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|. THE LOOP-TREE DUALITY THEOREM AT ONE LOOP

. The Loop-Tree Duality theorem!
at one loop



|. THE LOOP-TREE DUALITY THEOREM AT ONE LOOP

Catani, Gleisberg, Krauss, Rodrigo, Winter, JHEP 09 (2008) 065

THE LOOP-TREE DUALITY THEOREM

Gr(q:) |

di.0 plane

Feynman Propagator +i0:
positive frequencies are propagated
forward in time, and negative backward.

Cauchy residue theorem
in the loop energy complex plane

L)

X
X
X

selects residues with definite positive energy
and negative imaginary part (indeed in any
coordinate system)

Q) = +\/a? +m? -




|. THE LOOP-TREE DUALITY THEOREM AT ONE LOOP

Catani, Gleisberg, Krauss, Rodrigo, Winter, JHEP 09 (2008) 065

THE LOOP-TREE DUALITY THEOREM

One-loop integrals (or scattering amplitudes in any relativistic, local and unitary
QFT) represented as a linear combination of N single-cut phase-space integrals

/HGF q;) = Z/ q;) Gp(qi; q5)

'l (g) = i2"#(qi0)! (¢ — m?) sets internal line on-shell, positive energy mode

1
L Gr(aa:) —
D(%aQy) q?_m?_zonkﬂ

dual propagator, Kj = ¢ — g

LTD realized by modifying the customary +i0 prescription of the Feynman
propagators, it compensates for the absence of multiple-cut contributions that

appear in the Feynman Tree Theorem
Lorentz-covariant dual prescription with 17 a future-like vector; from now on, '# = (1, 0)

Integration domain now Euclidean, with the integration variable being the loop

three-momentum



|. THE LOOP-TREE DUALITY THEOREM AT ONE LOOP

Sborlini, FDM, Hernandez, Rodrigo, JHEP 08 (2016) 160

SINGULARITIES OF THE DUAL INTEGRANDS

$o

threshold h

LTD: Equivalent to integrating along forward on-shell
hyperboloids/light-cones (positive energy modes)

The dual loop integrand becomes singular when
more than one internal propagators go on-shell while
Integrating

Cancellations of singularities among dual amplitudes
at forward-forward intersections: dual +i0 prescription
change signs (proof of consistency)

IR and threshold singularities illustrated by forward-
backward intersections

IR and threshold singularities are
restricted to a compact region of

the loop three-momentum
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Sborlini, FDM, Hernandez, Rodrigo, JHEP 08 (2016) 160

EXPLICIT EXAMPLE: THE SCALAR THREE-POINT FUNCTION

! ny #3
LY (py,pa, —p3) = Gr(q) = I;

ti—3 T i=1

LTD

4 [ &g dl&oldvl]

Iy :E 1 — (1 _ 2@1)252 Modulus of the loop three-momentum
B 2 €2_,(])- f% d[ﬁz]d[@z] / (471')6_2 S12 —c 9
b= | TG T 0o+ a0 o e =g () s
2 4 & dlEs]dvs] dlo) = o1 0)~d
> s12.) (14+€3,0)(3,0 — BE3(1 — 2v3) +m?) N

Polar angle of the loop three-momentum




Il. LOOP-TREE DUALITY AT TWO LOOPS

Il. The Loop-Tree Duality theorem
at two loops



Il. LOOP-TREE DUALITY AT TWO LOOPS

Bierenbaum, Catani, Draggiotis, Rodrigo, JHEP 1010:073,2010

GENERALIZATION OF THE LTD THEOREM AT TWO LOOPS

" Consider three sets of momenta

ar = {1 +pi, 1 €40,...,7}} ®
ay = {ls + pi, re{r+1,...,l}} e
az ={l1+Lls+pi, t€{l+1,...,N}} @

' Two loops means... cutting twice: we need to
impose two conditions on the couple(!1, !2).

' The idea is therefore to put on shell two
particles belonging to two different sets




Il. LOOP-TREE DUALITY AT TWO LOOPS

Bierenbaum, Catani, Draggiotis, Rodrigo, JHEP 1010:073,2010

GENERALIZATION OF THE LTD THEOREM AT TWO LOOPS

For a given set a, or a union of sets, we introduce

= I Get@), Gott= 3" "@) ] Gotaia)

1 oy I oy 'ak

j =

It is possible to show that these functions fulfill the following identity...

Gp(ai! aj) = Gp(a;) Gplay) + Gp(a;) Grlaj) + Gr(a;) Gp(ay)

... which allows to iteratively extend LTD to two loops, and even beyond
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FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

GENERALIZATION OF THE LTD THEOREM AT TWO LOOPS

" With these notations, the LTD theorem at one
loop can be written

Ay = /e N (61, {pi}n) Grlar) = ! A N (1, {pitw) G ()
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FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

GENERALIZATION OF THE LTD THEOREM AT TWO LOOPS

" With these notations, the LTD theorem at one
loop can be written

Ay = /e N (61, {pi}n) Grlar) = ! A N (1, {pitw) G ()

Using this, and starting from the Feynman
amplitude

A = N (¢4, €2, {pi}n )Gk (1) Gr (02 U as)
E} E* “

= . N (1, 82, {pi }n )Gk (1) Gp (a2 U a3)
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GENERALIZATION OF THE LTD THEOREM AT TWO LOOPS

" With these notations, the LTD theorem at one
loop can be written

Ay = /e N (61, {pi}n) Grlar) = ! A N (1, {pitw) G ()

Using this, and starting from the Feynman
amplitude

A = N (¢4, €2, {pi}n )Gk (1) Gr (02 U as)
E} E* “

= . N (1, 82, {pi }n )Gk (1) Gp (a2 U a3)

> G(! 2)Gp(! 3) + Gr(! 1)Gr(! 2)Gp(!3) + Gr(! )G (! 2)Gr(! 3)



Il. LOOP-TREE DUALITY AT TWO LOOPS

FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

GENERALIZATION OF THE LTD THEOREM AT TWO LOOPS

" With these notations, the LTD theorem at one
loop can be written

Ay = /e N (61, {pi}n) Grlar) = ! A N (1, {pitw) G ()

Using this, and starting from the Feynman
amplitude

A = N (¢4, €2, {pi}n )Gk (1) Gr (02 U as)
E} E* “

= . N (1, 82, {pi }n )Gk (1) Gp (a2 U a3)

> G(! 2)Gp(! 3) + Gr(! 1)Gr(! 2)Gp(!3) + Gr(! )G (! 2)Gr(! 3)
N e~
Ok —GD(—OQ U al) I Gp (Ozl ! 043)
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FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

GENERALIZATION OF THE LTD THEOREM AT TWO LOOPS

' Which leads to the master formula at two loops

A = N (1,05, {pi}n) Gplaz)Gplai Uas) + Gp(—as Uay) Gpl(as) — Gr(ay) Gplas) Gp(as)
{1  ¥lo

(1, a2, @3 completely interchangeable)
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FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

GENERALIZATION OF THE LTD THEOREM AT TWO LOOPS

' Which leads to the master formula at two loops

A = N (1,05, {pi}n) Gplaz)Gplai Uas) + Gp(—as Uay) Gpl(as) — Gr(ay) Gplas) Gp(as)
{1  ¥lo

(1, a2, @3 completely interchangeable)

Notice the minus sign in the second term — Qi = {—q, q < Ckk}
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FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

GENERALIZATION OF THE LTD THEOREM AT TWO LOOPS

' Which leads to the master formula at two loops

A = N (1,05, {pi}n) Gplaz)Gplai Uas) + Gp(—as Uay) Gpl(as) — Gr(ay) Gplas) Gp(as)
{1  ¥lo

(a1, ap, g completely interchangeable)

Notice the minus sign in the second term — Qi = {—q, q < ak}

' The on-shell delta is modified# 1 ,, q

accordingly

. | 7
5! ) = 55 0o + a1
qj,O
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FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

ALGEBRAIC REDUCTION OF TWO-LOOP AMPLITUDES

' Say we have a planar two-loop diagram with fixed external ordering, we can write
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ALGEBRAIC REDUCTION OF TWO-LOOP AMPLITUDES

' Say we have a planar two-loop diagram with fixed external ordering, we can write

a1 = {C]1,Q12, e 7Q1N}
a2 = {qN+1}
a3 = {QT7Qﬁ7“'7QW}

qij =4 +p1+p2+--+p;

qN+1 = £2
g7 =41+ L2+ p1+p2+ -+ D
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FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

ALGEBRAIC REDUCTION OF TWO-LOOP AMPLITUDES

' This sums up to N(az1 + a2 + az) = 2N + 1 Feynman propagators for the uncut
integrals... but applying LTD removes two of them, so for a given cut 3(qg;, g;) , we
have in the end 2N — 1 dual propagators



Il. LOOP-TREE DUALITY AT TWO LOOPS

FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

ALGEBRAIC REDUCTION OF TWO-LOOP AMPLITUDES

' This sums up to N(az1 + a2 + az) = 2N + 1 Feynman propagators for the uncut

integrals... but applying LTD removes two of them, so for a given cut 3(qg;, g;) , we
have in the end 2N — 1 dual propagators

' The independent scalar products we can encounter in the numerator are
{€1-pi, b2 piy, br-L2 |0t {1, 2,..., N" 1}}

' This sums up to 2N — 1 scalar products



Il. LOOP-TREE DUALITY AT TWO LOOPS

FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

ALGEBRAIC REDUCTION OF TWO-LOOP AMPLITUDES

This sums up to N(a1 + az + az) = 2N + 1 Feynman propagators for the uncut

integrals... but applying LTD removes two of them, so for a given cut 3(qg;, g;) , we
have in the end 2N — 1 dual propagators

The independent scalar products we can encounter in the numerator are

{€1-pi, b2 piy, br-L2 |0t {1, 2,..., N" 1}}

This sums up to 2N — 1 scalar products

==> There are as many dual propagators as scalar products

It is therefore possible to rewrite the numerators in terms of dual propagators, and
this in a unique way



Il. LOOP-TREE DUALITY AT TWO LOOPS

FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

ALGEBRAIC REDUCTION OF TWO-LOOP AMPLITUDES

' We can rewrite any planar two-loop integrand A§\2,)(! 1,12, {pP:i} ) as

Ag\z/’) — N (1,12, {pi} n) Gr("1U"2U" 3) + perm. (Before cutting)

| oy $

— Caoja,....azn 1 AP} V) ETS(q]-, Q:) + perm. (After cutting)

b o g (#j)ao(di1)al(di2)a2éé@izm1)a2N!1

' The idea is to rearrange the expressions of the dual cuts so we have the minimum



[1l. LOCAL CANCELLATION OF UV SINGULARITIES AT TWO LOOPS

Ill. Procedure for local renormalisation!
at two-loop order
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FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

ONE-LOOP PROCEDURE

We consider a Feynman (uncut) integrand | (¢, {p;}~), and the replacement

' 12 | --2!2+(1 " "2)“2

gl

S:
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ONE-LOOP PROCEDURE

We consider a Feynman (uncut) integrand | (¢, {p;}~), and the replacement

' 12 | --2!2+(1 " "2)“2

gt

S:

Computing the local UV counter-term C of I is done by

¢ Applying the replacement Son I
e Taking the limit! — oo
¢ Selecting the divergent terms, which gives (unfixed) C

o Fixing the finite part so C integrates to the desired quantity (O(e’) = 0in MS) #



[1l. LOCAL CANCELLATION OF UV SINGULARITIES AT TWO LOOPS

FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

ONE-LOOP PROCEDURE

We consider a Feynman (uncut) integrand | (¢, {p;}~), and the replacement

12 "212 4 (1 " "2)2

gt

S:

Computing the local UV counter-term C of I is done by

¢ Applying the replacement Son I
e Taking the limit! — oo
¢ Selecting the divergent terms, which gives (unfixed) C

o Fixing the finite part so C integrates to the desired quantity (O(e’) = 0in MS) #

We then obtain a counter-term C and the quantity I'! C' is locally UV safe



[1l. LOCAL CANCELLATION OF UV SINGULARITIES AT TWO LOOPS

FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

TWO-LOOP PROCEDURE (SINGLE UV)

This time, we consider a two-loop Feynman integrand I(!1,!2,{p;} v)

Applying the one-loop procedure to each loop momenta independently, using the
replacements

g . JANAFQ - s . JENEHL AW
b 2 épz — Al épz ° lo épz — Ala épz
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FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

TWO-LOOP PROCEDURE (SINGLE UV)

This time, we consider a two-loop Feynman integrand I(!1,!2,{p;} v)

Applying the one-loop procedure to each loop momenta independently, using the
replacements

g . JANAFQ - s . JENEHL AW
b 2 épz — Al épz ° lo épz — Ala épz

We obtain two counter-terms, C; and C,, but I — C; — C, is still not UV safe



[1l. LOCAL CANCELLATION OF UV SINGULARITIES AT TWO LOOPS

FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

TWO-LOOP PROCEDURE (SINGLE UV)

This time, we consider a two-loop Feynman integrand I(!1,!2,{p;} v)

Applying the one-loop procedure to each loop momenta independently, using the
replacements

g . JANAFQ - s . JENEHL AW
b 2 épz — Al épz ° lo épz — Ala épz

We obtain two counter-terms, C; and C,, but I — C; — C, is still not UV safe

' We need to subtract the double UV limit
(when both loop momenta go to infinity)



[1l. LOCAL CANCELLATION OF UV SINGULARITIES AT TWO LOOPS

FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

TWO-LOOP PROCEDURE (DOUBLE UV)

' Computing the double UV behavior is very similar to the one-loop procedure, with
some subtleties. We consider the replacement

B 02— X202+ (1 — \%)p?
512 . 61 é.gg — )\2 61 é€2 — (1 — )\2)/12/2
$ fi é.pk — )\ﬁi é.pk
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FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

TWO0-LOOP PROCEDURE (DOUBLE UV)

Computing the double UV behavior is very similar to the one-loop procedure, with
some subtleties. We consider the replacement

B 02— X202+ (1 — \%)p?
Slg . €1 é.gg — )\2 61 é€2 — (1 — )\2)/L2/2
fi é.pk — )\ﬁi é.pk

We then take I — C; — C5, and the counter-term is obtained by
¢ Applying the replacement Si2 on I —C; — (s
¢ Taking the limit! — oo
¢ Selecting the divergent terms, which gives (unfixed) Cj5

e Fixing the finite part so C; integrates to the desired quantity (O(e”) = 0in MS)



[1l. LOCAL CANCELLATION OF UV SINGULARITIES AT TWO LOOPS

FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

TWO0-LOOP PROCEDURE (DOUBLE UV)

This iterative way is similar to what is done in DREG, but you don’t need to integrate
anything to compute the actual counter-terms

In addition to fixing the potential additional singularities introduced by C;and Cs #
C12 also removes singularities occurring when (41,42) ! (" ," )

lren =1 — C1 — Co — Ciais therefore completely free of any UV singularity, and, after
applying LTD, can safely be integrated in four dimensions!
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IV. Applicationto H ! ~~ attwo loops



IV. HIGGS BOSON DECAY TO TWO PHOTONS AT TWO LOOPS

FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

“NON-MIXED™ QED CORRECTIONS

P1 P1

P1

P12 - »- P12 - »- P12 - »-

P2

P2 P2

12 diagrams with a top as the internal particle
37 diagrams with a charged scalar as the internal particle

(Blue lines are photons)
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FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

SIMPLIFYING THE MASTER FORMULA

If the Higgs boson is on shell, we are below threshold, i.e. 4M]% > M%

» No imaginary part » Prescriptions unnecessary

This simplifies a lot the two-loop representation of LTD

Gp(az) Gp(ar Uasz)+ Gp(—az Uar) Gp(as) — Gr(a1) Gp(az) Gp(as)

~N

Gp('1)Gp('2)Gr('3) +Gr(t1)Gp(t ' 2)Gp(t3) +Gp(! 1) Gr(! 2) Gp(! 3)




IV. HIGGS BOSON DECAY TO TWO PHOTONS AT TWO LOOPS

FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

SIMPLIFYING THE MASTER FORMULA

If the Higgs boson is on shell, we are below threshold, i.e. 4M]% > M%

» No imaginary part » Prescriptions unnecessary

This simplifies a lot the two-loop representation of LTD

Gp(az) Gp(ar Uasz)+ Gp(—az Uar) Gp(as) — Gr(a1) Gp(az) Gp(as)

~N

Gp('1)Gp('2)Gr('3) +Gr(t1)Gp(! '2)Gp(t3) +Gp(t 1) Gr(! 2) Gp(! 3)

l l l

4 double cuts 4 double cuts 14 double cuts




IV. HIGGS BOSON DECAY TO TWO PHOTONS AT TWO LOOPS

FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

UNIVERSALITY OF THE DUAL AMPLITUDES

" The 22 dual double cuts can be written with 9 generators, for instance

(f)

T‘ C 1 1]

A( Qza _gf // Qz7Q4 { D Dl <G(Dz7 l?cé(lft)b)(1+H(D3D127 7,))+F(D_7 4/ ))
1, J1o 3412

(f) 1 D3 D1z L (. ! L (o _ »ls
11— =2 (1- = -
i ( K (D‘ D§( Dy ( D;’))) "Dy \ D— D;) D \® Dy
N D
1 (f) 1 1 1 1 €14 | %20 (f)
"1 1 D3 Drs (Cl <D3D§+ D- (Dg Dg)) T, T D, "

(f)
(n (Pi=Pm , Dgyy 1 (f) 3 . 19
+Cl7( Ds +Dz>) D; Dy 1712+C18 el
512

" The Ci<f )are scalar coefficients and depend only on the reduced mass#ry = Ve
J

and the dimensiond, while the D; are normalized dual propagators

+ 2
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FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

UNIVERSALITY OF THE DUAL AMPLITUDES

d— 2 t d— 2 t 1 4
Cé(Lf')u:_T7 Cé(l,ilu:_T7 Cg) :_Z(Cg)_rt)7
; 5 (d—6)d+10 ¢ 5 (d—8)d+10 ¢ 5 (d—8)d+ 14
Cé)zcg) 2(d—2) Tt , Cé)zcg)_ 2(d-2) Tt Cg())zcg)_ 2(d—2) Tt ,
RONNG (d—8)d+ 18 ; (t) _ _(d—4)(d— 5) . RO _(d— 6)d + 12 .
11 1 2(d—2) t 12 d—2 1 13 2(d—2) t
t 3 d t 1 f Tt t d—8
cggzz(cgﬂ__g(d_mn), &) = - (D + 1) | & =4=8
t d—4 t (d—4)2 t 1 t 1
A7 = 658):_4(d—2)’ Ao =5 (4" ggm)
o1 o 2d—4) (d—10)d+18 t (d—4)d
Cg()):Z(Cg)-'_rt)) Cgl):_ d— 2 + 4(d—2) T, CéQ):_2+4(d_2)Tt7
! d—2 ! 1 ! I
)= 12 =t =L
! ! ! ! 1 ! !
Cg)zcg)7 Cé)zcg)—(d_Q)T’!, C&O):Cg)a
! 1y  d—4 ! 3(d—4) | 1
W =+ G5 W =gy W= g
! 3 ! L ! 1
-2 4=t 4 -1,
! ! ! L
0o -0 G-t



IV. HIGGS BOSON DECAY TO TWO PHOTONS AT TWO LOOPS

FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

SINGLE UV COUNTER-TERMS

' There are three things to renormalize:

¢ The Higgs boson vertex

¢ The photon vertices

¢ The self-energies
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FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

SINGLE UV COUNTER-TERMS

There are three things to renormalize:

¢ The Higgs boson vertex

¢ The photon vertices

¢ The self-energies

The single UV counter-terms are built by taking 11 or ¢15 = ¢1 + ¢» to infinity in the

relevant diagrams

For instance, for the Higgs boson vertex correction

AVAVAVA
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FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

HIGGS BOSON VERTEX RENORMALISATION

There are two contributing diagrams for the top, three for the scalar and the
counter-term is computed by taking ! — oo at integrand level

The Higgs vertex corrections read, for both particles,

Pl =(ee)? | (Grla,uv)® (cifhy — Grlauv) difly uiy) T

I

: L ~(f

ST ATEN CJ(LI,)UV P(0.5)
16! 2 \ p2 " H-

=(eey)?
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HIGGS BOSON VERTEX RENORMALISATION

There are two contributing diagrams for the top, three for the scalar and the
counter-term is computed by taking ! — oo at integrand level

The Higgs vertex corrections read, for both particles,

Depends on what we renormalise (here the Higgs vertex) = Depends on the renormalisation scheme

I‘glfJ)V =(eey)’ | (Gr(a,uv))” ( - GF(ql,UV) H%v) T

Is a combination of CS,)UV and dl(_];, )UV and is obtained by integrating in d dimensions
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FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

PHOTON VERTEX RENORMALISATION

The idea is exactly the same (there are more diagrams though), with this time the
limit that needs to be considered being !5 !'"

The corresponding counter-term for the top reads

1t) _ 2 t { | N
| (vuz/ =(ee)® | (Gr(qizuv)) ((C'(y,)UV | GF (qlz,uv)d(%)uv MLZJV)! 0. 4 C(w,)uv guz/)
£2
: —e (1)
= (eep)? Y —C%UV | (0.t)
1672 MZ 6 "y
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PHOTON VERTEX RENORMALISATION

" The idea is exactly the same (there are more diagrams though), with this time the
limit that needs to be considered being !5 !'"

" The corresponding counter-term for the top reads

1.t 2 t t
| (vuz/ = (ee)? (GF (q12,uv)) ((C'(y,)UV | Gr (q12, uv)al7 UV :“UV) | g)t) * C(W)UV
12

: —e (1)
— (66'[)2 Sﬁ (MEJV ) CW uv | (0,t)
1672 2 € Y

" The additional term A( Ly integrates to 0 in ddimensions but is needed for local
renormalisation
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DOUBLE UV RENORMALISATION

Accorded to the replacement 512, the double UV counter-term must have the form

AGvd = gt sia(eer) / / [ (Gr (q1,uv)" (Gr (g2,0v))"? (GE (qr2,uv))" 2 N

I 4 (GE (ql,UV)) (GF (Q12,UV)) dg\)/z %JV ;
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DOUBLE UV RENORMALISATION

" Accorded to the replacement S12, the double UV counter-term must have the form

AR = satee)® [ |(Ge i)™ G (amon)™ (Ge (@)= A

4G ) Cr ) ]

2.f) _ A(F) (f)y2
Uve =C le+C5 ' 15

Sunrise diagram with ,
_y Massive tadpole
vanishing external momenta

" By replacing the integrals by their values in d dimensions, we can choose d \>,2 to fix

" By using IBP, we can show that A

the renormalisation scheme
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DOUBLE UV RENORMALISATION

The total double UV counter-terms for the top and the scalar read

16! 2 ( 3

2
~ 2 2¢ K
2’ SG //L 8 1
AR = g1z (ee)” (16' 2) ( MU;/> <! e 3@ | diy = + O )) ’

~ 2 _2¢
Se 2 16K )
AST = g5 s12 (ee)? ( ) (—“ - ) (40+ e +4(d§§{u\, ! dg?u\,)! ), + O ))




IV. HIGGS BOSON DECAY TO TWO PHOTONS AT TWO LOOPS

FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

DOUBLE UV RENORMALISATION

" The total double UV counter-terms for the top and the scalar read

~ 2 _2¢
Se 2 16K )
AT = gp s12 (e er)? ( ) (—“ - ) (40+ e +4(d§.§{w ! dgf)u\,)! ), + O ))

16! 2 ( 3
2
=~ 2 —2e¢
2, Se M 8K "
’AEJV%) = gf S12 (6 6¢)2 (16' 2) (%) (' 18! Te I db@g + O( )) .

" Even though they do not actually renormalise anything, their presence is still
necessary to remove local double UV divergences

" This is very similar to the one-loop case: it is finite, but still requires the presence of
a local counter-term to obtain the correct result



IV. HIGGS BOSON DECAY TO TWO PHOTONS AT TWO LOOPS

FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

NUMERICAL INTEGRATION

We use the following parametrizations for the amplitude

El = \/?51 (Sin((gl),o,COS(el))

A/ S . .
£12 = £1 —+ «62 — 212 512 (Sin((glz) COS(QOlg), sm(é’lg) Slﬂ(g@lg), 008(912))
P1 = ;12 (07 07 1)
P2 = ;12 (07 07 _1)

And we compactify the integration domain by using the change of variables

S. N Li f
R or z; € [0,1]




IV. HIGGS BOSON DECAY TO TWO PHOTONS AT TWO LOOPS

FDM, Sborlini, Torres, Rodrigo JHEP 02 (2019) 143

NUMERICAL INTEGRATION

0.0
1.4j « LTD | : « LTD
i — Analytical 1 i — Analytical
1.2F ’ -0.5+
1_0; Huv=Mpl2 ]
S| j
0.8 i
0.6 i
0.4] ]
r=ME I ME r =M2/MP

Results in the MS scheme, with two different values of the renormalisation scale

Integration time (with Mathematica on a desktop computer) is O(l’)for each point



CONCLUSION

SUMMARY & OUTLOOK

What we have achieved...

The Loop-Tree Duality theorem has been extended to two loops and applied to the#
H — ~~ process at NLO, in a (almost) fully automatized way

All UV divergences have been dealt with by computing local counter-terms,
allowing a straightforward numerical integration in four dimensions



CONCLUSION

SUMMARY & OUTLOOK

What we have achieved...

The Loop-Tree Duality theorem has been extended to two loops and applied to the#
H — ~~ process at NLO, in a (almost) fully automatized way

All UV divergences have been dealt with by computing local counter-terms,
allowing a straightforward numerical integration in four dimensions

What remains to be done...
Fully functioning automated code at two-loop, from input to plot

Dealing with potential physical threshold singularities (contour deformation) and
compute the respective imaginary part

Dealing with potential infrared singularities (i.e. extending FDU at two loops)



CONCLUSION

Thank you!
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Backup slides



Il. THE FOUR-DIMENSIONAL UNSUBTRACTION

Sborlini, FDM, Hernandez, Rodrigo, JHEP 08 (2016) 160

DEALING WITH THE SINGULARITIES

Infrared singularities Ultraviolet singularities
(4] = 0 and ! || p;) (|£] — o0)
Cancelled by the Dealt with
real contributions renormalization
Mapping real kinematics Building integrand-level counter-

to match the virtual one terms to achieve local cancellations




II. LOCAL CANCELLATION OF INFRARED SINGULARITIES

Sborlini, FDM, Hernandez, Rodrigo, JHEP 08 (2016) 160

THE MOMENTUM MAPPING

Defining the mappings requires two steps:

1. Separating the singularities of a same type by splitting the real phase-space
into several regions (there cannot be more than one collinear singularity in a

given region of the phase-space)



II. LOCAL CANCELLATION OF INFRARED SINGULARITIES

THE MOMENTUM MAPPING

Sborlini, FDM, Hernandez, Rodrigo, JHEP 08 (2016) 160

Defining the mappings requires two steps:

1. Separating the singularities of a same type by splitting the real phase-space

into several regions (there cannot be more than one collinear singularity in a

given region of the phase-space)

2. Implementing an optimized mapping in each region, to allow a fully local

cancellation of IR singularities with those present in the dual contributions

In Region::
(ai || pi)

/

Pr

/

P

G, P=P—G+ap
(1 —a)p , P = Pk




[l. LOCAL CANCELLATION OF UV SINGULARITIES

Becker, Reuschle, Weinzierl, JHEP 1012:013,2010

BUILD LOCAL UV COUNTER-TERMS

Expand the uncut and unintegrated amplitude around the UV propagator

1
Gr(q:) = + ... quv =1L+ kyy
Gy — Koy + 10

" By choosing kyyv = 0, this is equivalent to applying the following replacement...

R TCRY
lap;, — " quv ap;

... and then expanding around X and taking only the divergent terms

For the scalar two-point function

. 1 cnt — 1
I_/!(!Q—M2+20)((!+p)2—M2+20) => W= ) @y op

Apply LTD on this local counter-term, and subtract it from the amplitude



Il. THE FOUR-DIMENSIONAL UNSUBTRACTION

COMPUTATION SAMPLES

— Analytical (DREG) | -08|

6 * 4D unsubtracted (LTD)

[
bt
o

ry

Three-point ¢,
scalar function =

Logyo(ri Mm@
[ |
P

i
.
N

-14)

0.0 0.2 04 0.6 ' 0.8 00

[ ey gy ey yn—— 08

— Analytical (DREG)
0.5} 05!
f * 4D unsubtracted (LTD) '
0.4: 0_4:
L =2 NE ]
— & g
H — 5 = |
qq T 03 T 03l
0.2] 02!
[ A A A 3 A " . 2 . . a 3 a . A : } { "
0.0 0.2 04 06 08 0.0

—— Analytical (DREG)

m

- Analytical (DREG)
* 4D unsubtracted (LTD)

Wv=2\/312

e 4D unsubtracted (LTD) |

“02 04 06 os

M=y 812 22 ¢-+qq

02 = 04 08 os



INFRARED SINGULARITIES

KINOSHITA-LEE-NAUENBERG THEOREM

" The Standard Model is infrared finite

In the traditional approach, the singularities have different
signs after integration

Within FDU, cancellations are performed locally



INFRARED SINGULARITIES

THE MOMENTUM MAPPING

Defining the mappings requires two steps:

1. Separating the singularities of a same type by splitting the real phase-space into several regions
(there cannot be more than one given type of IR singularity in a given region of the phase-

space), for instance
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Defining the mappings requires two steps:

1. Separating the singularities of a same type by splitting the real phase-space into several regions
(there cannot be more than one given type of IR singularity in a given region of the phase-

space), for instance

REGION 1 REGION 2
Yir! Yo Yo < Y1,

Yt Yir = (2P ap;)isae Y2



INFRARED SINGULARITIES

THE MOMENTUM MAPPING

Defining the mappings requires two steps:

1. Separating the singularities of a same type by splitting the real phase-space into several regions
(there cannot be more than one given type of IR singularity in a given region of the phase-

space), for instance

REGION 1 REGION 2
, , Needed to cancel... | |
yl,’l" I y2,’l” yéar < yi,’l"
: / fl,O —0 in | 1 |
6 U1 —> O in I 1 Q
il | B
—_ 4; ] i 8
/ vz 1inlal
? Collinear 7 7

Yt Yir = (2P ap;)isae Y2



INFRARED SINGULARITIES

THE MOMENTUM MAPPING

Defining the mappings requires two steps:

2. Implementing an optimized mapping in each region, to allow a fully local cancellation of IR

singularities with those present in the dual contributions

Motivated by QCD factorization properties, we can use

pr=dqf, pi'=p—df +a1ph.
REGION 1: , qg
py = (1—a1)ph, a =3 :
qs - P2
py=q, pr=ph—d +apl,
REGION 2: ¢
Py = (1 —ag)p’f ) 03]

B 2q1 - p1



INFRARED SINGULARITIES

THE MOMENTUM MAPPING

Defining the mappings requires two steps:

2. Implementing an optimized mapping in each region, to allow a fully local cancellation of IR

singularities with those present in the dual contributions

Motivated by QCD factorization properties, we can use

) v1 1,0 .
pr=q, pl=pi—q +taiph, Yr = T2 0= v) € Yz = 1= &1
. = 1) &1,0
REGION 1 M (o). ag— B o> = = w) (1= &0 &g
2q3-p2 o 1—(1—-v1)&0
w_ ” , , _ (1—v2) &0
P2 — 43, Pr :]fg—qg‘i'anli‘, yl":l—€2'0 Yor = 1—’0262()
REGION2: ¢ e |
py =(1—ao)pf Qo = , _ v2(1—&0) &0
? . ? y12 —
2q1 - 1 1 — vy 650

which we solve using on-shell conditions and momentum conservation.



INFRARED SINGULARITIES

THE MOMENTUM MAPPING (THE MASSIVE CASE)

Rewrite the emitter and the spectator in terms of two massless momenta

pf;L:!Jrﬁf:L"‘!—Aj
py =1 Y y)pr (N Y )Pl B+ =) +pf

Mapping and phase-space partition formally equal to the massless case: determine mapping
parameters from on-shell conditions

=g,
pif=@ ! L)+ @ ) g
pl=tag+ "l pl=ph, k%

Quasi-collinear configurations are conveniently mapped such that the massless limit is smooth



INFRARED SINGULARITIES

ADDING THE REAL AND THE VIRTUAL CONTRIBUTIONS

4 &odéoldvi] "
= S12 1= (1-2v1)?82 oRa) (1= 6(Ra)) &
| —1 9 " #
= 2 C2,0 &2 diG2.0/dVe] A(R2) + (1 — 6(Ry))

TSy (1= &0+ @) (Ea0 + BE(1 — 2v5) — m2)

o —
~‘~~
~
~
~

~ -
~ -
~ -
-

Both regions after applying the change of variables



INFRARED SINGULARITIES

ADDING THE REAL AND THE VIRTUAL CONTRIBUTIONS

4 &pdéeldvi]

= S12 | 1 —(1—2vq)252 0(7;1) —I_(Zl Q(le s
2 65,0 €3 d[Eold]y " |
2= Siz (1= &0+ ®) (&0 + 841 — 2v2) — m?2) -H(RQ)'JP 4 H(RZ)T

o —
~‘~~
~
~
~

0 =) 540

" 1
o . (1) — (1) (1) Infrared-safe
!'_2 _ -!-V 2 T + R 2 \ % observables

1) _ (1) (1) (1)
\ ) +1) — - |
Y ‘vaitivet ivs

__________________ Vo,

Ultraviolet singularities remain...

Both regions after applying the change of variables



ULTRAVIOLET SINGULARITIES

BUILDING A LOCAL COUNTER-TERM

Expand the dual propagators around a UV propagator...

1

4 =1+ K
Gy — Mgy + 10 oy o

Gr(g) =

.. and adjust the subleading term depending on your renormalization scheme
(forMS, subtract only the pole). For instance for the scalar two-point function:

1 cnt_ 1
I:/!(!2—M2+20)((!+p)2—M2+20) ' v /(qUV Uz, + )2

The last step is to subtract the counter-term to the remaining term we had earlier



ULTRAVIOLET SINGULARITIES

SELF-ENERGY CORRECTIONS

Wave function corrections usually ignored for massless partons, but they feature
non-trivial IR/UV behavior, required to disentangle both regions, indeed necessary
to map the squares of the real amplitudes in the IR

P (A2

UV CIR




ULTRAVIOLET SINGULARITIES

SELF-ENERGY CORRECTIONS

Wave function corrections usually ignored for massless partons, but they feature
non-trivial IR/UV behavior, required to disentangle both regions, indeed necessary
to map the squares of the real amplitudes in the IR

ST o= ([ 2] 2]

Has to be included in Will cancel the square of
the UV counter-term the virtual contributions



THE FOUR-DIMENSIONAL UNSUBTRACTION

COMPUTATION SAMPLES

—— Analytical (DREG)

6 * 4D unsubtracted (LTD)
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Three-point ¢,
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THE FOUR-DIMENSIONAL UNSUBTRACTION

COMPARISON WITH DREG




CONCLUSION

THE FOUR-DIMENSIONAL UNSUBTRACTION. ..

... i1s a new algorithm/regularization scheme for higher-orders in perturbative QFT
based on LTD: summation over degenerate soft, final-state collinear singularities
and quasi-collinear configurations achieved through a mapping of momenta
between real and virtual kinematics

... allows for fully local cancellations of IR and UV singularities in four dimensions

... is optimized for smooth massless limits due to proper treatment of quasi-
collinear configurations

... allows the simultaneous generation of real and virtual corrections, which is
advantageous, particularly for multi-leg processes



