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Motivation
Why perturbation theory?

Renormalization

Ex: O(q) ~ axglq) + ki QWS(Q)2 + ko am(q)?’ + ...

~ 10% ~ 1%
but also

quark-masses
effective electro-weak Hamiltonians

small-flow time expansions
quasi-PDF
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Improvement
Ex: g5 = go[1 + bg(go)amg], by = O(g5)

and in general

a—0

Olat((L a) - O(q) ~ 9o 51 (a’a q) + g(Q) 52(@, q) + ...
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Motivation

Need for automation

Perturbative lattice calculations are particularly difficult and
human time consuming ...

Why?

» Feynman rules can be very complicated

> In gauge-theories new vertices appear at each order
= the number of diagrams grows very rapidly

» Requires numerical evaluation even for simple diagrams
= naive computational cost x VY @ N loops

A possible solution ...

Numerical stochastic perturbation theory (NSPT)

v Fully automated
v Easy to set-up and very flexible tool
v Allows for high-order computations

X Systematic and statistical errors
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Introduction

The Parisi and Wu’s way (Parisi, Wu 81; Zwanziger '81: Batrouni et. al. ‘85; Zinn-Justin '86; Damgaard, Hiffel ‘87; Zinn-Justin, Zwanziger '88)
Ex.: latti 4-th
X.: lattice ¢=-theory

50 = 5 { 3o+ Sol@)' ], A= (00, +m) >0

T

©)=5 [de0() e

Langevin equation

w18
35(9) _ g | )
Sota) Ap(t,z) + Qaﬁ(t@)?’, (n(t, 2)n(s, y))n = 20240(t — s)

Stochastic quantization

lim (oL, 21) - ot 2n))n = {p(21) ... (0))

t—o0

lim P(t,$) = Peg() ox e=5()
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Introduction

Stochastic perturbation theory
Perturbative field
2
p=do+tgo1+g ¢at...

Forces

35(¢)
0
Dynamics
Orpo = —Ado + 1
D1 = —A¢1 — 56

= Fo(do) + g F1(¢o, 1) + - ..

(Parisi, Wu '81; Damgaard, Hiiffel '87)

at(b'r - _FT'(¢O7 EI) ¢r) + 67‘0 Ui [FI(¢) = A¢7 + Vr(¢07 ey ¢7'—1)]

Observables

O(¢) :OO(¢0)+901(¢07¢1)+... Ex.:

¢° = ¢% + 92001 + ...

tlirg()((’)r(qbo,...,gbr))n:kf? where (0) =k§ + gk + ...
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Numerical stochastic perturbation theory

Go numerical!
Computerize
t—t,=ne, neN and r=0,1,...,N
Discrete dynamics
Ex.: ¢o(tn+1) = —eAdo(tn) + Ven(tn)
O1(tns1) = —eA1 (ta) — o(tn)”

(Di Renzo et. al. '94; Di Renzo, Scorzato '04)

¢T<tn+1) = _EFT<¢O(tn); ey (br(tn)) + 67"0\/g77(tn)

Order-by-order ops.
o ={do,...., 6N} Ex: o+ x = O+ Xr,

Stochastic estimates

Nentg

cntg n—0

3" O0r(@oltn); - 6r(tn) Exa

¢ G = bty

s=0

= {45, 20001, ... }
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Langevin based NSPT

Some known (and proven) facts

[Statistical errors]

0(0,)* = N*llcg X Tint (Oy) X var(0,) [0 = multiplicatively ren.]

cn

» Autocorrelations (Zinn-Justin ‘86: Zinn-justin. Zwanziger '88)
a—=0 o

Tint(Or) X a
> Variances (Lisscher '5)
var(0,) = 02 — (0,)? “x" In(a)
IMPORTANT: var(Q,.) # 2r-order of (O?) — (O)?  [r # 0]
= they are NOT given by the theory ALONE!
[Systematic errors] (Batrouni et. a. '35: Kronfeld ‘93
> limy,,;, 00 Op = kO + O(eP)  [p = order integration scheme]

IMPORTANT: NO accept-reject step: NOT analytic in ¢!
= inexact algorithm and step-size errors
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Stochastic molecular dynamics algorithm

The Horowitz’s way (Horowitz 85, 87, '91; Jansen, Liu '95; Luscher, Schaefer "11)

Stochastic molecular dynamics (SMD)

Oo(t,x) = (t, x)

_ 55(6)
0p(t,x)
(n(t, 2) n(s,y))n = 270240t = s)

» Adjustable “friction” parameter v > 0

» Coincides with Langevin equation for v — oo
» Once perturbatively expanded, if v = const.: (MDB, Lischer 17; MDB, Garofalo, Kennedy 1)

O (t,x) =

- ’yﬂ'(t, I) + 77(157 I)

0
» Autocorrelations: 7i,:(O;) = co,(y)a"?

» Variances: var(O,) e~ co, (7) In(a)

Phase-space stochastic quantization

Jim (p(t, 1) - bt )y = (p(21) - p(2n))

Peam,9) o 109 H(m,0) = 2 3" w(a)? + 5(9)
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SMD based NSPT

The algorithm in a nutshell (MDB, Garofalo, Kennedy '15, '17; MDB, Luscher "16, '17)
Start: N N
T T
t—t, =ne, neN, ¢:E g Or, ’/T:E g

. r=0 r=0
Step 1: Momentum rotation

T—>Cl T+ Cov
c=e o=01-)"? (@), =0y (©=ur)

Step 2: Molecular dynamics step

Lep:m—m—hF(¢)| Symplectic reversible int.
I¢7h2¢—>¢+hﬂ' tn = tnt1

Ex. LPF: IE = Iﬂ,g/Q I(;b,e Iﬂ',e/Q

Step 1 — Step 2 — Step 1 — ... — Step 2

Nengg
- 1
Step 3: Measure O, = Nows > On(@oltn), .- br(tn))

n=0
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SMD based NSPT

Convergence to a stationary distribution (DB, Lascher '17)

The discrete stochastic processes {¢,(t,), m-(tn)}, 7 =0,1,... all converge
for t,, — oo to a unique and stationary distribution iff:

LA>0
2. E||All <k

Z bo(x)Ado(x

Al = /\max ~ 16

Leading-order distros [r = 0]

Peq(m0, ¢o) x o~ Ho(mo,0)

Ho(mo, ¢o) = Zﬂo 2+ So(¢0),  So Z% )Ago(z

» LPF: A =A(1- 1A) A>0 = k=4
» OMF2: A = A(1+4a; 2A+0(e?)) a1~ —246x 1073, k=651
» OMF4: A = A(1+aye* A%+ 0(%) as~ —2.58 x 1075, k= 9.87

(Omelyan, Mryglod, Folk '03)
N.B.: [|ALpr/Al| = 25||Aomrz/Al| &~ 300||Aonrs/A|| (@ fixed cost per MDU]
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NSPT in lattice QCD

SU(3) Yang-Mills theory (MDB, Liischer ‘I

SMD equations
O U(z, p) = gome(@, W)U (z, p)
oymi(z, ) = —90(0% ,,Sa)(Ur) T — ymi(x, ) + ne(, )
(1 (2, 1) 02 (y, v)) = 2706, 00 0(t — 5)

Perturbative fields

Ulz,p) = e9o4n@ =1 4 ZgTHU (z,p1), m( Zgom x, )
r=0

Step 1. Momentum rotation (very much as for oY)

Step 2. Molecular dynamics step
I o = m = hgodSa(U) Symplectic reversible int.
IU.h U — ehgoﬂU tn - tn+1

WARNING: Convergence to a unique and stationary distro. requires special care
due to gauge symmetry, but it can be guaranteed! [@ BACKUP]

1/20
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The gradient flow coupling

A highly non-trivial case study

Gradient flow
0Bu(t,x) = D,G,,u(t, x) [t = flow time]
G#V :8HBV_8VB#+[B#7BV]7 BH(07$) :Aﬂ(w)

Schrédinger functional (e e o9 net I S
Ak($)|wo=0 = Ak(ic)‘mo:T =0 r
Au(x+ kL) = Ay (x) l

Basic quantity (uscher 10 focor et . 1 Frtasch, Ramos 13 =0
2(E(t,), B(tz) =162, (t,2)Ge, (¢ ) e
T=L, z0=T/2, V8t=03x1L

NSPT observables [using aiggg 4 o (Lischer wesz 93]
*(E(t,2)) = g0Fo + 9oBr + g5 Bz + . ..
a/L—0

ko {oxis(q) + k1 agrg(@) + k2 ogg(@)® + ...}, @t = V8t
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Algorithm dependence of the variances

Variances var(E}) as a function of v for L/a = 16

1074
k=0 —e—
k=1 —e—
k=2 —a—0
~ 107° 1
)
g
1076 | Langevin — |
~— o o —
0 1 2 3 4 5 6 7 8 9
Yy
IMPORTANT:

var(Ey) # [(E?) — <E>2Hg4(k-+1) if k # 0 = var(E; 2) are algorithm dependent!
0



Autocorrelations

Integrated autocorrelations T, (Ey) (in MDU) as a function of v for L/a = 16

30
k=0 —e—
2 k=1 +r—e— b
k=2 —»— *
20 - R
5 f %
‘E’ 15 | {
¢ ¢ !
; ;
10 + )
O
5 L
° Langevin —
b Il Il Il Il Il Il Il Il Il
0 1 2 3 4 5 6 7 8 9
v
REMARK:

The autocorrelations of the different orders have a similar y-dependence



Statistical errors
Products var(E}) X Tint (Fy) as a function of v for L/a = 16

x1076

17 -

15 +

13 -

11 +

k=0 —o—

V&I‘(Ek) X Tim(Ek)
©

k=1 —e—

5 L
k=2 —=—
3L i
1L Langevin — i
0 1 2 3 4 5 6 7 8 9
Y
IMPORTANT:

Algorithms tuned for small autocorrelations tend to have large variances

and viceversa: a compromise needs to be found!
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Systematic errors
Coefficients k;(a/L), i = 0,1,2, for L/a = 24, 10* measurements per ¢, OMF4 integrator

0.216 | ko — ]
} ; analitic &
1 P A T
0.2156 F T t T } T
0.2152 . |
1.18 ; ;
1 ——
1.16 + i
1 T % I $
1.14 + T T % T B
1.12 !
1.8 | ‘ ky —a— |
, L4 ] I } i
-2 1 T i —
_99 L { |
1 2 4 8 16 32
(e/0.1)*

NOTE:
The energy violations per MD step are AH; o< €°, where H = Hy + go Hy + . ..



Continuum limit of k;

1.3 -
125 |
<)
~
=
Z 12t
115 ¢ 5
¥
1.1 L L L L L L
0 0.002 0.004 0.006 0.008 0.01

(a/L)?

—

Symanzik theory: k; 2% 40 + {a1+b1In(L/a)}(a/L)* 4+ O(a®)



Continuum limit of ko

0 0.002 0.004 0.006 0.008 0.01
(a/L)?

—

Symanzik theory: ks “=" ag + {a1 + b1 In(L/a) + c1[In(L/a)]*}(a/L)?* + O(a®)



Outlook & conclusions

Conclusions:

>

>

NSPT is a powerful tool for automatizing LPT calculations

Complicated lattice set-ups and observables give rise to
hardly any difficulty

The recent algorithmic advances opened the way for
precise and accurate results

A full implementation for the SU(3) gauge theory can be
downloaded at:

luscher.web.cern.ch/luscher/NSPT

Outlook:

>

| 4

The inclusion of fermions is in principle straightforward
and does not pose any technical difficultly (MDB, Luscher 17

Fermions are not expected to slow down the
simulations by a big factor (DI Renzo, Scorzato 04
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NSPT in lattice QCD

Convergence to a stationary distribution

Leading order dynamics

SG:SU+9051+9852+~-~

= 2 Y A @A) A, Aule) = Ul )

.y
PROBLEM: A > 0

1. Gauge modes A, (z) ~ 0
2. In a finite volume w/ periodic bc. 3 A, (z) #0s.t. AA=0

(Gonzalez-Arroyo, Jurkiewicz, Korthals-Altes '83)

N.B.: Issues of the perturbative expansion not (N)SPT!

SOLUTION:
1. Gauge damping a.k.a. stochastic gauge fixing (Zwanziger 81
2. Choose proper boundary conditions for the fields

e.g. Ax(®)|zg=0 = A(T)|zo=7 =0

RESULT: Separate convergence criteria for the gauge modes (MDB, Lischer 17
2/6



Gauge damped SMD equations
Time-dependent gauge transf.

(2, 1) = Ag(z)me(a, ) Ay ()"

Us(, 1) = Ae(2)Uy(, p)Ae(z + f3)
Modified SMD equations

8, Us(x, 1) = go{me(w, p) — Vwi () U (, 1)

i, 1) = —g0(95 ,86)(Ue) T — yme(x, p) + ez, 1) + golwe (), 7 (, )]

(@, w) E(y,v)) = 2908, 6.6 (t — 5)
with
Wt(x) = go_latAt(l")At(I)il

Vuwi(@) = Up(x, p)we (@ + ) Us(z, 1)~ — wi(2)
Gauge damping

Opwi () = —ywe(x) + A(d*Cy)(z), A >0

Cifeap) = 5o Uitoup) = Uiloap)™ = gt [Uitop) = Uitop) ]}
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NSPT in lattice QCD

Gauge damping

Gauge transformation

(@, 1) = M) (z, ) A@) ™, Uz, p) = AM)U(z, Az + )7

Gauge damping field
Afw) = e, w(z) € su(3 ZgowT
Gauge-damping dynamics (leading-order)
1. wo(z) = crwo(x) ¢l =e
2. wo(r) = wo(@) + eA(d"A)(z) (d*A)(z) = =0, Au(x)
3. Au(w) = Ap(x) — e(dwo)u(x)  (dwo)u(®) = duwo(x)
N.B.: w(x) assures a restoring force on the longitudinal modes!
Convergence criteria
1. Ajqr >0
N
3. &)\|dd*|| <2(1+¢;) (N.B.:||dd*|| < 16)
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The Yang-Mills gradient flow in perturbation theory

In PTh, GF obs. are quite non-trivial objects,

B, = ZggBu,k GF eq.
k=1 — atBu,,k: - aual/Bu,k: = Rp,,k

B;L,k‘|t:0 - 5k1A,u
where e.g.

R,1=0,
R[l.,2 = Q[Bu,la 81/B/,1,,1] - [Bu,h a,uBu,l]y
R,, 3 = complicated and not very illuminating expression

almost as long as this whole sentence ...

Simple at lowest order
e—zz/4t

(4rt)2

B(t,x) = /d4y Ki(z —y)Au(y), Ki(z)=
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The Yang-Mills gradient flow in perturbation theory

In PTh, GF obs. are quite non-trivial objects,
B[L - ZggB;L,k GF eq.
k=1 — atBu,,k: - ayauBu,k: = Rp,,k

B;L,k‘|t:0 - 5k1A,u
where e.g.

R,1=0,
R;L,2 = Z[Bu,la 81/B/,1,,1] - [Bu,h 8;1,31/,1]7
R,, 3 = complicated and not very illuminating expression

almost as long as this whole sentence ...

Simple at lowest order ...but quickly becomes involved,

t
B, k(t,x) :/ ds/d‘lth,s(gc—y)RM,k(s,y)7 k=2,3,...
0
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The gradient flow coupling

Lattice formulation

Gradient flow — Wilson flow

OVa(z, V(e n) ™" = —g3(05 ,Sc) (V)T Vieolw,n) = Uz, p)
N.B.: Solved using a Runge-Kutta scheme
Schrédinger functional

U(z,k)|zo=0 =1 =U(2,k)|so=r = Ur(z,k)|zo=0r =0

Perturbative solution (DB, Hesse '13)

Vi(z, p) = e0Pet0) = 1 4 iQSHVt,r(x,u), Vi (@, 1) = Ur(, 1)
Basic quantity T
E(t,z) = g3Eo + goE1 + g5 E2 + .
Coupling [using aggg <+ Go (Loscher weisz 95]]
P(E(t,2) = kola/ L) {agrs(a) + k1 (a/L) aggs(a)? + kslo/L) aggs(a)® + ..}
lim k;(a/L)=Fk;, i=1,2,3

a/L—0 6/6
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