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Astrophysical Black Holes
Stellar BHs m� � 5 � 100M � .
Generated by the collapse of massive stars. The targets of the LIGO
& Virgo Collaboration[Nobel Prize 2017].

Intermediate Mass Black Holes m� � 102 � 105M � .
Their existence and formation processes are debated. A merger
remnant 142M � BH observed by LIGO.

Supermassive Black Holes m� & 105M � .

Their existence is observationally con�rmed, e.g.
Sgr A� [Nobel Prize 2020], EHT picture of M87.
Their formation processes are debated. Targets of
LISA.

Primordial Black Holes m� � 10� 8kg � 105M � .
Speculative BHs formed in the early Universe by direct collapse of
primordial 
uctuations. Planck mass for those formed at Planck time
10� 43s. Up to 105M � for those formed 1s after the Big Bang. Dark
matter candidates.



[Source: Quanta magazine.]



Formation of stellar BHs
m� � 5 � 15M � : from progenitor starsm? � 25 � 40M � with low or
solar metallicity with Supernova II-P, BH formation after fallback of
material onto a protoneutron star.
m� � 15 � 40M � : from progenitor starsm? � 40 � 90M � with low
metallicity, direct core collapse to a BH.
m� � 130� 105M � : from progenitor starsm? > 250M � , luminous
supernova & GRB or direct core collapse to a BH.

Pair Instability Supernova[Fryer, Woosley and Heger, ApJ 550 (2001)], [Woosley

& Hegger, Astroph. Space Sc. Lib. 412 (2015)]

Produced in massive starsm? � 80 � 250M � at su�cient high
temperature) production of electron-positron pairs in the core)
reduction of photon pressure) collapse of the core) temperature
increase, runaway thermonuclear burning) supernova explosion with
no remnant ) upper black hole mass gap� 50� 130M � [Belczynski et
al., A&A, 594 A97 (2016)]

A brief personal comment on BH formation: : :



Relativistic Gravothermal Instability1;2

Since thermal energy generates an outward pushing pressure, why is not the
collapse halted in all cases at a su�cient high temperature?
Thermal energy gravitates.

MG = Mrest + Mthermal ; Mthermal = Ethermal =c2 / T (1)

Egravity � � G
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Instability is expected to set in approximately when

jEgravity j & Ethermal ) (1 +
kT
mc2 )2 &

Rc2

GMrest

kT
mc2 (3)

There should exist lower and upper temperature thresholds. The lower is
of Newtonian origin and was already known as gravothermal catastrophe. I
was the �rst to identify the upper threshold in [1].

1Roupas, Class. Quantum Grav. 32 135023 (2015)
2Roupas, Comm. Theor. Phys. 73 015401 (2021)



Relativistic gravothermal instability introduced in [Roupas, Class. Quantum Grav.
32 135023 (2015)] were included recently (2017) in the textbook \Relativistic
Kinetic Theory" by Cambridge University Press.
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For m = mup ; mstrange , we getT threshold � 10 � 100MeV that are
temperatures at which protoneutron stars are destabilized.



BH mass function predicted by stellar evolution theory
[FERMILAB-PUB-21-148-T, IPPP/20/88, arXiv: 2104.02685]
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LIGO observed BH masses[LIGO-P2000077, arXiv:2010.14533]

?BH within mass gap
�

Hierarchical mergers (multiple authors)
Gas accretion [Roupas & Kazanas, A&A 632 L8 (2019) ]

How to distinguish? BH Spin distribution. Future research [J. Silk suggestion, private

communication].
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GW190521: The �rst mass gap BHs

By September 2020 the heaviest BBH member observed was 50:2M � .



A year earlier: : :



Chronology of the Universe
GUT, In
ation, EW, Quark, Hadron, Neutrino, Lepton epochs:
10� 43s � 10s.
Big Bang Nucleosynthesis: 10s � 103s. Formation of hydrogen and
helium-4 atomic nuclei.
Recombination epoch: 18� 370kyr . CMB radiation.
Dark ages: 370kyr � 150Myr . Only source of photon from hydrogen.
Star & galaxyformation: 300Myr � 10Gyr. Oldest observed galaxy
GN-z11 at� 380Myr . Stellar proto -clusters at � 300Myr are the
seedsfrom which galaxiesform [White & Rees, MNRAS 183 (1977)]
(Jeans mass after dark ages� 106M � ). The galaxies then coalesce
into galaxy clusters from� 3Gyr and these into superclusters at
� 5Gyr.
Dark Energy dominated era: 10Gyr � 13:8Gyr . Present time.

Hierarchical mergers become ine�ective in less massive clusters due to
relativistic recoil and therefore operate dominantly in galactic nuclei.
Proto-clusters on the other hand abound and can generate massiveBHs
via accretion early.



Primordial Proto-clusters. Collapsed gas clouds, where stars form, in
the early Universe. Unobserved, but assumed similar to Super Star
Clusters or heavier. Initial massM . 107M � . Progenitors of Globular
Clusters and Nuclear Star Clusters.

Globular Clusters. Ancient compact clusters with no gas. Observed.

Mass 104M � . M . 106M � . Age � 13Gyr. Hard
to retain BBH merger remnants. GCs contain
multiple stellar populations ) proto-clusters may
retain gas for� 50Myr after �rst stellar formation
event.

Super Star Clusters. Gaseous compact clusters. Mass similar to GCs.
Age . 100Myr . Observed. Example Westerlund-1 in Milky Way.
Progenitors of Globular Clusters.

Nuclear Star Clusters. Ultra-compact massive clusters. In the centre
of most galaxies. Many host a supermassive black hole. Mass
106M � . M . 108M � . Su�ciently high core escape speed to retain
signi�cant populations of BBH merger remnants.



Proto-clusters: Following the �rst stellar formation event, there remains
� 30� 70% of the initial gas mass inside the cluster. The gas gets depleted by
stellar formation feedback (stellar winds & Supernovae) within � 10� 100Myr
depending on the cluster compactness.

Rayleigh-Taylor Instability



All necessary ingredients are there for BHs to grow via gas accretion in
compact proto-clusters.

1 A black hole population exists. It is calculated that typical proto-GCs
should form 102 � 103 BHs within 3Myr .

2 Mass segregation. BHs accumulate in the core. The tendency to
thermal equipartition causes the more massive bodies have lower
velocity dispersion.

3 Su�cient time-window. The gas accelerates mass segregation. The
timescale is� 1Myr . Gas depletion proceeds at 10� 100Myr . The
moment the BHs reach the core, there is still time to accrete gas.

In addition a binary black hole gets hardened due to accretion.

Hardness:� � jEb j
hEkin i cluster

= 1
a

Gm1m2
hmi � 2

cluster
, hard BBH if � > 1

Hardening due to accretion[Roupas & Kazanas, A&A 621 (2019)]
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BH gas accretion in proto-clusters

[Roupas & Kazanas, A&A 632, L8 (2019)]

(a) Total BH mass distribution.
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(b) Maximum BH mass achieved.

Figure:Ten samples ofN� = 500 BHs, with an initial mass cuto� at 50M� ,
bound in the core of a primordial gaseous stellar cluster with rhm = 1 pc. We
assumed the gas to be exponentially depleted by 99% within 10Myr .



Stiil, a lot of work to do: : :

How does rapid gas accretion a�ects merger rates?

Is there a dominant channel for populating the upper BH mass gap?

What is the e�ect of gas accretion onto hierarchical mergers?

Where is the lower edge of the mass gap?

Is there a characteristic spin signature of the gas accretion scenario?

How can we discriminate hierarchical merger events and gas accretion
events?

How are intermediate mas black holes formed? Runaway collisions or
gas accretion or both?

Statistical mechanics of binaries. \Binary black hole burning". The
formation of a BBH is exothermic. The 3-body and 4-body
encounters with a hard BBH is also on average exothermic. Hard
BBH contain internal energy that may be provided to the cluster in
the form of heat, i.e. kinetic energy of stars that encounter theBBHs.
The cluster gets stabilized and the BBHs get harder.
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Brownian motion was introduced in astrophysics by [Chandrashekhar, ApJ
97 (1943)]. His calculation however referred to homogeneous con�gurations.

I considered inhomogeneous con�gurations [Roupas, A&A 646, A20 (2021)],
both in density and temperature, that is the typical case of self-gravitating
states. Also, I considered only a population of few, heavy bodies immersed
in a cluster of many and lighter bodies.



Start with the Fokker-Planck equation
�
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Assume the self-gravitating �elds is decomposed to a mean �eld and a

uctuating �eld

g(r ; t ) = gm(r ; t ) + gf (r ; t ): (5)

and consider the Langevin equation

dv
dt

= � � v + gm + gf ; (6)

where� (r ) is the dynamical friction coe�cient. Finally consider timescales
� t � � � 1 and expand the Fokker-Planck with respect to �t . We get the
inhomogeneous di�usion equation
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In our casekT (x) = m?� ?(x)2.



Inhomogeneous Brownian Equilibrium
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Figure:(a) Stationary probability distributionpb of inhomogeneous di�usion for a
single BHmb inside a Plummer external gravitational potential. (b) Single IMBH
(continuous curve) along with that of BH populations with equal total mass. It is
assumedN? = 106. From [Roupas, A&A 646, A20 (2021)].
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(a) Brownian motion of a BH. (b) Probability den. of BH position.

Figure:N-body simulations of a BH with massmb = 50M � immersed with zero
velocity in the center,rb;ini = 1 AU; of a stellar cluster withN? = 1000,
m? = 0 :5M � , and initial conditions sampled from a Plummer sphere with
softening radius,rc = 0 :5pc. From [Roupas, A&A 646, A20 (2021)].



Spitzer instability seems unavoidable for massive stars which are subject to mass
segregation, decoupling from the cluster and undergoing gravothermal collapse.
The resulting black hole subcluster, according to a traditional view, would itself
undergo core collapse.

It was believed that would evaporate due
to two-body and three-body encounters,
apart from one or two BHs that may be
retained in the centre. However, I �nd
that a BH-population that is well within
the Spitzer instability regimemay be
supported by Brownian motion induced
by the 
uc tuations of the cluster's
gravitational �eld.
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This [Roupas, A&A 646, A20 (2021)] provides support to the idea that a
signi�cant BH-population is retained in the core of Globular Clusters,
suggested also by observational evidence and numerical simulations (e.g.
[Weatherford et al. ApJ 898, 162 (2020)]).





Where to go from here?
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Gravitational Kinetic Theory in action-angle variables
Intense research during the last decade, e.g.

Hamilton. MNRAS 501, 3371 (2021)

Hamilton & Heinemann.arXiv:2011.14812

Lau & Binney. \Thermal 
uctuations of a stellar system", arXiv:
2104.07044

Fouvry, Pichon, Magorrian, Chavanis.A&A 584, A129 (2015)

Chavanis.Physica A391, 3680 (2012)



Vector Resonant Relaxation

Timescale Hierarchy

Orbit Precession Reorientation Axis
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r 3
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�

Vector
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Relaxation

2-body
Relaxation

� The time estimates are within the central region � 0:01 � 1pc of the Milky Way.

For the scalar resonant relaxationtsrr � M �
m T � 108� 10.





VRR Hamiltonian
The interaction energy between Keplerian orbits after averaging over orbital phase and
apsidal precession may be written as

H = �
1
2

NX

p6= q

1X
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1st Order Variation
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VRR-Gravitational Phase Transitions - Canonical Ensemble
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Milky Way's Nuclear Star Cluster



The limitation of Roupas-Kocsis-Tremaine mean �eld theory ofVRR is
that it refers strictly to the caseM� � Mcluster . What if M� is �nitely
bigger thanMcluster ? I answered this as follows.



[Roupas. J. Phys. A:Math. Theor. 53, 045002 (2020)]
Decompose theN-body energy as

EN-body =
X

i
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2
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X
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Use the multipole expansion1
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=
P 1

l=0
(min fj r i j ;jr j jg) l

(maxfj r i j ;jr j jg) l +1 Pl (r̂i � r̂j ); and

average over a certain timescale. The monopole terms contributeonly a
constant shift. We get the time-averaged energy
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is the moment of inertia of the e�ective annular disk
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[Roupas. J. Phys. A:Math. Theor. 53, 045002 (2020)]
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where we assumed that the apsidal precession is so slow thatr (t ) i is
independent from aps. We have now
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Integrating it is straightforward to get
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[Roupas. J. Phys. A:Math. Theor. 53, 045002 (2020)]

(a) taps
torb

=
p

28, � t = 10 taps (b) taps
torb

= 100, � t = taps

Figure:(a) If taps=torb is irrational then after a few precession periods the orbit
resembles an annular disk. (b) We set the apsidal precessionperiod to be much
longer than the orbital period and demonstrate that the resulting orbit resembles
an annular disk within a single precession period. In all cases we set
aR(1 � e2

R) = 1, eR = 0 :5.



[Roupas. J. Phys. A:Math. Theor. 53, 045002 (2020)]

General VRR Lagrangian
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General VRR Hamiltonian
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General VRR Equations of motion
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Summary of primary results
An ideal gas cannot be heated inde�nitely without forming a BH.
Rapid gas accretion in proto-clusters shifts the BH mass function to
higher values, hardens the BBH and increases BBH merger rates.
Gravitational 
uctuations can support a signi�cant BH-population
inside dense stellar clusters above the Spitzer instabilitythreshold.
Gravitational phase transitions occur in systems with regularorbits
between ordered (disk) and disordered (halo) phases. The related
general theory resembles a system of spinning rigid disks subject to
mutual gravitational torques.

Future research prospects
The role of Relativistic Gravothermal Instability in Supernovae.
Calculate merger rates considering rapid gas accretion and
hierarchical mergers in dense stellar clusters. Calculate the Spin
signature of RGA. Identify the origin of LIGO signals.
Gravitational Osmosis paradigm.
Statistical mechanics of binary \molecules". BH burning paradigm.
VRR phase transitions for two-component systems. Development of
kinetic theory. How general is the disk-halo phase transition?
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