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Scattering amplitudes are arguably the fundamental physical observable within the field
of particle physics. They are a measure of the probability of a certain set of incoming
elementary particles colliding and producing a certain set of outgoing ones. As such,
they provide a direct link between theory and experiment, with the theorists calculating
predictions for those observables, and with the experimentalists testing those
predictions at particle accelerators like the Large Hadron Collider (LHC) at CERN in
Geneva, Switzerland. With the third run of the LHC having commenced in July 2022
and scheduled to continue for the next four years, delivering proton collisions at
unprecedentedly high energies, theorists are feeling the pressure to push the state of the
art in amplitude calculations, to higher orders of precision and to more involved collision
processes.
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However, this task is notoriously challenging. The traditional method, called the
Feynman diagrams formalism, prescribes drawing several diagrams, with straight and
wiggly lines, for a given collision event, one for each possible way that the set of
incoming particles could interact and produce the outgoing ones, with each diagram
corresponding to an often formidable integral one needs to compute. Some of those
diagrams look like trees, and their sum corresponds to the (tree-level) zeroth-order
approximation of the amplitude. The rest of the diagrams contain one, two or more
loops, and correspond to the (loop-level) first-, second- or higher-order corrections to
the amplitude. The more the particles in the collision and the higher the desired
precision, the more the diagrams to draw and the harder the integrals to compute,
making the calculation of the amplitudes for certain processes to high enough precision
seemingly intractable.
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Enter the recent developments in the field of scattering amplitudes within the last
couple of decades. Theorists have, almost accidentally, stumbled upon some very
intriguing mathematical properties of these fundamental physical observables, which
have raised suspicions that there might exist some other, novel and perhaps deeper,
ways of understanding the interactions of elementary particles (Travaglini et al. 2022).
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m the Parke-Taylor formula for maximal helicity violating (MHV) gluon amplitudes,

m recursion relations used to decompose complicated amplitudes into the product of
much simpler ones, such as the Britto-Cachazo-Feng-Witten (BCFW) recursion
relations, the Kleiss-Kuijf (KK) and the Kawai-Lewellen-Tye (KLT) relations,

m dualities between amplitudes of supposedly unrelated processes, such as the result
that graviton amplitudes are equal to the “square” of gluon ones, known as the
double-copy Bern-Carrasco-Johansson (BCJ) relations or the color-kinematics
duality (Bern et al. 2008, 2010, 2019),

m the anti-de Sitter/conformal field theory (AdS/CFT) correspondence and its
connection to integrability (Beisert 2006; Beisert et al. 2012, 2017), and

m connections between amplitudes and higher-dimensional geometric structures, such
as the amplituhedron and associahedron (Arkani-Hamed, Trnka 2014;
Arkani-Hamed et al. 2016, 2017, 2018, 2022; Ferro et al. 2017).
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Of more interest to us are

m the Cachazo-He-Yuan (CHY) scattering equations formalism (Cachazo et al.
2014a,b,c; Dolan, Goddard 2014b,a, 2020), and

m the symmetry properties of certain scalar and gauge theories and their scattering
amplitudes under the action of the conformal group SO(2, n), the superconformal
group PSU(2,2|4), and their infinite-dimensional Yangian extensions, Y[SO(2, n)]
and Y[PSU(2,2|4)] (Dolan et al. 2003a,b; Dolan 2004; Drummond et al. 2010,
2009; Drummond 2011; Beisert 2011; Beisert, Garus 2018; Beisert et al. 2018).
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We say that an amplitude has a symmetry under a given transformation if it remains
invariant under it. For example, rotating all the particles of some collision event by the
same arbitrary angle, leaves the probability of the event unchanged, and we can thus
say that the corresponding scattering amplitude has a symmetry under rotations. Each
symmetry corresponds to a conserved quantity and can be understood as an exploitable
constraint on the amplitudes. To investigate the transformation properties of an
amplitude under a given transformation, one can define a differential operator with
respect to the particles’ momenta, the so-called generator of the transformation, and
then act with that generator on the amplitude of interest. If the action of a generator
annihilates the amplitude, i.e. if it produces a zero, we say that the amplitude has a
symmetry under the corresponding transformation. If it does not, such as is the case,
for example, with the loop-level amplitudes of A ¢3 and pure Yang-Mills theory under
the action of the generators of the conformal group (Chicherin et al. 2022), we say that
the symmetry is broken, but it is still useful to understand how exactly that happens.
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It is known that tree-level superamplitudes in N' = 4 super-Yang-Mills (SYM) theory
are invariant under the action of the superconformal group PSU(2,2|4) and the
superconformal Yangian Y[PSU(2,2|4)] (Drummond, Henn 2009; Drummond et al.
2010, 2009). This infinite-dimensional symmetry of the A" = 4 SYM superamplitudes
places some important constraints on these amplitudes at tree-level. The approach of
inferring symmetry from the invariance of the superamplitudes under the action of the
superconformal Yangian generators provides an alternative method for understanding
the previously discovered PSU(2,2|4) Yangian symmetry of N’ = 4 SYM theory, with
SU(N) gauge group, in the planar limit (i.e. for large N), in n = 4 space-time
dimensions (Dolan et al. 2003a,b; Dolan 2004).
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This naturally raises the question: What happens if we remove all the (not yet
experimentally observed) supersymmetry? Do the tree-level gluon amplitudes of the
non-supersymmetric pure Yang-Mills theory also enjoy such an infinite-dimensional

symmetry, perhaps under the action of the (non-supersymmetric) conformal Yangian
Y[SO(2,4)]7
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Defining Relations of a Yangian Algebra Y[G]

A Yangian algebra Y[G] is an associative Hopf algebra generated by the elements JAB,
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In a multi-site representation, with single-site level-zero generators JAZ satisfying the

commutation relations
AB |CD ABCD EF
[J,- J }:5,-J-f £r J! (3)

and N-site level-zero generators
N
Wi @
i=1

satisfying (1), a construction for the level-one generators that satisfies (2) is the
following:

-~ 1
B = 5 e Y, ISP U (5)
1<i<j<N
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where JAB = _JBA 0< A B<n+1, P =diagonal(l,-1,-1,-1,...,-1,1),
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For a set of level-zero generators JAB = "1
JAB =1 4B per d1<icj<N Jeb JJEF to generate a consistent Yangian algebra, they
need to be in a representation that satisfies the so-called Serre Relation.

For N =1, JAB = JlAB and JAB = 0. And thus, for a single site, the Serre relation
reduces to the following Single Site Condition:

FAB v FP Lop fEFKLQR FMNOPQR {JIGH,J{J7J{(L} —0 (8)
where the totally symmetrized triple product is defined as
{JGH’JIJ’JKL} — JGH JU JKL | jlJ yGH JKL | JKL jIJ JGH
+JGHJKLJIJ + JUJKLJGH + JKLJGHJ/J

(9)
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Single Site Serre Condition

We want to prove that the momentum-space differential operator representation
of the conformal Yangian Y[SO(2, n)] satisfies the Serre Relation. In preparation for
the proof, we rewrite the RHS of the Serre Relation using the structure constants of the
conformal algebra (7) and expanding the totally symmetrized triple product (9). We
find that the Single Site Condition (8) becomes (Dokmetzoglou, Dolan 2023):

[(nDBMEFCA ~ (A B)) - (C+ D)

+ (ABCDEF — CDEFAB) + (ABCDEF — EFABCD) =0 (10)

where the single-site tensor MEFCA is defined as

MEFA = (— JEAUEY, Yy — SFCQUEY, )+ JEC LY Y+ S IEY, YY)

(11)
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Momentum-Space Differential Operator Representation
Single-Site Level-Zero Y[SO(2, n)] Generators

The momentum-space differential operator representation of the single-site
level-zero generators of the conformal Yangian Y[SO(2, n)], for scalar and gauge
fields, is defined in terms of the momenta k!* and the partial derivatives 8/ = 9/0k; ,,
Oiy =0/0k!', 1 <i<N,0< p,v<n-1, as follows (Gross, Wess 1970; Fradkin,
Palchik 1996):

Pl = K LI = K QY — kY O + 51
(12)
D;=d+ ki 9, KE=2dol + 2k} 9;, 01 — k' 0;, 07 — 22X 9y,
where the conformal dimension d € R (canonical mass/scaling dimension) takes the

value d = (n — 2)/2 for bosonic fields in n space-time dimensions, and %" is called the
spin operator.
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Single-Site Level-Zero Y[SO(2, n)] Generators

The spin operator X% terms don't appear for scalar fields, i.e.
Zf‘uj|scalar =0 (13)
while for gauge fields they are given by
T4 gauge Ay €7) = €8 Thv o) A7 (ki €j21) = €7 (31 5 — 015 05) AL (ki ejei) - (14)

72
where Z(aﬁ)

= ol 5% — ol 6.
Note that, in JAB form, 0 < A/B < n+1:

=g gm= 1 (pr gty e = L (pr g gy et =y (15)

1 1 1 1



Momentum-Space Differential Operator Representation
N-Site Level-Zero Y[SO(2, n)] Generators

Using (4) and (12), we can now define the N-site level-zero generators of the
conformal Yangian Y[SO(2, n)]

N N

N N
Pr=>"P  LM=>"1" D=> D K'=> K (16)
i=1 i=1

i=1 i=1

in the momentum-space differential operator representation.



Momentum-Space Differential Operator Representation
N-Site Level-One Y[SO(2, n)] Generators

And from (15), (5) and (7), we obtain the level-one Y[SO(2, n)] generators in this
representation:

Pr=— N [(PID +easPPLY) (1))
1<i<j<N
THY — 1 a vp . .
iv=-3 3 [(PlKy = PYKS + 280 L1 L)) = (i )]
1<i<j<N (17)
~_ 1 8 . .
D=-3 > [(easPr&) (i)
1<i<j<N

Re= 3 [(-oKf gttt k)~ ()]
1<i<j<N
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momentum-space differential operator representation (12) of Y[SO(2, n)]. We

rewrite JAB and their anti-commutators SAP = ngc {JAB, JEP} in terms of a smaller
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set of operators, £/, V/* and X%, which satisfy a simpler algebra, suppressing the

single-site notation:
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VA= (v vn v v =9t V= -1(149%9,), V™ =-1(1-0°9,)

T = GASER 8 (% P BV, — 8 (1 4 o) TV,
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Proof of Serre Relation
For Scalar Fields

From (13) we have that for scalar fields, YAB — ¥ — (0, and thus,
JAB _ AyB _ (ByA | yAB
SAP = 2kBrgVAVP —2.d AP — 2 (d — 252) (kA VP + kP VA)

. 255 VAZCDT/BC . 2I€B VDZCATIBC + ZABZCDUBC + ZCDZABT]BC
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Proof of Serre Relation
For Scalar Fields

From (13) we have that for scalar fields, YAB — ¥ — (0, and thus,
JAB = AVE — ByA 4 3AE
SAP = 2kBrgVAVE —2.d P — 2 (d — "2)(kAVP + KPVA)

— 26PVAE DT — 2B VPE e 4 TABE P + T PEAER e
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Proof of Serre Relation
For Scalar Fields

From (13) we have that for scalar fields, YAB — ¥ — (0, and thus,
JAB _ AyB _ BYA

SAD = 2kBrgVAVP —2d P — 2 (d — 252)(kAVP + kP VA)
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Proof of Serre Relation
For Scalar Fields

From (13) we have that for scalar fields, YAB — ¥ — (0, and thus,

JAB _ AyB _ BYA

SAP = 2kBrgVAVP —2.d AP — 2 (d — 252)(k* VP + kP VA)
which we use to rewrite the MEFCA tensor (11):

MEFCA _ _JEASCF _ JFCSEA + JECSAF + JFASEC (19)
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Proof of Serre Relation
For Scalar Fields

We find that:
MEFCA _ _ JEAGCF _ JFCGEA | JEC GAF | JFAGEC

(20)
— (n—2) (JEAYCF 4 JFCyEA _ JEC AF _ jFAEC)
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Proof of Serre Relation
For Scalar Fields

We find that:

MEFCA _ _ JEAGCF _ JFCGEA | JECGAF | JFAGEC 0)
— (n—2) (JEAYCF 4 JFCyEA _ JEC AF _ jFAEC)

which when substituted into the Single Site Condition (10) produces a vanishing
result

[(nDBMEFC“ (Ao B)) —(C ¢ D)

+ (ABCDEF — CDEFAB) + (ABCDEF — EFABCD) =0
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Proof of Serre Relation
For Scalar Fields

We find that:

MEFCA _ _JEASCF _ JFCSEA + JECSAF + JFASEC

(20)
— (n—2) (JEAYCF 4 JFCyEA _ JEC AF _ jFAEC)

which when substituted into the Single Site Condition (10) produces a vanishing
result

[(nDBMEFC“ (Ao B)) —(C <+ D)| + (ABCDEF — CDEFAB) + (ABCDEF — EFABCD) = 0

And thus, we have proved that the Serre Relation is satisfied by the momentum-space
differential operator representation of the conformal Yangian Y[SO(2, n)] for off-shell
scalar fields, with arbitrary conformal spin d and in any number of space-time
dimensions n.
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Proof of Serre Relation
For Gauge Fields

For gauge fields, the proof of the Single Site Condition (10) is more complicated, due
to the non-trivial X8 terms now appearing in the expressions for the single-site
level-zero generators JAB and their anti-commutators SAP:

JAB _ /ﬁ',AVB _ IQBVA + ZAB
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For gauge fields, the proof of the Single Site Condition (10) is more complicated, due
to the non-trivial X8 terms now appearing in the expressions for the single-site
level-zero generators JAB and their anti-commutators SAP:

JAB _ /ﬁ',AVB _ IQBVA + ZAB

SAP = —2kBrgVAVP —2d AP — 2 (d — 552)(k* VP + kP VA) (21)

_ 2/€B VAZCDUBC _ 2I€B VDZCA'UBC + ZABZCDWBC + ZCDZABUBC
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Proof of Serre Relation
For Gauge Fields

For gauge fields, the proof of the Single Site Condition (10) is more complicated, due
to the non-trivial X8 terms now appearing in the expressions for the single-site
level-zero generators JAB and their anti-commutators SAP:

JAB _ /ﬁ',AVB _ IQBVA + ZAB
SAP = —2kBrgVAVP —2d AP — 2 (d — 552)(k* VP + kP VA) (21)
_ 2/~$B VAZCDUBC o 2/£B VDZCA??BC + ZABZCDUBC + ZCDZABUBC

In fact, the representation for gauge fields does not produce an MEFCA tensor which
satisfies the Single Site Condition for arbitrary k2 (i.e. off-shell), d and n.
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Proof of Serre Relation
For Gauge Fields

However, if we set k? = 0 (i.e. on-shell), n=14, and d = (n — 2)/2 = 1, the first term
of the MEFCA tensor reduces to:

_JFAGCF — o [(HE i 77En 4 nE,n+1) VA _ (HA 4 nAn i nA,nJrl) VE}
65 + 0P+ nC V) VE 4 VE(6F + (0 + 0P V)|
+ 4ka [5¢ (nEn + nE,n-l—l) . 55 (nAn + 77A,n+1)] VC VF
_4 [6é (nEn +T]E,n+1) _ 55 (nAn +77A,n+1)] VCVF k'y
= 2B [VE O + 0+ 0PV (€ o P K, (22)

which we recognize as a gauge transformation.
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Proof of Serre Relation
For Gauge Fields

And thus, as a gauge transformation, JFASCF acting on on-shell gauge theory
amplitudes, which are known to be gauge invariant, gives:

€2 (JfAsfF) . Ak, ... knieo,... en) =0 (23)

e
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Proof of Serre Relation
For Gauge Fields

And thus, as a gauge transformation, JFASCF acting on on-shell gauge theory
amplitudes, which are known to be gauge invariant, gives:

€2 (JfAsfF) . Ak, ... knieo,... en) =0 (23)

e

which implies MEFCA vanishes on the amplitudes

G(f (MEFCA) Ag(kl,...,kN;eg,...,eN) =0 (24)
ay
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Proof of Serre Relation
For Gauge Fields

And thus, as a gauge transformation, JFASCF acting on on-shell gauge theory
amplitudes, which are known to be gauge invariant, gives:

€2 (JfAsfF) . Ak, ... knieo,... en) =0 (23)

e

MEFCA

which implies vanishes on the amplitudes

6% (I\/IEFCA)OK7 /Z\"ly(k]_,...,kN;627...,€N):0 (24)
And thus, we have proved that the Serre Relation is satisfied by the momentum-space
differential operator representation of the conformal Yangian Y[SO(2, n)] for gauge
fields, but only on-shell, for d =1 and in n = 4 space-time dimensions.



Action of Y[SO(2, n)] Generators on

Scalar A 3 Theory Graphs



Some Definitions

It is useful for us to define an N-point function Ay for which momentum conservation
is assumed (e.g. an individual Feynman graph, partial or total amplitude) as follows:

AN(kl, ko, ..., kN) = (5"(/(1 + ko + -+ kN) A/\/(kl7 ko, ..., kN) (25)
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part with the momentum-conserving delta function stripped off.



Some Definitions

It is useful for us to define an N-point function Ay for which momentum conservation
is assumed (e.g. an individual Feynman graph, partial or total amplitude) as follows:

AN(kl, ko, ..., kN) = (5"(/(1 +ky+ -+ kN) AN(kl, ko, ..., kN) (25)

where " is the n-dimensional momentum-conserving Dirac delta function, Ay is the
kinematic part of the N-point function, and where the caligraphic Ay and plain Ay
have been chosen to distinguish between the full N-point function and its kinematic
part with the momentum-conserving delta function stripped off.

Further, we use the superscript A to denote an individual off-shell A ¢ theory graph,
¢ A
eg. Ay’ .



Some Definitions

We can express all A ¢3 theory off-shell tree-level partial amplitudes as functions of
off-shell invariants with consecutive momenta (Dolan, Goddard 2020)

k[2I,J] =(ki+kip1+. + ko1 + k) =s1041. -1 (26)

with 1 </ < J < N, excluding k[21 N-1]"
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Some Definitions

We can express all A ¢3 theory off-shell tree-level partial amplitudes as functions of
off-shell invariants with consecutive momenta (Dolan, Goddard 2020)

k[2l,J] =(ki+kip1+. + ko1 + k) =s1041. -1 (26)

with 1 </ < J < N, excluding k[21 N-1]" Each N-point partial amplitude Aﬁ’partial is

the sum of +*— (2V=#) individual Feynman graphs A2 And each A ¢3 theory
N—1 \N—2 N

off-shell tree graph takes the form

3 1
AV Bk, k) = (DM T (27)
[1Jea "]

where A is a set of N — 3 consecutive subsets [/,J] ={ae N:/ <a<J}.



Some Definitions

For example, the kinematic part of the \ ¢ theory four-point off-shell partial amplitude
is given by:
. 3 3
Af3,part|a| —_ Af ,{[1,2]} +Af ,{[273]}



Some Definitions

For example, the kinematic part of the \ ¢ theory four-point off-shell partial amplitude
is given by:
. 3 3
Af3,part|a| —_ Af ,{[1,2]} +Af ,{[273]}

RS
Ko kpa



Some Definitions
For example, the kinematic part of the \ ¢ theory four-point off-shell partial amplitude

is given by:
Af:“,partlal :Af3,{[1,2]} +AZ§3,{[2,3]}
_ . 1
Ko Kby (28)
1 1

T (k4 k)2 (ko + k3)2



Some Definitions
For example, the kinematic part of the \ ¢ theory four-point off-shell partial amplitude

is given by:
Aiﬁ,partial _ Ai3,{[1,2]} i Af3’{[2’3]}
__r b
Ko kpa (28)
_ 1 7 1
(k4 k2)? (ko + ks3)?
Higher-point graphs can be obtained using the off-shell recurrence relation (Dolan,
Goddard 2020):
3 1 3 A7
AT Bk, k) = —— AD S (ki ko, k3 + Kk ks, - . ., kny) (29)

534
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Action of Level-Zero Generators on Scalar A ¢ Theory Graphs

A = (S k) (S k) A =0
L AR = (S k) L AR A =0

DAY S =D |07 k) AV = V(@ 2) — (- 6) Ay ®



Action of Level-Zero Generators on Scalar A ¢ Theory Graphs

Ay = (S0 k) o7 (S0 k) AR 2 =0
L AR = (S k) L AR A =0

3’ A n 3,A 3,A
DASA =D [5 (ijl kJ-)A‘,*(, ] —[N(d—2)— (n—6)] A%
3,A 3,A ku 3,A
Kb AP A = KH [5n<zj:1 kj)Af\’, } =2 2ISI(d—2)~ (n—6)] ;3 Ay
SeA S

(30)
where A is the set of consecutive sugl?sets associated with the off-shell kinematic
invariants appearing in the graph A% 2, as defined in (27), ks =3 jes ki and

j
kg = (Zjes kj)z-



Action of Level-Zero Generators on Scalar A ¢ Theory Graphs

So, all the level-zero generators JAE of the conformal Yangian Y[SO(2, n)], i.e. the
generators of the conformal group SO(2, n), annihilate individual A #* theory off-shell
graphs in n = 6 space-time dimensions, and with conformal spin d = 2,

JAB AP A — 7B [5"(2”:1 kj) Aﬁvﬂ ~0. (31)
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Action of Level-One Generators on Scalar A ¢> Theory Graphs

Note that, for a given N-point function Ay, showing that it is annihilated by all the
level-zero Y[SO(2, n)] generators (P*, L*”, D, K#) and by at least one of the level-one

Y[SO(2, n)] generators (@“, L, ]IA)), ]IA{“) is sufficient for proving that Ay is
annihilated by all the level-one generators, assuming that the level-zero and level-one
generators satisfy the algebra (2).
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Action of Level-One Generators on Scalar A ¢> Theory Graphs

The level-one translation generators (17), in the momentum-space differential operator
representation (12) for scalar fields, are defined as

Pre— 3 [(PrD e PR )~ (i 0 )]
1<i<j<N

=— > [(k,-“ (d + kY Oj)) + gap k& (K OF — K a,ﬂ)) — (i <—>j)]
1<i<j<N

(32)
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Action of Level-One Generators on Scalar A ¢> Theory Graphs

The level-one translation generators (17), in the momentum-space differential operator
representation (12) for scalar fields, are defined as

Bre— N [(PrD s PELT) (i)
1<i<j<N
(32)
=— > [(k,-“ (d + kY Oj)) + gap k& (K OF — K a,ﬂ)) — (i <—>j)]
1<i<j<N

For a given off-shell kinematic invariant, k[zl b for1 </ < J < N, we find that the
level-one translation generators act as a multiplicative factor of the form

BrIE = [— dY N (N+1-2j) K +2 (—k[‘i _ k[*jﬂ,,\,])} K (33)
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Action of Level-One Generators on Scalar A ¢> Theory Graphs

We find that P* acts on the kinematic part of a given off-shell A ¢3 theory tree graph,
3
A(f\’, ’A, in a similarly simple manner:

N

~ ¢3,A_ ¢)3,A
Bragt=|-d> (N+1-2j)k —2 Y ( b 1+k[J+1N]) ATB (34)
j=1 [, J]en
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Action of Level-One Generators on Scalar A ¢> Theory Graphs

We find that P* acts on the kinematic part of a given off-shell A ¢3 theory tree graph,
3
A(f\’, ’A, in a similarly simple manner:

N

D AP A #3,A
Bragt=|-d> (N+1-2j)k —2 Y ( b 1+k[J+1N]) ATB (34)
j=1 [/J]EA

-~ 3 .
It is clear that P* does not annihilate the graph A‘K, *2 Nonetheless, we can define an

extended generator P, using a set of so-called evaluation parameters for each
individual off-shell A ¢ theory graph, that does:

oa o -1 ifjef1,1—-1]
ey =d(N+1-2j)+2 [/%:A{ +1 ifje[J+1, N (35)
J)e
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Action of Level-One Generators on Scalar A ¢> Theory Graphs

The extended level-one generator is defined as:

N

™ ¢3)A

PM"’ZCN,,' P}
i—1

~ 3,A . 3,A
P AN A = AR =0 (36)
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Action of Level-One Generators on Scalar A ¢> Theory Graphs

The extended level-one generator is defined as:

N

™ ¢3)A

I[W‘FE:CN,,' P}
i—1

~ 3,A . 3,A
P AN A = AR =0 (36)

and since it can be shown that it commutes with the momentum-conserving delta
function, we also have:

B AR S = on (S k) P Ay A =0 (37)
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Action of Level-One Generators on Scalar A ¢> Theory Graphs

Example: A¢3’{[1’2]} = —1/s10 = —1/(ky + ko)?
4

. 1 1
25 (-) = [—d Bk + k' — ki — 3K}') — 2 (kY + Kky)] <— >
512 12
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Action of Level-One Generators on Scalar A ¢> Theory Graphs
Example: Af’{[l’z]} = —1/s10 = —1/(k1 + ko)?

~ 1 1
P <_> = [0 (3K + K — kY = 3K) — 2(K + k) (— )
512 %12

Evaluation parameters : {c; =3d, o =d,c3=—d+2,c4 =—-3d + 2}

4
1 1

"GP <_> [ (3Kt K — K 3K 2 (K kY] <_)

) S12 512
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Action of Level-One Generators on Scalar A ¢> Theory Graphs
Example: Af’{[l’z]} = —1/s10 = —1/(k1 + ko)?

~ 1 1
P <_> = [0 (3K + K — kY = 3K) — 2(K + k) (— )
512 %12

Evaluation parameters : {c; =3d, o =d,c3=—d+2,c4 =—-3d + 2}

4
1 1
Z ciP! (—) = [d (3K} + kb — k&' — 3ki') + 2 (K + k)] <_) (38)
i=1 512 S12

4

~ 1

PH + Z C;Pf] <> =0, for arbitrary n and d.
i=1 S12
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Action of Level-One Generators on Scalar A ¢> Theory Graphs

Having shown that the level-zero generators annihilate individual A ¢3 theory off-shell
graphs in n = 6 space-time dimensions, JAB A2 = JAB [5” (ijl kj) Aﬁ’ﬂ =0,
and that P does so too (37),
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Action of Level-One Generators on Scalar A ¢> Theory Graphs

Having shown that the level-zero generators annihilate individual A ¢3 theory off-shell
graphs in n = 6 space-time dimensions, JAB A2 = JAB [5” (ijl kj) Aﬁ’ﬂ =0,

and that P’# does so too (37), we are guaranteed by the defining relations of the
algebra, which are also satisfied by the level-zero and the extended level-one generators,

N
JAB = JAB £ 3" e 0B (39)
i=1
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Action of Level-One Generators on Scalar A ¢> Theory Graphs

Having shown that the level-zero generators annihilate individual A ¢3 theory off-shell

graphs in n = 6 space-time dimensions, JAB A2 = JAB [5” (ijl kj) Aﬁ’ﬂ =0,

and that P’# does so too (37), we are guaranteed by the defining relations of the
algebra, which are also satisfied by the level-zero and the extended level-one generators,

N
JAB = JAB £ 3" e 0B (39)
i=1

that all the extended level-one generators annihilate individual \ ¢ theory off-shell
graphs in n = 6 space-time dimensions,

JAE A8 = T8 [on(ly k) AN A] = 0. (40)
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Action of Level-One Generators on Scalar A ¢> Theory Graphs

However, since the evaluation parameters cannot be defined in a graph independent
way, and since they are generally not equal for all the individual graphs which one has to
sum over to obtain a A ¢3 theory partial or total amplitude,
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Action of Level-One Generators on Scalar A ¢> Theory Graphs

However, since the evaluation parameters cannot be defined in a graph independent
way, and since they are generally not equal for all the individual graphs which one has to
sum over to obtain a A @3 theory partial or total amplitude, we conclude that neither the
original JAB nor the extended J"AB level-one generators annihilate A ¢3 theory partial

and total amplitudes.
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Action of Level-One Generators on Scalar A ¢> Theory Graphs

However, since the evaluation parameters cannot be defined in a graph independent
way, and since they are generally not equal for all the individual graphs which one has to
sum over to obtain a A @3 theory partial or total amplitude, we conclude that neither the
original JAB nor the extended J"AB level-one generators annihilate A ¢3 theory partial
and total amplitudes. Thus, we are led to also conclude that the conformal Yangian
Y[SO(2, n)] is not a symmetry of A $3 theory.
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Action of Level-One Generators on Scalar A ¢> Theory Graphs

However, since the evaluation parameters cannot be defined in a graph independent
way, and since they are generally not equal for all the individual graphs which one has to
sum over to obtain a A @3 theory partial or total amplitude, we conclude that neither the
original JAB nor the extended J"AB level-one generators annihilate A ¢3 theory partial
and total amplitudes. Thus, we are led to also conclude that the conformal Yangian
Y[SO(2, n)] is not a symmetry of A ¢> theory. Nevertheless, the invariance of the
individual graphs is still an unexpected interesting structure worth investigating further.



Action of Y[SO(2, n)] Generators on

the Off-Shell Scattering Polynomials



Polynomial Form of Cachazo-He-Yuan Scattering Equations Formalism

From (Dolan, Goddard 2014a, 2020), we have that the kinematic part of the N-point
partial amplitude can be computed by evaluating the multi-variable contour integral

partial \UN 1 N2 Z3 dZaJrl .
A=t s, @l == (3
O 1IN AN=1 5o lpan—1 =2 (za — Zat1) ]

where z; = 1, zy = 0, Hy is the product of N — 3 polynomials, called the h"V scattering
polynomials, which we define below,

Hyv= ] mh . (42)

and O signifies the closed contour surrounding only the simultaneous zeroes of those
N — 3 polynomials, also known as the solutions of the scattering equations, of which
there are (N — 3)L.



Polynomial Form of Cachazo-He-Yuan Scattering Equations Formalism

Some examples of off-shell polynomials (Dolan, Goddard 2020):

By o= = (1 - z3) (k1 + ko) — z3(ka + k3)?
p2 ofFshel — (1 20)(ky + ko)? — (23 — za) (ko + K3)?

+ (23 — z2) (k1 + ko + k3)* — za(ka + ks + ka)? (43)
hy offshell — 24(1 — z3) (k1 + ko)? — za(1 — z3) (ks + ka)?

+ (23— z2)(ka + ko + K3)? — z3za (ko + k3 + ka)?



Polynomial Form of Cachazo-He-Yuan Scattering Equations Formalism

@3, partial __ dz3 1 _ 1 1
Ay = 7{ 4 offshell 73 (1 — z3) ~  s1p sp3 (44)
0 hy 3 3 12 523
gy _ 11 :f _dz 1
4 12 k[2172] o h;-l, off-shell z3 (45)
A¢3’{[2’3]} _ _i _ 1 _ f dZ3 1
4 3 k[2273] o hzll, off-shell 1 _ 73



Action of Level-Zero Generators on Off-Shell Scattering Polynomials

P+ :5" (ZJ’-V: . kj)

L~ :5n <ZJN:1 kj>

D :5"(21._1 k)

[ off-shell] —
Hy

[/ off-shell]
Hy

[ off-shell] ~
Hy

_ <i kf”) s (Zszl kj) [HA?fF-shell} <0
=0

— —[N(d—2)— (n—6)] 6" (Ej:l kj) [H,\?ff—sheu} -1

(40)

for d = 2 and in n = 6 space-time dimensions.



Action of Level-Zero Generators on Off-Shell Scattering Polynomials

-1 _
KH [héll’ OfF_She”} =K+ [(1 — 23)(/(1 + k2)2 — Z3(k2 + k3)2] !

_ 2(4d-n-2)[(1 - z) (ki + k) — 23 (ky +K3)]
N  off-shell' 2
(o)
8(z3 — 1)z ((ks? — ko?) k' + (ka2 — ko) Kb + (Ka® — ko?) L)

3
( halt, ofF—sheII)

(47)



Action of Level-Zero Generators on Off-Shell Scattering Polynomials

dz 1 dz 1
K# — - =(-8d+2 4)(k “ —_— =
ji:o h z (=8d 20+ 4)(k + ko) é:o (h)* z
dz 1 (8d —2n— 4)(/(1 + kz)“
= (8d —2n — 4) (k1 + ko))" — =
-2kt | T 2 |
&

14 E 1 — —2n — 122
B e R RO g e

= (=84 + 2n + 4)(ky + k3)" },4_1 (lcizz) (/11)2 _ (8d—2n —52;13)(/(2 + k¥

(48)



Action of Level-One Generators on Off-Shell Scattering Polynomials

N

S (N+1-2i)k

i=1

B [Hﬁff—shell} Ty

[ H,\?ff—shell} -1

1 N-3

_ _1 8h,,>/7’ off-shell
_9 [HI\?ff—sheII:| Z [hﬁ’ off—shell} Z (_k[li, 1] + k[ljJrl, N]) k[2I,J] < o ) |
m=1 [, J]eA [

(49)
where A = {[/,J] : 1 <1 < J < N} is the set of all consecutive subsets of the form
[I,J]={aeN:I<a<J}



Action of Level-One Generators on Off-Shell Scattering Polynomials

pu {h‘f’ off-sheurl . dEK K — K- 3ky)

4, off-shell
Gl

2 ((1 = z3)(ks + ko) (K5 + KJ') — z3 (ko + ks)? (=K1 + Ky'))

2
< hzlt, ofF—sheII>




Action of Y[SO(2, n)] Generators on

Pure Yang-Mills Theory Amplitudes



Some Definitions

We find it useful to factor out the polarization vectors ejf from the pure Yang-Mills
theory tree amplitudes,

AM (ki €) = (77652 .. €") (NaamaTaznz - - - Nanyw) AN 2N (ki) (52)

and act with the generators on the tensors A} 7> (k), which are independent of the
polarization vectors.
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Action of Level-One Generators on Pure Yang-Mills Theory Amplitudes
Three-Gluon On-Shell Tree Amplitude

The three-gluon tree amplitude is
Aaa1,ba2,cox3 =g fabc (27[')454(/(1 + k2 + k3)
' (”a2“3(k2 — k3)™ 0™ (k3 — k1)*? + 02 (ko — k2)a3)
(53)
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Action of Level-One Generators on Pure Yang-Mills Theory Amplitudes
Three-Gluon On-Shell Tree Amplitude

The action of the level-one generator P* on the three-point gluon amplitude is given by:
— Brans AT b s
= g fape (2m)* 0% (k + ko + ks)
. ( 4K (0203 kyt 4 30T kS? 4 20102 k{3 ) — Ak (202293 kG + 3O kSR 102 k)
(AR A) 0 (ARG S) + 1 (—4kSS?) )
(54)
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Action of Level-One Generators on Pure Yang-Mills Theory Amplitudes
Three-Gluon On-Shell Tree Amplitude

The expression is gauge invariant, i.e. it vanishes when multiplied by any k,'.:“" for

1 <7< 3. ltis not cyclic invariant since PH is not cyclic. We assume transverse
polarizations k; - €j(kj) = 0, and drop terms in (54) proportional to ki’ since they
correspond to gauge transformations. The on-shell conditions k? = 0 in four spacetime
dimensions are required from the Serre relation. Since this expression is not zero, we
know the SO(2,4) Yangian is not a symmetry of pure Yang-Mills theory. The presence
of the n#“i is necessary for gauge invariance; and these fixed tensor terms cannot be

removed by extending PH by evaluation parameters, as they could in the case of scalar
@3 theory.
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Action of Level-One Generators on Pure Yang-Mills Theory Amplitudes
Three-Gluon On-Shell Tree Amplitude

To pursue a simpler form of (54), we note it can be streamlined from the equivalence
§* (k1 + ko + k3)
: < 4K (n*293kyt 4 301 kS? 4 20102 k{3 ) — 4K (202293 k5 + 3O kSR 102 kg?)
P (AK) 4 7 (~AkTG) 4 (~4k5 ) )
= 6% (ki + ke + k3) (tr(7*275 72y 1 Y kwwkag
— tr(7%39° 2y M ks + tr(y 0y Iy 2 hau k)
(55)

Here the Dirac v matrices are in a Weyl representation.
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Action of Level-One Generators on Pure Yang-Mills Theory Amplitudes
Three-Gluon On-Shell Tree Amplitude

We were motivated to find the identity (55) by extending the level one generator to
include supercharges (Drummond et al. 2010, 2009). In position space we would have

<0| TA" (Xl)Ab’Y2 (XQ)AC'Y?’ (X3)‘0> = Ga’yl,b'yz,c'y3 (X1X2X3)7 (56)

and for PSU(2,2|4) Yangian invariance of the three-gluon tree amplitude we assume a
level one generator of the form

PMO&]OQOG Ga’717b’y27c'y3(X1X2X3) = 0

T 7 x,55 v1v2v3

_ P*D. p. [HP _ 1 =pdo QA @ L L) G193 Ga'yl,b'yz,c'y3

= i Djt Fipl;” — 30 i Qacj — (1 <> j) (x1x2x3)
1<i<j<3 X203

(57)
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Action of Level-One Generators on Pure Yang-Mills Theory Amplitudes
Three-Gluon On-Shell Tree Amplitude

QA Qaq are the conformal supercharges appearing in the superconformal group
PSU(2,2|4), where 1 < A < 4. They rotate a gluon into a fermion in the adjoint
representation,

A Lo _BYTA ~NA =y, A
QLA ~ T4 WJ;/a, Q/j’ A~ eﬁda" 0‘71/173 (58)
We compute the QQ terms in (57), using the Lagrangian coupling fermions and gluons

L=—LF"aF,,,— igy?5"Dpa = Lo+ L
2

L) = —ghap ALASOH AV — % e Fade ADAS AT A — igfyor 95190 Al (50)
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Action of Level-One Generators on Pure Yang-Mills Theory Amplitudes
Four-Gluon On-Shell Tree Amplitude
The on-shell four-gluon partial tree amplitude is, with the polarization vectors removed,

is given by:

A(1234) = g2 (2m)* (ks + ko + ko + ha) (122 =i 2
where

j nd1a2azas

:s(nauxz(kl _ k2)o- + 2k20415gé2 _ 2/(10(25?1) (na3a4(k3 _ k4)0 + 2k23n0a4 _ 2k§é4ncroz3)
4 (na1a3na2a4 o na1a4na2a3) s

I-n?qazasom

— (na2a3(k2 _ k3)a + 2/(?3(533 _ 2/(?3(532) (7]a4a1(kl _ k4)cr o 2kil4,’70a1 + 2k2¥1n0a4)
4 ( _ 770520(477043011 4 nazalna3a4) t

(60)
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Action of Level-One Generators on Pure Yang-Mills Theory Amplitudes
Four-Gluon On-Shell Tree Amplitude

The action of the level-one generator P* on the four-point gluon amplitude, assuming
momentum conservation, dropping terms that are gauge transformations i.e.
proportional to ki*/, and using the on-shell conditions k? =0, yields:
3 . Ns . nt
_pm (i it
(I s ! t)
8kMky - ko 8kO2ky - kg
— poy Qa3 7' 1 _ 304 a2 1
R R R
BT (KUK RSASR) 8K (KTAS + KSR )
s t

8BS ky - ko 8Kk ky - kg

+ ny,az (noq(,m( _ 4/(?3 +
LBk (RTAS KA BRST (KT 4 KT AS) )
s t

) + nazfu (4&?1 _

)

(61)
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Action of Level-One Generators on Pure Yang-Mills Theory Amplitudes
Four-Gluon On-Shell Tree Amplitude

8k1 ko

+ kf (6 77041<13770t2a4 _ na1a4,’7aza3 (6 + ) _ nalazna3a4 (6 + y)
4o (20kaTHT Z 10K7i" — 4k§"k§“‘ _ 2k
s t
fopeses (SRR 210k = 4™ 12k°‘2ka1)
S
1o (kazk;u 12ka4kaz) 2o (16"? Tt 12k )
S s :
Feaee (= BKIZAGT | —BKSIALE 8K 4 4k kgz)
s t
neees ( 16k5 kgt | 12k kgt + 12k§‘1k§‘4) )
s t

(62)
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Action of Level-One Generators on Pure Yang-Mills Theory Amplitudes
Four-Gluon On-Shell Tree Amplitude

+ kél« (2 noc10¢377a20¢4 _ na1o¢4770¢2a3 (2 + 8k1 . k2) _ 2770t10é2na3a4
LKS3KO 4K KS3 4kS7 (ks — ka)®2  12k02 K01
+ agoan 4 3 + 1 2 + azog 2 _ 3 4
e (= )+ ( - —)
Qg 02 Qg | a3 a3 o a2
+ noqag (4k1 tk3 ) + nazoq (8k2 k4 + 4k2 k4 ) + ,noqoq (4k3 (k4t_ kl)aa)
penen (ST | SN A 4 O )
s t

— (1 <> 4),(2 <> 3) simultaneous exchange (63)
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Action of Level-One Generators on Pure Yang-Mills Theory Amplitudes
Four-Gluon On-Shell Tree Amplitude ) )
which can also be expressed in terms of Dirac matrices

ki + k e e s s o e ¢ G &

- Eki + kigz [ = tr(y 5y BanyBay Ty B2 g kg + tr(7329y 539y 54y 00 ) kg
+ tr(’y(h’YH'VdA’YC’Y&S’yT'de’yw)klw kae — tr(,ydz,yu,y&4,74,\/ds,yr,7&1,yw)k2w k4§]
ko + k e e s s o e e a
_ Ekz - k?;;; [fr(”/mW“Waz“/C"/anT’Ya“Ww)klwkzg — tr(y 3yl 83 LB T AW o ka¢

+ tr(yS2 oyt San Sy Ty TGy o ke — tr(y T3ty TanSy Gy TSy kg, k4g]

ki ko ; oA o
|t 1+ ka)? - k:)z [ = 2Kf tr(yFaiyBayTyBan®) 4 2kG tr(y 52ty B2y Ty Taw)
+ 3%~ ks + ka ) V tr(y51yiy 2y Ty )|
ks k ; s e G Sz ia s GG
(k:i ;:')2 [ _ 2k§1 tr("/aa’yu’ya"yT’yaz’yw) + 2kilz tr(’yaz’YM’YQA"/T’Yal'Yw)

+ 7]&1&2 ( _ kl + kz) tr("/da’yu'Y&A'YT’YV'Yw)]]
v
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Action of Level-One Generators on Pure Yang-Mills Theory Amplitudes
Four-Gluon On-Shell Tree Amplitude

kaw k3 5 < ; 3 B i i )
m {_ 2h5H tr(yO2yty B3y Ty B8N ) 4 k(A tr(y T2k B3y TyMyw)

+ ,,7641&4 ( — k1 + k4) tr(’Y&z'}/u’Y&:”yT’yV’yw)]
v
k1wka 5 - N B 3 ) ) i
s [ = 2K o957 09%) 1 2K (50792
+ T]dzd3 ( — ko + k3) tr('Y&l’Yu’ydA’yT’yV’yw)]]
v

(65)
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In summary, we have observed that the action of the SO(2,4) Yangian on a pure gluon
amplitude is equivalent to an appropriately truncated amplitude with 2 fermions and
two less gluons, as expected from the PSU(2,2|4) Yangian symmetry of the pure gluon
amplitude. If we could interpret the fermion amplitude as the effect of some process in
pure Yang-Mills theory, we might realize a role for the level one generators of the
SO(2,4) Yangian in pure gluon theory. Such an analysis could lead to a deeper
understanding of the dynamics of non-supersymmetric non-abelian gauge theory, and
help to interpret a non-supersymmetric extension of (Arkani-Hamed et al. 2016; Beisert,
Garus 2018; Ferro et al. 2017). The physical meaning of our results is they may be
evidence for some fermionic structure in Yang-Mills theory.
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Keep an eye out on GitHub for the public release of our three Mathematica packages:

TreeAmplitudesDatabase,
ConformalYangian (YangianGenerators+YangianGeneratorsOnTreeAmplitudesDatabase),

and NumericalEvaluationFiniteFields!

Packages Loaded:
AmplitudesGlobal (last updated: April 7,2023)
TreeAmplitudesDatabase (last updated: March 17,2022)
LoopAmplitudesDatabase (last updated: March 19, 2023)
YangianGenerators (last updated: February 10, 2022)
Yangi atorsOnTreeAmplitudesDatabase (last updated: April 29, 2021)

NumericalEvaluationFiniteFields (last updated: February 21, 2023)
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Author: Nikos Dokmetzoglou

Institution: University of North Carolina at Chapel Hill
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Please report any bugs to: nidokme@live.unc.edu

Figure: Mathematica packages startup message
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Sufficient Condition for Annihilation by Level-One Generators

For instance, assuming P# Ay = 0, L Ay =0, DAy =0, K¢ Ay =0, and ]IA))AN =0, we have

0 0
[Kﬂ,ﬁ] Av=Krdy = K- @Aﬁ)’ -D M —RrAy = KrAy=0

and

0 0
[Br.B) v = Bran = P (D) - @M = Pray = PrAy=0,

which further implies that

0 0 0
[P Ay =2 (DA7)  +207Av = K”M —@MM = 2L Ay

= E”VAN =0.
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