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Star internal structure

Macroscopic - hydrodynamics Microscopic - qunatum

Source: https://apatruno.wordpress.com/neutron-stars/ M. Okamoto et al.,
Phys. Rev. C 88.025801 (2013)

Radius (km)Density (kg/m3) avg. nuclear spacing – 
tens of fm

Star structure Constraints on models
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Description on different lenght scales

Microscopic Mesoscopic Macroscopic

Quantum many-body

description

Dynamics of neutrons

and protons

Semi-classical model

Distinguishable
vortices and nuclei

Relativistic

hydrodynamics?

Continous

vorticity

Collective effort required!
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Our aim

Model based 
on QM

Simulations
Simulations

Mesoscopic 
model

Parameters estimation

Same dynamics?Same dynamics?

Star structure Constraints on models
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Methods - our proposal

Microscopic Mesoscopic Macroscopic

ASLDA framewrok

Explicit s-wave

superfluidity

Equivalent of

Schrödinger eq.

Relativistic?

Vortex Filament

Model

Explicit dynamics of

nuclei and vortices

Relativistic

Fluid of clusters

Fluid of neutrons

Continous
vorticity

At macroscopic level we want to describe

fluid of nuclei and neutronic superfluid

How to estimate friction between them?

Pinning force between nuclei and vortices

in neutron superfluid

Methods Reduction of DoFs Vortex Filament Model
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Methods

Microscopic Mesoscopic Macroscopic

ASLDA framewrok

Explicit s-wave

superfluidity

Equivalent of

Schrödinger eq.

Relativistic?

Vortex Filament
Model

Explicit dynamics of
nuclei and vortices

Relativistic

Fluid of nuclei

Fluid of neutrons

Continous

vorticity

ρκ × (ṡ−vind (s)−vext)+ fV N (s,r)+ fD (ṡ, ṙ) = 0

s = s(ξ )

where ξ is a parameter

describing position of line

element along curve

Methods Reduction of DoFs Vortex Filament Model
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Methods

Microscopic Mesoscopic Macroscopic

ASLDA framewrok

Explicit s-wave
superfluidity

Equivalent of
Schrödinger eq.

Relativistic?

Vortex Filament

Model

Explicit dynamics of

nuclei and vortices

Relativistic

Fluid of nuclei

Fluid of neutrons

Continous

vorticity

Two sets HFB equations with density functional for protons and neutrons

A. Bulgac, Phys. Rev. A 76, 040502 (2007)

Methods Reduction of DoFs Vortex Filament Model
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SLDA method capabilities

Two sets HFB equations with density functional for protons and neutrons

Methods Reduction of DoFs Vortex Filament Model
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Aim to construct mesoscopic model preserving low-energy physics

Methods Reduction of DoFs Vortex Filament Model
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Example of transition between micro- and meso- scopic regime

Methods Reduction of DoFs Vortex Filament Model
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Quantum mechanics vs hydrodynamics

ih̄∂tΨ =
[
Ĥone−body +�

�Z
ZĤint +Vext (x, t)

]
Ψ, Ψ =

√
neih̄θ

↓

dv
dt

= ∂tv+v ·∇v=− 1
m

∇

(
− h̄2

2m
∇2√n√

n
+Vext (x, t)

)
∂tn+∇(nv)= 0

probability current

nv= j=
h̄

2mi
[Ψ∗ (∇Ψ)−Ψ(∇Ψ

∗)]

Madelung, E. (1926). ”Eine anschauliche

Deutung der Gleichung von Schrödinger”.

Naturwissenschaften. 14 (45): 1004–1004

Methods Reduction of DoFs Vortex Filament Model
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Helmholz-Hodge decomposition (HHD)

Compressible and incompressible velocity fields

v = vext︸︷︷︸
≈const

+ vind︸︷︷︸
∇×A

+vnucl︸︷︷︸
∇φN

+vboundary How to estimate ∇φN?

Methods Reduction of DoFs Vortex Filament Model
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Vortex line motion

Description with fluid velocities

ṡ = vind +vb +vext +∇φN +dissipative terms

Description with forces acting on a vortex line

ρsκ × ṡ = ρsκ × [vind +vb +vext +∇φN ]+ fD

ρsκ × ṡ = ρsκ × [vb +vext ]− fT − fV N − fD

v
ind

 ∇ Φ
N

V
b 
+ v

ext

K. W. Schwarz, Phys. Rev. B 31, 5782 (1985)
Methods Reduction of DoFs Vortex Filament Model
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Vortex-nucleus interaction

Methods Reduction of DoFs Vortex Filament Model
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mnucl.
d
dt

vnucl. = 0 = Fext + r̂
∫

L
f (r)sinαdl

Methods Reduction of DoFs Vortex Filament Model
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Setup of DFT simulations

Periodic boundary conditions

External 
potential 
trapping 
neutron fluid

Vortex self-interaction Dissipation Applications
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Setup of realistic system for NS crust simulation

Periodic lattice 
of nuclei

Periodic boundary conditions – only horizontal direction

No boundaries 
for fluid flow!

(Constrained by intervortex distance)

Vortex self-interaction Dissipation Applications
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Self-induced velocity

ρsκ × ṡ = ρsκ ×
[
vb +vext + vind

]
− fV N − fD

vind (r, t) = κ

4π

∫
L︸︷︷︸dz

over vortex line

(s(z,t)−r)×t̂(z,t)
|s(z,t)−r|3

is divergent when r → s(z)

Local Induction Approximation (LIA) - a cannonical regularization

vind (s, t) = vLIA (s, t) +
κ

4π

∫ ′

L︸︷︷︸dz

ommiting divergent point

(s(z, t)− s)× t̂(z, t)
|s(z, t)− s|3

≈ vLIA (r, t)

vLIA (s(z), t)=
κ

4πR(z)
ln
(

R(z)
a0

)
b̂

a0 - vortex core radius

R(r) - radius of curvature

Vortex self-interaction Dissipation Applications
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of nuclei
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Self-induced velocity

ρsκ × ṡ = ρsκ ×
[
vb +vext + vind

]
− fV N − fD

ω[s] = ∇×v[s] - vorticity field, s - vortex line element position

∂tω[s] = ∇× [v[s]×ω[s]] =⇒ ∇
2A =−ω[s]

Effect of different domain

vind = ∇×A

A=
+∞

∑
n=−∞

eikn(z−z′)
∫ L

0

κ (z′)
2π

K0

(
|kn|

√
(x− sx (z′))

2 +(y− sy (z′))
2
)

dz′

Also divergent when r → s(z)
Vortex self-interaction Dissipation Applications
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Vortex self-interaction

ρsκ × ṡ = ρsκ × [vb +vext ]− fT − fV N − fD

vind (r, t) = κ

4π

∫
L︸︷︷︸dz

over vortex line

(s(z,t)−r)×t̂(z,t)
|s(z,t)−r|3

is divergent when r → s(z)

s(z,t)

z

u(z,t)

Energy flow can be rewritten as

EV = ∑
n

ω(kn) û(kn) · û ∗(kn)

Leading to

fT = F−1
[

δEV (kn)

δ û∗(kn)

]
fT = F−1 [ω(kn) û(kn)]

A. Fetter, Phys. Rev. 162.143 (1967)

sir W. Thompson, Phil. Mag. 10, 155 (1880)

Vortex self-interaction Dissipation Applications
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Dissipation force

ρsκ × ṡ = ρsκ × [vb +vext ]− fT − fV N − fD

Dissipation through vortex-phonon interactions fD
1 =−η1 (u̇−vext)

Dissipation through nuclei deformation fD
2 =−η2 (u̇− ṙN)

Estimation methodology

Vortex self-interaction Dissipation Applications
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Glitch size estimation

M. Antonelli, A. Montoli, P. M. Pizzochero, MNRAS 475, 5403 (2018)

Test for crustal vs flux tubes pinning!

Vortex self-interaction Dissipation Applications



Introduction Towards mesoscopic model Neutron Star crust modelling Future work objectives

Glitch size estimation

M. Antonelli, A. Montoli, P. M. Pizzochero, MNRAS 475, 5403 (2018)

Could provide test for microscopic models?

Vortex self-interaction Dissipation Applications
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M. Antonelli, A. Montoli, P. M. Pizzochero, MNRAS 475, 5403 (2018)
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Future work objectives

Development of nuclear SLDA

1 More accurate density functionals - BSk

2 Nuclei lattice - structure and dynamics

Vortex Filament Model validation

1 Comparison between LIA and small deflections approach

2 Extraction for Kelivn Waves dispersion relation

3 Inclusion of nuclei dynamics

4 Extraction of dissipation coefficients

Large-scale VFM simulations

1 Extraction of pinning force

2 Connection to relativistic hydrodynamics of NS

Rigorious testing of density functionals?
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High performance computing

?
June 2018
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Thank you!

Work co-financed by Polish National Science Centre (project UMO-2017/27/B/ST2/02792)
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Effects of boundaries

ρsκ × ṡ = ρsκ ×
[

vb +vext

]
− fT − fV N − fD

Flow past boundaries have to be supressed =⇒ v∞ · n̂ = vb · n̂

v∞ =
∫

ω×∇G
(
r, r′

)
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