 15 20 25

T/a

X
g@@@@@@@
1

. depend on p, at larger : due to the finite-T effect

. the finite-T effect (periodicity) is more suppressed for larger p,

/

occur for positive baryon
number No > 0 in general
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