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Strains and stresses in rotating neutron stars



Rotating neutron stars

What is the dependence of stellar deformations on 

the star’s mass?

What is the impact of the adiabatic index on stellar 

deformations?

https://arxiv.org/abs/1809.08542

“The importance of the adiabatic index in modeling strains and stresses in 

spinning-down pulsars”
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• Newtonian Gravity; Ω
• Slow rotation;

• Elastic crust;

Ω2𝑅2

𝑣𝐾
2 ≅ 10−4 ≪ 1

• No magnetic field;

• Initial unstressed configuration;
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non-conservative forces

e.g. pinning
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ሶԦ𝑦 𝑙𝑚(𝑟) = Ӗ𝐴𝑙(𝑟) Ԧ𝑦𝑙𝑚(𝑟)

The elastic properties of matter

(𝜇 𝑟 , 𝛾(𝑟)) are in the matrix Ӗ𝐴𝑙(𝑟)

POISSON



𝑄𝑙𝑚 = 𝜕𝑟 +
𝑙 + 1

𝑟
 + 4𝜋𝐺𝜌0𝑈𝑙𝑚(𝑟)
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𝑆 = 0 (𝑛𝑜 𝑠ℎ𝑒𝑎𝑟 𝑠𝑡𝑟𝑒𝑠𝑠 𝑖𝑛 𝑣𝑎𝑐𝑢𝑢𝑚)
𝑇𝑟𝑟 = 0 a 𝑟 = 𝑎

𝑄 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑎𝑡 𝑟 = 𝑎

𝑆 = 0
(𝑓𝑙𝑢𝑖𝑑 𝑐𝑎𝑛𝑛𝑜𝑡 𝑠𝑢𝑝𝑝𝑜𝑟𝑡 𝑠ℎ𝑒𝑎𝑟 𝑠𝑡𝑟𝑒𝑠𝑠)

𝑇𝑟𝑟 continuou𝑠 at 𝑟 = 𝑟𝑐

𝑄 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑎𝑡 𝑟 = 𝑟𝑐
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Accreting Neutron Star

Isolated Pulsar



𝛾𝑒 =
𝑛𝑏
𝑃

𝜕𝑃(𝑛𝑏)

𝜕𝑛𝑏

𝜏𝑑𝑦𝑛𝑎𝑚𝑖𝑐𝑎𝑙 ≫ 𝜏𝑟𝑒𝑎𝑐𝑡𝑖𝑜𝑛𝑠

𝛾𝑓𝑟𝑜𝑧𝑒𝑛 =
𝑛𝑏
𝑃

𝜕𝑃(𝑛𝑏 , 𝑥𝑒 , 𝑥𝑝, 𝑥𝑛 , . . )

𝜕𝑥𝑖

𝜏𝑑𝑦𝑛𝑎𝑚𝑖𝑐𝑎𝑙 ≪ 𝜏𝑟𝑒𝑎𝑐𝑡𝑖𝑜𝑛𝑠

𝑃 = 𝑘𝜌2

𝛾𝑒 = 2 𝛾𝑓𝑟𝑜𝑧𝑒𝑛 = 2.1,200,∞
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𝑃 = 𝑘𝜌2

POLYTROPE 𝑛 = 1

Initial configuration

γ = 𝛾𝑒 = 2

Radius-Mass degeneracy

Study of the mass’effect on 

deformation using realistic EoS

Deformation

FASTSLOW γ = 𝛾𝑓𝑟𝑜𝑧𝑒𝑛γ = 𝛾𝑒



D
is

p
la

c
e
m

e
n

t
S
tr

e
s
s

𝛾 = 2
𝛾 = 2.1
𝛾 = 200
𝛾 = ∞



𝛾 = 𝛾𝑒 + 𝛿𝛾 𝛾𝑒 =
𝜌0
𝑃0

𝜕𝑃

𝜕𝜌

𝜇


≈ 10−3 𝜇 = 0FLUID LIMIT

𝑃0

𝜌0
2 𝜕𝑟𝜌0 𝛾 − 𝛾𝑒 𝑙𝑚 = 0

 = 𝛾𝑃

𝑙𝑚

VOLUME 

CHANGE

FLUID

EQUILIBRIUM



𝜎𝑖𝑗 Strain tensor

TRESCA CRITERION VON MISES CRITERION

ത𝜎 = 𝜎𝑖𝑗𝜎
𝑖𝑗 ≥ 𝜎𝑚𝑎𝑥𝜀𝑀𝑎𝑥−𝜀𝑀𝑖𝑛 = 𝛼 ≥

𝜎𝑚𝑎𝑥

2

𝜀 Eigenvalues

Ԧ𝜀 Eigenvectors
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𝛾
=
2

𝛾
=
2
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𝛾
=
2
0
0

𝛼𝑚𝑎𝑥 ≈ 3 × 10−5𝛼𝑚𝑎𝑥 ≈ 4 × 10−9
Inter-glitch Spin-up

𝜎𝑚𝑎𝑥 ≈ 10−2 ÷ 10−1



Maximum strain angle is a decreasing function of the stellar mass

𝛾 = 2

𝛾 = 2.1

𝛾 = 200



Challenge of the idea of crust breaking due to rigid rotation, 

used as example as possible trigger of glitches.

Big impact of the adiabatic index on star’s response: the 

reason lies in the small ratio 
𝜇


≈ 10−3.

Strain angle is a decreasing function of the stellar mass.

Construction of a Newtonian model for the study of different

loads on neutron stars.



What are the elastic properties of the inner crust? What is

the impact of the superfluid?

Development of elastic models with two components: solid

elastic layer and superfluid in the same point.

MOUNTAINS

Study of non-axial perturbation due

to quakes on star. Evaluation of the

emitted gravitational waves.



Thank you for your attention
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𝛾 = −
𝜌0
2𝑔
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Newtonian

Gravity
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𝜔 = | ሶΩ| ×< 𝑇𝑖𝑛𝑡𝑒𝑟𝑔𝑙𝑖𝑡𝑐ℎ𝑒𝑠 >

DATA
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CRUSTQUAKE?

Heavier stars have

thinner crusts

and smaller radii

TOV 

EQUATIONS+EOS

DATA+MODEL Large 𝜔 Small massLarge 
∆Ω

Ω



CRUSTQUAKE?

Study of the strain

dependence on the stellar 

physical characteristics

Same Ω, ሶΩ, 

different masses

Different crusts

thickness

Different

maximum loads

Different

maximum jumps

Different

maximum lags



CurtCutler, Greg Ushomirskyand Bennett Link

The crustal rigidity of a neutron star and implication for PSR 
B182811 and other precession candidates

The Astrophysical Journal, 588:975–991, 2003 May 10



Incompressible medium 𝛻 ∙ 𝑢 = 0
𝜇


≈ 10−3

Homogeneous crust

Homogeneous core

𝜌𝑐𝑟𝑢𝑠𝑡 = 𝑐𝑜𝑠𝑡

𝜌𝑐𝑜𝑟𝑒 = 𝑐𝑜𝑠𝑡

Analytical solution

𝛾, 𝜇𝑐𝑜𝑟𝑒 = 𝑐𝑜𝑠𝑡
𝜇𝑐𝑜𝑟𝑒= 0

𝛾, 𝜇𝑐𝑟𝑢𝑠𝑡 = 𝑐𝑜𝑠𝑡

First code check



Analytical

Numerical

2-density

1-density



Incompressible, homogeneous Incompressible, 2 different densities



 − 



− 




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Maximum strain angle is a decreasing function of the stellar mass

𝛾 = 2

𝛾 = 2.1

𝛾 = 200



𝛾𝑓𝑟𝑜𝑧𝑒𝑛 > γ𝑒

∆𝛾

𝛾
≈ 0.68

SLy SLy

𝛾𝑓𝑟𝑜𝑧𝑒𝑛
𝑝𝑜𝑙𝑖𝑡𝑟𝑜𝑝𝑒

≈ 3.36
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𝛾 = 2

𝛾 = 2.1

𝛾 = 200

𝑈𝑛𝑖𝑓𝑜𝑟𝑚



Ω

CORE

INNER 

CRUST

OUTER 

CRUST

Few spherical

harmonics

needed

Slack pinning
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1.4 × 10−9

1 × 10−9

1.7 × 10−10

𝛾 = 2 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙𝑈𝑛𝑖𝑓𝑜𝑟𝑚
0.88
0.89
0.90
0.91
0.92
0.93

0.99
0.98
0.97
0.96
0.95
0.94

𝛾 = 2 𝑃𝑖𝑛𝑛𝑖𝑛𝑔



Incompressible medium 𝛻 ∙ 𝑢 = 0
𝜇


≈ 10−3

Homogeneous crust

Homogeneous core

𝜌𝑐𝑟𝑢𝑠𝑡 = 𝑐𝑜𝑠𝑡

𝜌𝑐𝑜𝑟𝑒 = 𝑐𝑜𝑠𝑡

Analytical solution

, 𝜇𝑐𝑜𝑟𝑒 = 𝑐𝑜𝑠𝑡
𝜇𝑐𝑜𝑟𝑒= 0

, 𝜇𝑐𝑟𝑢𝑠𝑡 = 𝑐𝑜𝑠𝑡

First code check





LFE

Incompressible, homogeneous

Incompressible, 2 different

densities



𝛾 = 2
𝛾 = 2.1
𝛾 = 200
𝛾 = ∞



χ𝑙𝑚 = 𝜕𝑟𝑈𝑙𝑚 +
2

𝑟
𝑈𝑙𝑚 −

𝑙 𝑙 + 1

𝑟
𝑉𝑙𝑚

Larger 𝛾 Incompressibility χ𝑙𝑚 =0



𝜕𝑟𝑈𝑙𝑚 = −
2

𝑟
𝑈𝑙𝑚

Larger 𝛾 Incompressibility χ𝑙𝑚 =0



𝝏𝒓𝑼𝒍𝒎 = −
𝟐

𝒓
𝑼𝒍𝒎

𝛾 = 2 𝛾 = 2.1

𝛾 = 200



𝛾 = 2
𝐺𝑒𝑜𝑖𝑑

𝛾 = 2.1
𝐺𝑒𝑜𝑖𝑑

𝛾 = 200
𝐺𝑒𝑜𝑖𝑑

𝑃0

𝜌0
2 𝜕𝑟𝜌0 𝛾 − 𝛾𝑒 𝑙 = 0



Estimations of the elastic properties of the inner crust

(superfluid impact).

Development of elastic models with two components: solid

elastic layer and superfluid in the same point.

?



MOUNTAINS

Study of non-axial perturbation due

to quakes on star. Evaluation of the

emitted gravitational waves.

GR

Development of a full

Relativistic approach for the

study of NS deformations.


