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It	is	a	tricky	problem	to	evaluate	divergent	integrals	in	itself…
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can be judiciously used in the propagators, N being chosen so that the external momentum
dependence is extracted from the divergent loop integrals. 1 In general, besides a finite part in the UV
limit, we get basic divergent integrals which in four dimensional space time are defined at one-loop as

I
µ 1áááµ 2n
log (m2) !

!

k

kµ 1 á á ákµ 2n

(k2 " m2)2+ n
(4)

and

I
µ 1áááµ 2n
quad (m2) !

!

k

kµ 1 á á ákµ 2n

(k2 " m2)1+ n
, (5)
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d4k/( 2! )4. The basic divergent integrals with Lorentz indices can be expressed in terms
of the ones without indices through surface terms (ST). Such local regularization dependent surface
terms are intrinsically arbitrarily valued. Let us take one loop BDI as examples. If the integrals are
d-dimensional, it is straightforward to show that
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Such arbitrary surface terms are physically meaningful. The vanishing of STÕs expressed by the " Õs re-
flects momentum routing invariance in the loops of a Feynman diagram [ 24,48]. Spurious evaluations
of such STÕs are at the heart of quantum symmetry breaking by regularizations.

Next, we carry out a discussion on the regularization dependence of surface terms and BDIÕs. Let
us start with a few four dimensional examples [ 49]. Let
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!

k

k2

(k2 " m2)2
, (8)

and

B = Iquad(m2) + m2Ilog (m2). (9)

We expect A = B be guaranteed by any regularization. However this is not the case. Proper-time
regularization [ 50], for instance, introduces a cutoff % after Wick rotation via the following identity
at the level of propagators,
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and yields

AP.T.
% = " 2b(%2 " m2 ln %2/ m2), (11)

1 Such operation at the level of integrands somewhat resembles the renormalization procedure originally proposed by
Bogoliubov, Parasiuk, Hepp and Zimmermann (BPHZ) [ 41Ð44] in which divergent Green functions are Taylor expanded up
to the order needed to reach convergent integrals.

Simple	Examples:

Example 1
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Bogoliubov, Parasiuk, Hepp and Zimmermann (BPHZ) [41–44] in which divergent Green functions are Taylor expanded up
to the order needed to reach convergent integrals.
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Proper	time	Regularization
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whereas
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b " ! i/( 4" )2. On the other hand, it is straightforward to show that standard dimensional
regularization leads to A = B. As another example, it can be easily seen that Iµ#
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with respect to the leading divergence in cutoff and proper-time regularization, namely
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respectively. Before analyzing what is essentially regularization independent in these results, consider
another example related to a shift in the integration variable of a four-dimensional integral, for $ = 2,
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in which 2 $ is the dimension of the integration. Clearly %1 = 0 in dimensional regularization because
in this method no surface terms accompany shifts in the integration variable. However following Jauch
and Rohrlich in [ 51] one evaluates %1 for $ exactly equal to 2 as

%1 =
! i" 2(2" )4

2
&$2pµ . (16)

A similar expression may be obtained for more than linearly divergent variable shifted integrals. It
is immediate from above that the Kronecker delta signs a discontinuity in the dimensionality $ . An
important question, given that shifts of integration variables are regularization dependent, would be
to exploit the consequences of momentum routing invariance over regularization schemes. Some
technicalities deserve attention. Symmetric integration in n (integer) dimensions, namely kµ k# #
gµ#k2/ n under integration in k, for divergent integrals does not hold in general. This has been a source
of disagreements in loop calculations, as discussed in [ 52] in the context of CPT violation in quantum
field theory, and used in [ 53] to study the Higgs decay into two photons. In particular, symmetric
integration was used by Jauch and Rohrlich in [ 51] to evaluate %1 and it was the source of discrepancy
between the results displayed in Eqs. (13) and (14) as well.

We shall now construct general parameterizations for loop integrals which incorporate explicitly
arbitrary regularization dependent terms which will be fixed on physical grounds. As we discussed
earlier, in Implicit Regularization (IR) we display ultraviolet (and infrared 2) divergences in terms of
basic divergent integrals. Consider the regularization independent relations satisfied by the following
logarithmically basic divergent integrals in d (integer) dimensional spacetime:
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2 Infrared divergences can be represented by basic divergent integrals in configuration space [ 34].
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Dimensional	Regularization A	=	B
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Shifts	in	integration	momentum	
(log	and	lin divergent	integrals)
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whereas

BP.T.
⇤ = �b(⇤2 � 2m2 ln ⇤2/ m2), (12)

b ⌘ �i/( 4⇡ )2. On the other hand, it is straightforward to show that standard dimensional
regularization leads to A = B. As another example, it can be easily seen that Iµ⌫

quad evaluates differently
with respect to the leading divergence in cutoff and proper-time regularization, namely

Iµ⌫
quad

cutoff�! bgµ⌫

⇣
�1

4
⇤2 + 1

2
m2 ln

⇤2

m2

⌘
+ finite , (13)

Iµ⌫
quad

P.T.�! bgµ⌫

⇣
�1

2
⇤2 + 1

2
m2 ln

⇤2

m2

⌘
+ finite , (14)

respectively. Before analyzing what is essentially regularization independent in these results, consider
another example related to a shift in the integration variable of a four-dimensional integral, for ! = 2,

�1 =
Z 2!

k

kµ

[(k � p)2 � m2]2
�

Z 2!

k

(k + p)µ

[k2 � m2]2
, (15)

in which 2 ! is the dimension of the integration. Clearly �1 = 0 in dimensional regularization because
in this method no surface terms accompany shifts in the integration variable. However following Jauch
and Rohrlich in [ 51] one evaluates �1 for ! exactly equal to 2 as

�1 = �i⇡2(2⇡ )4

2
�!2pµ . (16)

A similar expression may be obtained for more than linearly divergent variable shifted integrals. It
is immediate from above that the Kronecker delta signs a discontinuity in the dimensionality !. An
important question, given that shifts of integration variables are regularization dependent, would be
to exploit the consequences of momentum routing invariance over regularization schemes. Some
technicalities deserve attention. Symmetric integration in n (integer) dimensions, namely kµ k⌫ !
gµ⌫k2/ n under integration in k, for divergent integrals does not hold in general. This has been a source
of disagreements in loop calculations, as discussed in [ 52] in the context of CPT violation in quantum
field theory, and used in [ 53] to study the Higgs decay into two photons. In particular, symmetric
integration was used by Jauch and Rohrlich in [ 51] to evaluate �1 and it was the source of discrepancy
between the results displayed in Eqs. (13) and (14) as well.

We shall now construct general parameterizations for loop integrals which incorporate explicitly
arbitrary regularization dependent terms which will be fixed on physical grounds. As we discussed
earlier, in Implicit Regularization (IR) we display ultraviolet (and infrared 2) divergences in terms of
basic divergent integrals. Consider the regularization independent relations satisfied by the following
logarithmically basic divergent integrals in d (integer) dimensional spacetime:

dIlog (m2)
dm2

= � bd

m2
,

dIµ⌫
log (m2)

dm2
= �gµ⌫

d

bd

m2
, (17)

where

bd = i

(4⇡ )d/ 2

(�)d/ 2

� (d/ 2)
. (18)

A general parameterization involving a cutoff ⇤ ! 1 that obeys the relations above is

Ilog (m2) = bd ln

✓
⇤2

m2

◆
+ ↵1,

2 Infrared divergences can be represented by basic divergent integrals in configuration space [ 34].

Shifts	are	ok

Non-dimensional
methods

with

Example 2:

Example 3:

3



Example 4:

Sharp	cut-off:			 Sharp	cut-off:		

Dim.	Reg.						:														0 Dim.	Reg.							:																	0

d=4 d=4

4



!"#$%&'"( &$$"$

1)	Symmetric Integration is not valid in
general	in	the integer dimension for
!"#$%&$'("'($&%)*+.

Perez-Victoria	 		()*+,- ./.0-12../3- .42 )

2)	Hidden (undetermined,	regularization dependent)	parameters in	BDI’s ?	Yes,	indeed.

arbitrary,	reg.dep.
Sourceof symmetry

breaking
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Higgs	boson	discovered!

Phys.Lett.	 B716	 (2012)	 1-29

Phys.Lett.	 B716	 (2012)	 30-61

6



Scalar sector scrutinized
Is	the	scalar	found	the	one	of	the	SM?
Are	there	other	scalars?

Eur.	Phys.	J.	C	75	(2015)	 212
Eur.	Phys.	J.	C76	 (2016)	 6

,$&%5'&-6&7&$859:75"9- "(-7;&-8:''- "(- 7;&-*5<<'-="'"9- :96-7&'7'-"(-%"8>:75=5?57@-"(
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FGH,G!ID+
*IJJ!-HGK+L!-M
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http://cds.cern.ch/record/628469

High Energy Physics (colliders)
Small	deviations

Increase	precisionBSM	predictions

Open questions:
No	gravitational	interactions	included;
No	candidates	for	Dark	Matter;
Matter-antimatter	assymetry;
SuSy ?	Composite HiggsModels?	

8



High Energy Physics

Low-energy observables http://muon-g-2.fnal.gov/

https://cds.cern.ch/record/1295244

Precision	calculations

Precision	Frontier 9

Atualmente essa discrep‰ncia Ž dada por [13]:

aExp ! MP
µ = (31.3 ± 7.7) ! 10! 10

Em [14], estudos numŽricos envolvendo o c‡lculo deaµ dentro do MSSM foram
realizados considerando contribui•›es de part’culas pesadas dessas teorias [11], e
em [12] usando-se modelos 2HDM. Quer seja no contexto do MSSM ou em modelos
2HDM, c‡lculos te—ricos precisos alŽm de um ÒloopÓ s‹o necess‡rios.

Os Òelectroweak precision observables (EWPO)Ó [50] que foram medidos no LEP,
SLC e Tevatron e que ser‹o mais apurados no LHC, s‹o particularmente importantes
para testar a f’sica alŽm do modelo padr‹o (MP) . Os principais EWPO s‹o a massa
do b—sonW, o Òe! ective leptonic weak mixing angleÓsin2 ! ef f , o momento magnŽtico
an™malo do muon e a massa do b—son de Higgs mais leve, par emCP, no modelo
padr‹o supersimŽtrico m’nimo (MPSM). Estes observ‡veis s‹o importantes porque
permitem uma discrimina•‹o inamb’gua entre corre•›es qu‰nticas do MP e da f’sica
alŽm do MP.

Para dar uma idŽia concreta de alguns observ‡veis calcul‡veis dentro do MP,
junto com a acur‡cia e precis‹o experimental, vale a pena olharmos a tabela 1 [16]:

Usando a regulariza•‹o impl’cita [17]- [36] e outras tŽcnicas que agem na di-
mens‹o f’sica da teoria [37], podemos efetuar c‡lculos perturbativos em teorias em
que a continua•‹o anal’tica na dimens‹o do espa•o-tempo Ž incompat’vel com suas
simetrias, o que pode levar a anomalias espœrias. ƒ o caso do setor eletrofraco do
modelo padr‹o e de extens›es supersimŽtricas. AlŽm do mais, em teorias quirais, a
‡lgebra de Cli! ord da matriz " 5 apresenta problemas em alguns modelos quando se
usa regulariza•‹o dimensional e mŽtodos alternativos devem ser usados [42].

A massa do b—son-W Ž calculada da seguinte forma

M 2
W =

M 2
Z

2

!

1 +

"

1 "
4#$

#
2GµM 2

Z

(1 + ! r )

#

. (1)

Comparando o tamanho t’pico de efeitos qu‰nticos eletrofracos (da ordem de1%)
com as precis›es relativas na tabela 2 retirada de [11], v•-se claramente a sensibili-
dade dos EWPO aos efeitos de corre•›es de ÒloopsÓ. A tŽcnica da RI mostra-se mais
promissora para implementa•‹o numŽrica e extra•‹o de diverg•ncias ultravioletas e
infravermelhas.

Em colabora•‹o com o Prof. Bertuzzo (USP), Prof. Sampaio (UFABC), Dr.
Adriano Cherchiglia (UFABC) e Prof. Stockinger (Dresden) pretendemos calcular
alguns EWPO dentro de c‡lculos a dois ÒloopsÓ no MP e suas extens›es: MSSM
e 2DHM, usando rotinas como GAMBIT [43] and Mathematica e empregando a
tŽcnica da regulariza•‹o impl’cita (RI).

5
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More loops

More	efficient	algorithms
New	regularization techniques that
operate "9 7;&>;@'5%:?658&9'5"9

Phys.Rev.Lett.	 109	(2012)	 111808

Precision	Frontier

K58&9'5"9:?-H&7;"6'
Drawbacks

! Gamma 5	matrix
! SuSy breaking
! incompatible with helicity methods
! Infra-red versus	ultraviolet divergences in	

cross sections and computer algorithms ...

+?&%7$"A&:O-,$&%5'5"9-G='&$P:=?&'
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New regularization techniques:

......

Precision	Frontier 11



Precision	Frontier 12



New regularization techniques:
Implicit Regularization

Sistematization	of	ambiguities

Precision	Frontier 13



Satisfies	Lorentz	invariance,
locality	and unitarity.	

Systematisation to arbitrary
loop	order

New regularization techniques:
Implicit Regularization

Precision	Frontier 14
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Mass	independent scheme:	Scale relation

03-V-?"">-QKI-?""O-?5O&1%"8>?@59<A57;Q,*U '#=7$:%75"9$#?&'3

Only 1	internal momentum!

W3-F?&:$'&>:$:75"9=&7A&&9IR-:96 XE-65P&$<&9%&' IR-65P59-6#:?-'>:%&:'-QKI

(Regularization Independent)
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p

p

k!!Α!1"p

k!Αp

Sest
QED =

Z
d4x  ̄(i@/ ! A/ ! m ! b/�5) ,

b

LCS =
3

32⇡2 bµ✏µ⌫↵�F↵�A⌫

i

k/ ! b/�5
=

i

k/ ! b/
PL +

i

k/+ b/
PR,

PR,L =
1± �5

2
.

⇧µ⌫ =
1

2

�
⇧µ⌫

+ +⇧µ⌫
� +⇧µ⌫

5+ +⇧µ⌫
5�
 
,

⇧µ⌫
± (p,↵p± b) =

Z ⇤

k

⇢
�⌫(k/+ ↵p/± b/)�µ [k/+ (↵+ 1)p/± b/]

(k + ↵p± b)2 [k + (↵+ 1)p± b]2

�

⇧µ⌫
5±(p,↵p± b) = ±

Z ⇤

k

⇢
�⌫(k/+ ↵p/± b/)�µ [k/+ (↵+ 1)p/± b/] �5

(k + ↵p± b)2 [k + (↵+ 1)p± b]2

�
.

R ⇤
k "

R ⇤ d4k
(2⇡)4 ↵

!"

#$

k+p

 
p

 p

k  p

 p

k

!"#$

i
k/ ! b/ ! 5

=
!!

n=0

i
k/

"
! ib/ ! 5

i
k/

# n

=
!!

n=0

Sn(k).

b

! µ!"#
(a)CS(p) = i

$ d4k
(2$)4 T r [V µ! (k + p, k)S0(k + p)V "# (k, k + p)S0(k)b/! 5S0(k)] +

+ i
$ d4k

(2$)4 T r [V "# (k, k + p)S0(k)V µ! (k + p, k)S0(k + p)b/! 5S0(k + p)]

! µ!"#
(b)CS(p) = i

%
d4k

(2" )4 T r [S0(k)b/! 5S0(k)V "# µ! (p, p, k)].

! µ!"#
(b)CS(p) ! µ!"#

(a)CS(p)

! µ!"#
(a)CS(p) =

! i
8

#2
&'

i
48" 2 ! 64$0 ! 4%0 + 4&0

(
p" p! !

'
i

48" 2 + 32$0

(
' "! p2

)
(%&#µb%p&+

+( ) " * ) + ( µ " +) + ( ) " * , µ " +).

&0 $0 %0

p" ! µ!"#
(a)CS(p) =

! i
8

#2(4&0 ! 4%0 ! 96$0)( (%&#µp! + (%&#!pµ)p2b%p& = 0

&0 = $0 = %0 = 0 &0 ! %0 = 24$0

Arbitrary
Routing
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In summary, we have seen that within a four-dimensional
regularization scheme such as IReg and taking into account
some subtleties related to Clifford algebra inside divergent
integrals (symmetrization of the trace), arbitrary momen-
tum routing amounts to gauge invariance. Such a routing
arbitrariness in a Feynman graph is always accompanied by
a surface term, which is set to zero on gauge invariance
grounds. Indeed even in the case when the axial Ward
identity is chosen to be verified in the ABBJ anomaly, the
momentum routing may be absorbed in the choice of the
arbitrary ST. Thus it seems plausible to disregard particular
momentum routings in the discussion of Ward identities,
even in anomalous cases, in favor of intrinsic arbitrary
parameters hidden in perturbation theory in the form of
STs. The latter should be left as an adjustable parameter if
not fixed on symmetry principles of the underlying
model[25,58].

III. SUPERCURRENT ANOMALY IN SUSY
NON-ABELIAN GAUGE THEORY

TheN! 1supersymmetric and gauge invariant Yang-Mills
SU(2) Lagrangian in the Wess-Zumino gauge reads[21]

L ! !
1
4

Fa
!" Fa!" "

i
2

ø# a$! #D! #$a "
1
2

CaCa

" %%
a! ! Dab

! %b "
1
2&

&! ! A!
a'2;

" L inv " L ghost" L gauge; #19$

where

Fa
!" ! ! ! Aa

" ! ! " Aa
! " g' abcAb

! Ac
" ; #20$

a ! 1; 2; 3 are color indices,# a is a massless Majorana
spinor (transforming in the adjoint representation), super-
symmetric partner of the gauge fieldsAc

" and Ca is an
auxiliary field which we will drop out later as it does not
couple to any field in the computation of the supercurrent.
The covariant derivative is defined as

#D! #$a ! ! ! # a " g' abcAb
! # c: #21$

The action correspondent toL inv is invariant under
supersymmetry transformations,

(Aa
" ! i ø'$ ! # a; #22a$

(# a ! ) !" ' Fa
!" " ' Ca; #22b$

(Ca ! ø'$ ! D! # a; #22c$

where ) !" ! 1
4 &$! ; $" ' and ' is a constant spinor.

The Noether current associated to the invariance of(19)
under(22) is

øS! ' ! ! i#ø# a$! ) *+ ' $Fa
*+ #23a$

or equivalently, by the Majorana condition for' and##x$

ø' S! ! ! i#ø') *+$! # a$Fa
*+ : #23b$

Likewise, defining global supersymmetric transforma-
tions as in(22) but substituting$! with $! $5 and) !" with
) !" $5 leads to a conserved Noether current, which is just
(23) with $! ! $! $5. The result is not affected by which
definition of the transformation one uses as a$5 factor can
be absorbed into the transformation properties of the
fields [75].4

In order to study the on mass-shell anomalies of the
supercurrent we consider the process

S! ! # " A! #24$

for on-shell bosons and fermions (therefore, no need to
consider mass and wave function renormalization at the
one-loop level). The Feynman rules for the bubble and
triangle graphs that contribute to the process(24) required
to evaluate quantum breakings of the supercurrent Ward
identities are displayed in Fig.2 in the Feynman gauge. In
[52] it was shown that matrix elements of this current
between physical states are gauge invariant and conserved:

! ! hphysjS! jphysi ! 0: #25$

The external physical state is a fermion with momentump
and color indexa, and a gauge field with momentumq and
color index b, namely ju; p; aij , ; q; bi . The transition
amplitude to vacuum state reads

hphysjS! jphysi ! h0j øS! ju; p; aij , ; q; bi ! Sab
!" , "

b#q$ua#p$:

#26$

For on-shell bosons and fermions all factors of=p in
Sab

!" adjacent toua#p$ vanish as well as factors ofp2, q2

or q" in Sab
!" :

, " #q$q" ! 0; =pu#p$ ! 0; p2 ! q2 ! 0; #27$

in which =p should be moved to the rightmost position to
apply (27).

The Ward identities which express supersymmetry,
gauge and superconformal (spin-3=2 constraint) invariance
of the supercurrent read

4Indeed should one employ the supercurrent definition with
the $5-matrix into the Feynman rules, we see that applying, for
instance, the rightmost positioning (gauge invariant) prescription
for the$5 matrix [62] leads to the same results for the quantum
corrections modulo a$5 factor.
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Gauge Invariance

Supersymmetry Conservation

Rarita-Schwinger	Constraint

/ _?"">-%"$$&%75"9'

20



R&'#?7'59-L57&$:7#$&

21



F"9%?#'5"9

R&'#?7'A57;59IR&<

22



Acknowledgments

! UC	
! COST
! FAPESP


