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Introduction
Scattering Amplitudes

Scattering amplitudes are arguably the fundamental physical observable within the field
of particle physics.

They are a measure of the probability of a certain set of incoming
elementary particles colliding and producing a certain set of outgoing ones. As such,
they provide a direct link between theory and experiment, with the theorists calculating
predictions for those observables, and with the experimentalists testing those
predictions at particle accelerators like the Large Hadron Collider (LHC) at CERN in
Geneva, Switzerland. With the third run of the LHC having commenced in July 2022
and scheduled to continue for the next four years, delivering proton collisions at
unprecedentedly high energies, theorists are feeling the pressure to push the state of the
art in amplitude calculations, to higher orders of precision and to more involved collision
processes.
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However, this task is notoriously challenging.

The traditional method, called the
Feynman diagrams formalism, prescribes drawing several diagrams, with straight and
wiggly lines, for a given collision event, one for each possible way that the set of
incoming particles could interact and produce the outgoing ones, with each diagram
corresponding to an often formidable integral one needs to compute. Some of those
diagrams look like trees, and their sum corresponds to the (tree-level) zeroth-order
approximation of the amplitude. The rest of the diagrams contain one, two or more
loops, and correspond to the (loop-level) first-, second- or higher-order corrections to
the amplitude. The more the particles in the collision and the higher the desired
precision, the more the diagrams to draw and the harder the integrals to compute,
making the calculation of the amplitudes for certain processes to high enough precision
seemingly intractable.
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Scattering Amplitudes

Enter the recent developments in the field of scattering amplitudes within the last
couple of decades. Theorists have, almost accidentally, stumbled upon some very
intriguing mathematical properties of these fundamental physical observables, which
have raised suspicions that there might exist some other, novel and perhaps deeper,
ways of understanding the interactions of elementary particles (Travaglini et al. 2022).
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Scattering Amplitudes

Some of those unexpected discoveries include:
the Parke-Taylor formula for maximal helicity violating (MHV) gluon amplitudes,

recursion relations used to decompose complicated amplitudes into the product of
much simpler ones, such as the Britto-Cachazo-Feng-Witten (BCFW) recursion
relations, the Kleiss-Kuijf (KK) and the Kawai-Lewellen-Tye (KLT) relations,
dualities between amplitudes of supposedly unrelated processes, such as the result
that graviton amplitudes are equal to the “square” of gluon ones, known as the
double-copy Bern-Carrasco-Johansson (BCJ) relations or the color-kinematics
duality (Bern et al. 2008, 2010, 2019),
the anti-de Sitter/conformal field theory (AdS/CFT) correspondence and its
connection to integrability (Beisert 2006; Beisert et al. 2012, 2017), and
connections between amplitudes and higher-dimensional geometric structures, such
as the amplituhedron and associahedron (Arkani-Hamed, Trnka 2014;
Arkani-Hamed et al. 2016, 2017, 2018, 2022; Ferro et al. 2017).
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Scattering Amplitudes

Of more interest to us are
the Cachazo-He-Yuan (CHY) scattering equations formalism (Cachazo et al.
2014a,b,c; Dolan, Goddard 2014b,a, 2020), and

the symmetry properties of certain scalar and gauge theories and their scattering
amplitudes under the action of the conformal group SO(2, n), the superconformal
group PSU(2, 2|4), and their infinite-dimensional Yangian extensions, Y [SO(2, n)]
and Y [PSU(2, 2|4)] (Dolan et al. 2003a,b; Dolan 2004; Drummond et al. 2010,
2009; Drummond 2011; Beisert 2011; Beisert, Garus 2018; Beisert et al. 2018).
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Symmetries

We say that an amplitude has a symmetry under a given transformation if it remains
invariant under it. For example, rotating all the particles of some collision event by the
same arbitrary angle, leaves the probability of the event unchanged, and we can thus
say that the corresponding scattering amplitude has a symmetry under rotations.

Each
symmetry corresponds to a conserved quantity and can be understood as an exploitable
constraint on the amplitudes. To investigate the transformation properties of an
amplitude under a given transformation, one can define a differential operator with
respect to the particles’ momenta, the so-called generator of the transformation, and
then act with that generator on the amplitude of interest. If the action of a generator
annihilates the amplitude, i.e. if it produces a zero, we say that the amplitude has a
symmetry under the corresponding transformation. If it does not, such as is the case,
for example, with the loop-level amplitudes of λϕ3 and pure Yang-Mills theory under
the action of the generators of the conformal group (Chicherin et al. 2022), we say that
the symmetry is broken, but it is still useful to understand how exactly that happens.
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It is known that tree-level superamplitudes in N = 4 super-Yang-Mills (SYM) theory
are invariant under the action of the superconformal group PSU(2, 2|4) and the
superconformal Yangian Y [PSU(2, 2|4)] (Drummond,Henn 2009; Drummond et al.
2010, 2009). This infinite-dimensional symmetry of the N = 4 SYM superamplitudes
places some important constraints on these amplitudes at tree-level.

The approach of
inferring symmetry from the invariance of the superamplitudes under the action of the
superconformal Yangian generators provides an alternative method for understanding
the previously discovered PSU(2, 2|4) Yangian symmetry of N = 4 SYM theory, with
SU(N) gauge group, in the planar limit (i.e. for large N), in n = 4 space-time
dimensions (Dolan et al. 2003a,b; Dolan 2004).
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This naturally raises the question: What happens if we remove all the (not yet
experimentally observed) supersymmetry? Do the tree-level gluon amplitudes of the
non-supersymmetric pure Yang-Mills theory also enjoy such an infinite-dimensional
symmetry, perhaps under the action of the (non-supersymmetric) conformal Yangian
Y [SO(2, 4)]?
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Defining Relations of a Yangian Algebra Y [G ]

A Yangian algebra Y [G ] is an associative Hopf algebra generated by the elements JAB ,
with the level-zero generators JAB taking values in the Lie algebra of an arbitrary
semi-simple Lie group G with structure constants f ABCDEF , and the level-one
generators ĴAB such that the following defining relations are satisfied (Drinfel’d 1985,
1988): [

JAB , JCD
]
= f ABCDEF JEF (1)

[
JAB , ĴCD

]
= f ABCDEF ĴEF (2)

[
ĴAB ,

[
ĴCD , JEF

]]
+
[
ĴCD ,

[
ĴEF , JAB

]]
+
[
ĴEF ,

[
ĴAB , JCD

]]
=

1
24

f ABGHMN f CDIJOP f EFKLQR f MNOPQR
{
JGH , J IJ , JKL

} (Serre Relation)
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Defining Relations of a Yangian Algebra Y [G ]

In a multi-site representation, with single-site level-zero generators JABi satisfying the
commutation relations [

JABi , JCDj

]
= δij f

ABCD
EF JEFi (3)

and N-site level-zero generators

JAB =
N∑
i=1

JABi (4)

satisfying (1), a construction for the level-one generators that satisfies (2) is the
following:

ĴAB =
1
2
f ABCDEF

∑
1≤i<j≤N

JCDi JEFj (5)
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Defining Relations of the Conformal Yangian Y [SO(2, n)]
The generators of the conformal group SO(2, n), where n is the number of space-time
dimensions, satisfy the Lie algebra commutation relations[

JAB , JCD
]
= −ηACJBD − ηBDJAC + ηADJBC + ηBCJAD ≡ f ABCDEF JEF (6)

where JAB = −JBA, 0 ≤ A,B ≤ n + 1, ηAB = diagonal(1,−1,−1,−1, . . . ,−1, 1),
gµν = ηµν = diagonal(1,−1,−1,−1, . . . ,−1), 0 ≤ µ, ν ≤ n − 1

and the structure constants of the conformal algebra (6) are

f ABCDEF ≡ 1
2

(
− ηAC δBE δ

D
F − ηBD δAE δ

C
F + ηAD δBE δ

C
F + ηBC δAE δ

D
F

+ ηAC δBF δ
D
E + ηBD δAF δ

C
E − ηAD δBF δ

C
E − ηBC δAF δ

D
E

) (7)
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Single Site Serre Condition
For a set of level-zero generators JAB =

∑N
i=1 J

AB
i and level-one generators

ĴAB = 1
2 f

AB
CDEF

∑
1≤i<j≤N JCDi JEFj to generate a consistent Yangian algebra, they

need to be in a representation that satisfies the so-called Serre Relation.

For N = 1, JAB = JAB1 and ĴAB = 0. And thus, for a single site, the Serre relation
reduces to the following Single Site Condition:

f ABGHMN f CDIJOP f EFKLQR f MNOPQR
{
JGH1 , J IJ1 , J

KL
1

}
= 0 (8)

where the totally symmetrized triple product is defined as{
JGH , J IJ , JKL

}
≡ JGHJ IJJKL + J IJJGHJKL + JKLJ IJJGH

+ JGHJKLJ IJ + J IJJKLJGH + JKLJGHJ IJ
(9)
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Single Site Serre Condition
We want to prove that the momentum-space differential operator representation
of the conformal Yangian Y [SO(2, n)] satisfies the Serre Relation.

In preparation for
the proof, we rewrite the RHS of the Serre Relation using the structure constants of the
conformal algebra (7) and expanding the totally symmetrized triple product (9). We
find that the Single Site Condition (8) becomes (Dokmetzoglou, Dolan 2023):[(

ηDBMEFCA − (A ↔ B)
)
− (C ↔ D)

]
+ (ABCDEF → CDEFAB) + (ABCDEF → EFABCD) = 0 (10)

where the single-site tensor MEFCA is defined as

MEFCA ≡
(
− JEA1 {JCW1 , JYF1 } − JFC1 {JEW1 , JYA1 }+ JEC1 {JAW1 , JYF1 }+ JFA1 {JEW1 , JYC1 }

)
ηWY

(11)
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Momentum-Space Differential Operator Representation
Single-Site Level-Zero Y [SO(2, n)] Generators

The momentum-space differential operator representation of the single-site
level-zero generators of the conformal Yangian Y [SO(2, n)], for scalar and gauge
fields, is defined in terms of the momenta kµi and the partial derivatives ∂ µ

i ≡ ∂/∂ki µ,
∂iµ ≡ ∂/∂kµi , 1 ≤ i ≤ N, 0 ≤ µ, ν ≤ n − 1, as follows (Gross,Wess 1970; Fradkin,
Palchik 1996):

Pµ
i ≡ kµi Lµνi ≡ kµi ∂

ν
i − kνi ∂

µ
i +Σµν

i

Di ≡ d + kνi ∂iν Kµ
i ≡ 2 d ∂ µ

i + 2 kνi ∂iν ∂
µ
i − kµi ∂iν ∂

ν
i − 2Σµν

i ∂iν

(12)

where the conformal dimension d ∈ R (canonical mass/scaling dimension) takes the
value d = (n− 2)/2 for bosonic fields in n space-time dimensions, and Σµν

i is called the
spin operator.
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Momentum-Space Differential Operator Representation
Single-Site Level-Zero Y [SO(2, n)] Generators

The spin operator Σµν
i terms don’t appear for scalar fields, i.e.

Σµν
i |scalar ≡ 0 (13)

while for gauge fields they are given by

Σµν
i |gauge A(kj ; ϵj) ≡ ϵαi Σµν

(αβ) Ã
β
i (kj ; ϵj ̸=i ) = ϵαi (δ

µ
α δ

ν
β − δµβ δ

ν
α) Ã

β
i (kj ; ϵj ̸=i ) (14)

where Σµν
(αβ) ≡ δµα δνβ − δµβ δ

ν
α.

Note that, in JABi form, 0 ≤ A,B ≤ n + 1:

Jµνi ≡ Lµνi Jn,µi ≡ 1
2

(
Pµ
i − Kµ

i

)
Jn+1,µ
i ≡ 1

2

(
Pµ
i + Kµ

i

)
Jn,n+1
i ≡ Di (15)
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β
i (kj ; ϵj ̸=i ) (14)

where Σµν
(αβ) ≡ δµα δνβ − δµβ δ

ν
α.

Note that, in JABi form, 0 ≤ A,B ≤ n + 1:

Jµνi ≡ Lµνi Jn,µi ≡ 1
2

(
Pµ
i − Kµ

i

)
Jn+1,µ
i ≡ 1

2

(
Pµ
i + Kµ

i

)
Jn,n+1
i ≡ Di (15)



Conformal Yangian Y [SO(2, n)] On Scalar λϕ3 Theory Graphs On Scattering Polynomials On Pure Yang-Mills Theory Amplitudes

Momentum-Space Differential Operator Representation
N-Site Level-Zero Y [SO(2, n)] Generators

Using (4) and (12), we can now define the N-site level-zero generators of the
conformal Yangian Y [SO(2, n)]

Pµ ≡
N∑
i=1

Pµ
i Lµν ≡

N∑
i=1

Lµνi D ≡
N∑
i=1

Di Kµ ≡
N∑
i=1

Kµ
i (16)

in the momentum-space differential operator representation.
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Momentum-Space Differential Operator Representation
N-Site Level-One Y [SO(2, n)] Generators

And from (15), (5) and (7), we obtain the level-one Y [SO(2, n)] generators in this
representation:

P̂µ ≡ −
∑

1≤i<j≤N

[(
Pµ
i Dj + gαβ P

α
i Lµβj

)
− (i ↔ j)

]
L̂µν ≡ −1

2

∑
1≤i<j≤N

[(
Pµ
i K ν

j − Pν
i Kµ

j + 2 gαβ L
µα
i Lνβj

)
− (i ↔ j)

]
D̂ ≡ −1

2

∑
1≤i<j≤N

[(
gαβ P

α
i Kβ

j

)
− (i ↔ j)

]
K̂µ ≡

∑
1≤i<j≤N

[(
−Di K

µ
j + gαβ L

µα
i Kβ

j

)
− (i ↔ j)

]
(17)
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Proof of Serre Relation
We are now ready to prove that the Serre Relation is satisfied by the
momentum-space differential operator representation (12) of Y [SO(2, n)].

We
rewrite JABi and their anti-commutators SAD

i ≡ ηBC {JABi , JCDi } in terms of a smaller
set of operators, κAi , V A

i and ΣAB
i , which satisfy a simpler algebra, suppressing the

single-site notation:

JAB = κAV B − κBV A +ΣAB

SAD = −2κBκBV AVD − 2 d ηAD − 2 (d − n−2
2 )(κAVD + κDV A)

− 2κBV AΣCDηBC − 2κBVDΣCAηBC +ΣABΣCDηBC +ΣCDΣABηBC

(18)

where

κA = (κµ, κn, κn+1), κµ = kµ, κn = −(d + kρ∂ρ) = −κn+1

V A = (V µ,V n,V n+1), V µ = ∂µ, V n = − 1
2 (1 + ∂ρ∂ρ), V n+1 = − 1

2 (1 − ∂ρ∂ρ)

ΣAB = δAµδ
B
νΣ

µν + δAµ (ηBn + ηB,n+1) ΣµρVρ − δBµ (ηAn + ηA,n+1) ΣµρVρ
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Proof of Serre Relation
For Scalar Fields

From (13) we have that for scalar fields, ΣAB = Σµν = 0, and thus,

JAB = κAV B − κBV A +ΣAB

SAD = −2κBκBV AVD − 2 d ηAD − 2 (d − n−2
2 )(κAVD + κDV A)

− 2κBV AΣCDηBC − 2κBVDΣCAηBC +ΣABΣCDηBC +ΣCDΣABηBC
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−((((((((
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Proof of Serre Relation
For Scalar Fields

From (13) we have that for scalar fields, ΣAB = Σµν = 0, and thus,

JAB = κAV B − κBV A

SAD = −2κBκBV AVD − 2 d ηAD − 2 (d − n−2
2 )(κAVD + κDV A)

which we use to rewrite the MEFCA tensor (11):

MEFCA = −JEASCF − JFCSEA + JECSAF + JFASEC (19)
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Proof of Serre Relation
For Scalar Fields

We find that:

MEFCA = −JEASCF − JFCSEA + JECSAF + JFASEC

= (n − 2) (JEAηCF + JFCηEA − JECηAF − JFAηEC )
(20)

which when substituted into the Single Site Condition (10) produces a vanishing
result[(

ηDBMEFCA − (A ↔ B)
)
− (C ↔ D)

]
+ (ABCDEF → CDEFAB) + (ABCDEF → EFABCD) = 0

And thus, we have proved that the Serre Relation is satisfied by the momentum-space
differential operator representation of the conformal Yangian Y [SO(2, n)] for off-shell
scalar fields, with arbitrary conformal spin d and in any number of space-time
dimensions n.
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Proof of Serre Relation
For Gauge Fields

For gauge fields, the proof of the Single Site Condition (10) is more complicated, due
to the non-trivial ΣAB terms now appearing in the expressions for the single-site
level-zero generators JAB and their anti-commutators SAD :

JAB = κAV B − κBV A +ΣAB

SAD = −2κBκBV AVD − 2 d ηAD − 2 (d − n−2
2 )(κAVD + κDV A)

− 2κBV AΣCDηBC − 2κBVDΣCAηBC +ΣABΣCDηBC +ΣCDΣABηBC

(21)

In fact, the representation for gauge fields does not produce an MEFCA tensor which
satisfies the Single Site Condition for arbitrary k2 (i.e. off-shell), d and n.
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Proof of Serre Relation
For Gauge Fields

However, if we set k2 = 0 (i.e. on-shell), n = 4, and d = (n − 2)/2 = 1, the first term
of the MEFCA tensor reduces to:

−JEASCF = 2kα
[
(κE + ηEn + ηE ,n+1) V A − (κA + ηAn + ηA,n+1) V E

]
·
[
(δCγ + (ηCn + ηC ,n+1)Vγ) V

F + V C (δFγ + (ηFn + ηF ,n+1)Vγ)
]

+ 4kα
[
δAγ (ηEn + ηE ,n+1)− δEγ (ηAn + ηA,n+1)

]
V CV F

− 4
[
δAα (ηEn + ηE ,n+1)− δEα (ηAn + ηA,n+1)

]
V CV F kγ

− 2JEAαβ
[
V C (ηFβ + (ηFn + ηF ,n+1)V β) + (C ↔ F )

]
kγ (22)

which we recognize as a gauge transformation.
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Proof of Serre Relation
For Gauge Fields

And thus, as a gauge transformation, JEASCF acting on on-shell gauge theory
amplitudes, which are known to be gauge invariant, gives:

ϵα1

(
JEA1 SCF

1

)
αγ

Ãγ
1(k1, . . . , kN ; ϵ2, . . . , ϵN) = 0 (23)

which implies MEFCA vanishes on the amplitudes

ϵα1

(
MEFCA

)
αγ

Ãγ
1(k1, . . . , kN ; ϵ2, . . . , ϵN) = 0 (24)

And thus, we have proved that the Serre Relation is satisfied by the momentum-space
differential operator representation of the conformal Yangian Y [SO(2, n)] for gauge
fields, but only on-shell, for d = 1 and in n = 4 space-time dimensions.
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Action of Y [SO(2, n)] Generators on

Scalar λϕ3 Theory Graphs
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Some Definitions

It is useful for us to define an N-point function AN for which momentum conservation
is assumed (e.g. an individual Feynman graph, partial or total amplitude) as follows:

AN(k1, k2, . . . , kN) ≡ δn(k1 + k2 + · · ·+ kN) AN(k1, k2, . . . , kN) (25)

where δn is the n-dimensional momentum-conserving Dirac delta function, AN is the
kinematic part of the N-point function, and where the caligraphic AN and plain AN

have been chosen to distinguish between the full N-point function and its kinematic
part with the momentum-conserving delta function stripped off.

Further, we use the superscript ∆ to denote an individual off-shell λϕ3 theory graph,
e.g. Aϕ3,∆

N .
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Some Definitions

We can express all λϕ3 theory off-shell tree-level partial amplitudes as functions of
off-shell invariants with consecutive momenta (Dolan, Goddard 2020)

k2
[I ,J] ≡ (kI + kI+1 + . . .+ kJ−1 + kJ)

2 ≡ sI ,I+1,...,J−1,J (26)

with 1 ≤ I < J < N, excluding k2
[1,N−1].

Each N-point partial amplitude Aϕ3, partial
N is

the sum of 1
N−1

(2N−4
N−2

)
individual Feynman graphs Aϕ3,∆

N . And each λϕ3 theory
off-shell tree graph takes the form

Aϕ3,∆
N (k1, . . . , kN) ≡ (−1)N+1

∏
[I ,J]∈∆

1
k2
[I ,J]

(27)

where ∆ is a set of N − 3 consecutive subsets [I , J] = {a ∈ N : I ≤ a ≤ J}.
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Some Definitions
For example, the kinematic part of the λϕ3 theory four-point off-shell partial amplitude
is given by:

Aϕ3, partial
4 = A

ϕ3, {[1,2]}
4 + A

ϕ3, {[2,3]}
4

= − 1
k2
[1,2]

− 1
k2
[2,3]

= − 1
(k1 + k2)2

− 1
(k2 + k3)2

(28)

Higher-point graphs can be obtained using the off-shell recurrence relation (Dolan,
Goddard 2020):

Aϕ3,∆
N (k1, . . . , kN) = − 1

s34
Aϕ3,∆′

N−1 (k1, k2, k3 + k4, k5, . . . , kN) (29)
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Action of Level-Zero Generators on Scalar λϕ3 Theory Graphs

PµAϕ3,∆
N =

(∑N
i=1 ki

µ
)
δn
(∑N

j=1 kj

)
Aϕ3,∆
N = 0

Lµν Aϕ3,∆
N = δn

(∑N
j=1 kj

)
Lµν Aϕ3,∆

N = 0

DAϕ3,∆
N = D

[
δn
(∑N

j=1 kj

)
Aϕ3,∆
N

]
= [N (d − 2)− (n − 6)] Aϕ3,∆

N

KµAϕ3,∆
N = Kµ

[
δn
(∑N

j=1 kj

)
Aϕ3,∆
N

]
= −2

∑
S∈∆

[2 |S | (d − 2)− (n − 6)]
kµS
k2
S

Aϕ3,∆
N

(30)
where ∆ is the set of consecutive subsets associated with the off-shell kinematic
invariants appearing in the graph Aϕ3,∆

N , as defined in (27), kµS =
∑

j∈S k
µ
j and

k2
S = (

∑
j∈S kj)

2.
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Action of Level-Zero Generators on Scalar λϕ3 Theory Graphs

So, all the level-zero generators JAB of the conformal Yangian Y [SO(2, n)], i.e. the
generators of the conformal group SO(2, n), annihilate individual λϕ3 theory off-shell
graphs in n = 6 space-time dimensions, and with conformal spin d = 2,

JAB Aϕ3,∆
N = JAB

[
δn
(∑N

j=1 kj

)
Aϕ3,∆
N

]
= 0 . (31)
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Action of Level-One Generators on Scalar λϕ3 Theory Graphs

Note that, for a given N-point function AN , showing that it is annihilated by all the
level-zero Y [SO(2, n)] generators (Pµ, Lµν , D, Kµ) and by at least one of the level-one
Y [SO(2, n)] generators

(
P̂µ, L̂µν , D̂, K̂µ

)
is sufficient for proving that AN is

annihilated by all the level-one generators, assuming that the level-zero and level-one
generators satisfy the algebra (2).
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The level-one translation generators (17), in the momentum-space differential operator
representation (12) for scalar fields, are defined as

P̂µ = −
∑

1≤i<j≤N

[(
Pµ
i Dj + gαβ P

α
i Lµβj

)
− (i ↔ j)

]
= −

∑
1≤i<j≤N

[(
kµi (d + kνj ∂jν) + gαβ k

α
i (kµi ∂

β
i − kβi ∂

µ
i )
)
− (i ↔ j)

] (32)

For a given off-shell kinematic invariant, k2
[I ,J], for 1 ≤ I < J < N, we find that the

level-one translation generators act as a multiplicative factor of the form

P̂µ k2
[I ,J] =

[
− d

∑N
j=1(N + 1 − 2 j) kµj + 2

(
−kµ[1, I−1] + kµ[J+1,N]

)]
k2
[I ,J] (33)
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Action of Level-One Generators on Scalar λϕ3 Theory Graphs

We find that P̂µ acts on the kinematic part of a given off-shell λϕ3 theory tree graph,
Aϕ3,∆
N , in a similarly simple manner:

P̂µ Aϕ3,∆
N =

−d
N∑
j=1

(N + 1 − 2 j) kµj − 2
∑

[I ,J]∈∆

(
−kµ[1, I−1] + kµ[J+1,N]

)Aϕ3,∆
N (34)

It is clear that P̂µ does not annihilate the graph Aϕ3,∆
N . Nonetheless, we can define an

extended generator P̂′µ, using a set of so-called evaluation parameters for each
individual off-shell λϕ3 theory graph, that does:

cϕ
3,∆

N, j ≡ d (N + 1 − 2 j) + 2
∑

[I ,J]∈∆

{
−1 if j ∈ [1, I − 1]
+1 if j ∈ [J + 1, N] (35)
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Action of Level-One Generators on Scalar λϕ3 Theory Graphs

The extended level-one generator is defined as:

P̂′µ Aϕ3,∆
N ≡

[
P̂µ +

N∑
i=1

cϕ
3,∆

N, i Pµ
i

]
Aϕ3,∆
N = 0 (36)

and since it can be shown that it commutes with the momentum-conserving delta
function, we also have:

P̂′µAϕ3,∆
N = δn

(∑N
j=1 kj

)
P̂′µ Aϕ3,∆

N = 0 (37)
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Action of Level-One Generators on Scalar λϕ3 Theory Graphs

Example: A
ϕ3, {[1,2]}
4 = −1/s12 = −1/(k1 + k2)

2

P̂µ

(
− 1
s12

)
= [−d (3kµ1 + kµ2 − kµ3 − 3kµ4 )− 2 (kµ3 + kµ4 )]

(
− 1
s12

)

Evaluation parameters : {c1 = 3 d , c2 = d , c3 = −d + 2, c4 = −3 d + 2}
4∑

i=1

ciP
µ
i

(
− 1
s12

)
= [d (3kµ1 + kµ2 − kµ3 − 3kµ4 ) + 2 (kµ3 + kµ4 )]

(
− 1
s12

)
[
P̂µ +

4∑
i=1

ciP
µ
i

](
− 1
s12

)
= 0 , for arbitrary n and d .

(38)
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Action of Level-One Generators on Scalar λϕ3 Theory Graphs

Having shown that the level-zero generators annihilate individual λϕ3 theory off-shell
graphs in n = 6 space-time dimensions, JAB Aϕ3,∆

N = JAB
[
δn
(∑N

j=1 kj

)
Aϕ3,∆
N

]
= 0,

and that P̂′µ does so too (37),

we are guaranteed by the defining relations of the
algebra, which are also satisfied by the level-zero and the extended level-one generators,

Ĵ ′AB ≡ ĴAB +
N∑
i=1

cϕ
3,∆

N, i JABi , (39)

that all the extended level-one generators annihilate individual λϕ3 theory off-shell
graphs in n = 6 space-time dimensions,

Ĵ ′AB Aϕ3,∆
N = Ĵ ′AB

[
δn
(∑N

j=1 kj

)
Aϕ3,∆
N

]
= 0 . (40)



Conformal Yangian Y [SO(2, n)] On Scalar λϕ3 Theory Graphs On Scattering Polynomials On Pure Yang-Mills Theory Amplitudes

Action of Level-One Generators on Scalar λϕ3 Theory Graphs

Having shown that the level-zero generators annihilate individual λϕ3 theory off-shell
graphs in n = 6 space-time dimensions, JAB Aϕ3,∆

N = JAB
[
δn
(∑N

j=1 kj

)
Aϕ3,∆
N

]
= 0,

and that P̂′µ does so too (37), we are guaranteed by the defining relations of the
algebra, which are also satisfied by the level-zero and the extended level-one generators,
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Action of Level-One Generators on Scalar λϕ3 Theory Graphs

However, since the evaluation parameters cannot be defined in a graph independent
way, and since they are generally not equal for all the individual graphs which one has to
sum over to obtain a λϕ3 theory partial or total amplitude,

we conclude that neither the
original ĴAB nor the extended Ĵ ′AB level-one generators annihilate λϕ3 theory partial
and total amplitudes. Thus, we are led to also conclude that the conformal Yangian
Y [SO(2, n)] is not a symmetry of λϕ3 theory. Nevertheless, the invariance of the
individual graphs is still an unexpected interesting structure worth investigating further.
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Action of Y [SO(2, n)] Generators on

the Off-Shell Scattering Polynomials
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Polynomial Form of Cachazo-He-Yuan Scattering Equations Formalism
From (Dolan, Goddard 2014a, 2020), we have that the kinematic part of the N-point
partial amplitude can be computed by evaluating the multi-variable contour integral

Apartial
N =

∮
O

ΨN

HN

1
zN−1

∏
2≤a<b≤N−1

(za − zb)
N−2∏
a=2

za dza+1

(za − za+1)
2 ≡

∮
O
IN , (41)

where z2 = 1, zN = 0, HN is the product of N − 3 polynomials, called the hNm scattering
polynomials, which we define below,

HN ≡
N−3∏
m=1

hNm , (42)

and O signifies the closed contour surrounding only the simultaneous zeroes of those
N − 3 polynomials, also known as the solutions of the scattering equations, of which
there are (N − 3)!.
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Polynomial Form of Cachazo-He-Yuan Scattering Equations Formalism

Some examples of off-shell polynomials (Dolan, Goddard 2020):

h4, off-shell
1 = (1 − z3)(k1 + k2)

2 − z3(k2 + k3)
2

h5, off-shell
1 = (1 − z3)(k1 + k2)

2 − (z3 − z4)(k2 + k3)
2

+ (z3 − z4)(k1 + k2 + k3)
2 − z4(k2 + k3 + k4)

2

h5, off-shell
2 = z4(1 − z3)(k1 + k2)

2 − z4(1 − z3)(k3 + k4)
2

+ (z3 − z4)(k1 + k2 + k3)
2 − z3z4(k2 + k3 + k4)

2

(43)
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Polynomial Form of Cachazo-He-Yuan Scattering Equations Formalism

Aϕ3, partial
4 =

∮
O

dz3

h4, off-shell
1

1
z3 (1 − z3)

= − 1
s12

− 1
s23

, (44)

A
ϕ3, {[1,2]}
4 = − 1

s12
= − 1

k2
[1,2]

=

∮
O

dz3

h4, off-shell
1

1
z3

A
ϕ3, {[2,3]}
4 = − 1

s23
= − 1

k2
[2,3]

=

∮
O

dz3

h4, off-shell
1

1
1 − z3

(45)
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Action of Level-Zero Generators on Off-Shell Scattering Polynomials

Pµ

[
δn
(∑N

j=1 kj

) [
H off-shell
N

]−1
]
=

(
N∑
i=1

ki
µ

)
δn
(∑N

j=1 kj

) [
H off-shell
N

]−1
= 0

Lµν

[
δn
(∑N

j=1 kj

) [
H off-shell
N

]−1
]
= 0

D
[
δn
(∑N

j=1 kj

) [
H off-shell
N

]−1
]
= [N (d − 2)− (n − 6)] δn

(∑N
j=1 kj

) [
H off-shell
N

]−1

(46)
for d = 2 and in n = 6 space-time dimensions.
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Action of Level-Zero Generators on Off-Shell Scattering Polynomials

Kµ
[
h4, off-shell
1

]−1
= Kµ

[
(1 − z3)(k1 + k2)

2 − z3(k2 + k3)
2]−1

= −
2 (4 d − n − 2) [(1 − z3) (k

µ
1 + kµ2 )− z3 (k

µ
2 + kµ3 )](

h4, off-shell
1

)2

−
8(z3 − 1)z3

((
k3

2 − k2
2) kµ1 +

(
k4

2 − k2
2) kµ2 +

(
k1

2 − k2
2) kµ3 )(

h4, off-shell
1

)3

(47)
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Action of Level-Zero Generators on Off-Shell Scattering Polynomials

Kµ

∮
h=0

dz

h

1
z
= (−8d + 2n + 4)(k1 + k2)

µ

∮
h=0

dz

(h)2
1
z

= (8d − 2n − 4)(k1 + k2)
µ

∮
z=0

dz

z

1
(h)2

=
(8d − 2n − 4)(k1 + k2)

µ

s2
12

,

Kµ

∮
h=0

dz

h

1
(1 − z)

= (8d − 2n − 4)(k2 + k3)
µ

∮
h=0

dz

(h)2
z

(1 − z)

= (−8d + 2n + 4)(k2 + k3)
µ

∮
z=1

dz

(1 − z)

1
(h)2

=
(8d − 2n − 4)(k2 + k3)

µ

s2
23

(48)
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Action of Level-One Generators on Off-Shell Scattering Polynomials

P̂µ
[
H off-shell
N

]−1
= −d

[
N∑
i=1

(N + 1 − 2 i) kµi

] [
H off-shell
N

]−1

− 2
[
H off-shell
N

]−1 N−3∑
m=1

[
hN, off-shell
m

]−1 ∑
[I ,J]∈A

(
−kµ[1, I−1] + kµ[J+1,N]

)
k2
[I ,J]

(
∂hN, off-shell

m

∂k2
[I ,J]

)
,

(49)
where A ≡ {[I , J] : 1 ≤ I ≤ J < N} is the set of all consecutive subsets of the form
[I , J] = {a ∈ N : I ≤ a ≤ J}.
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Action of Level-One Generators on Off-Shell Scattering Polynomials

P̂µ
[
h4, off-shell
1

]−1
=−

d (3kµ1 + kµ2 − kµ3 − 3kµ4 )(
h4, off-shell
1

)
−

2
(
(1 − z3)(k1 + k2)

2 (kµ3 + kµ4 )− z3 (k2 + k3)
2 (−kµ1 + kµ4 )

)(
h4, off-shell
1

)2

(50)

− P̂µ

∮
dz

h

(
1
z
+

1
1 − z

)
= 2kµ3 s12

∮
dz

h2
1
z
+ 2kµ1 s23

∮
dz

h2
1

1 − z
+ 2kµ4

∮
dz

h

(
1
z
+

1
1 − z

)
+O(d)

= 2(k3 + k4)
µ

(
− 1
s12

)
+ 2(−k1 + k4)

µ

(
− 1
s23

)
+O(d) (51)
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Action of Y [SO(2, n)] Generators on

Pure Yang-Mills Theory Amplitudes
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Some Definitions

We find it useful to factor out the polarization vectors ϵµj from the pure Yang-Mills
theory tree amplitudes,

AYM
N (k ; ϵ) =

(
ϵα1
1 ϵα2

2 . . . ϵαN
N

)
(ηα1γ1ηα2γ2 . . . ηαNγN ) A

γ1γ2...γN
N (k ; �ϵ) , (52)

and act with the generators on the tensors Aγ1γ2...γN
N (k), which are independent of the

polarization vectors.
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Action of Level-One Generators on Pure Yang-Mills Theory Amplitudes
Three-Gluon On-Shell Tree Amplitude

The three-gluon tree amplitude is

Aaα1, bα2, cα3 = −g f abc (2π)4δ4(k1 + k2 + k3)

·
(
ηα2α3(k2 − k3)

α1 + ηα3α1(k3 − k1)
α2 + ηα1α2(k1 − k2)

α3
)

(53)
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Action of Level-One Generators on Pure Yang-Mills Theory Amplitudes
Three-Gluon On-Shell Tree Amplitude

The action of the level-one generator P̂µ on the three-point gluon amplitude is given by:

− P̂µα1α2α3
γ1γ2γ3

Aaγ1, bγ2, cγ3

= −g fabc (2π)4δ4(k1 + k2 + k3)

·
(

4kµ1
(
ηα2α3kα1

2 + ηα3α1kα2
3 + 2ηα1α2kα3

1
)
− 4kµ3

(
2ηα2α3kα1

2 + ηα3α1kα2
3 + ηα1α2kα3

1
)

+ ηµα1 (−4kα2
1 kα3

1 ) + ηµα2 (−4kα1
2 kα3

2 ) + ηµα3 (−4kα1
3 kα2

3 )
)

(54)
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The expression is gauge invariant, i.e. it vanishes when multiplied by any kαi
i for

1 ≤ i ≤ 3. It is not cyclic invariant since P̂µ is not cyclic. We assume transverse
polarizations ki · ϵi (ki ) = 0, and drop terms in (54) proportional to kαi

i since they
correspond to gauge transformations. The on-shell conditions k2

i = 0 in four spacetime
dimensions are required from the Serre relation. Since this expression is not zero, we
know the SO(2, 4) Yangian is not a symmetry of pure Yang-Mills theory. The presence
of the ηµαi is necessary for gauge invariance; and these fixed tensor terms cannot be
removed by extending P̂µ by evaluation parameters, as they could in the case of scalar
λϕ3 theory.
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To pursue a simpler form of (54), we note it can be streamlined from the equivalence

δ4(k1 + k2 + k3)

·
(

4kµ1
(
ηα2α3kα1

2 + ηα3α1kα2
3 + 2ηα1α2kα3

1
)
− 4kµ3

(
2ηα2α3kα1

2 + ηα3α1kα2
3 + ηα1α2kα3

1
)

+ ηµα1 (−4kα2
1 kα3

1 ) + ηµα2 (−4kα1
2 kα3

2 ) + ηµα3 (−4kα1
3 kα2

3 )
)

= δ4(k1 + k2 + k3)
(
tr(γα2γζγα3γωγα1γµ)k1ωk2ζ

− tr(γα3γζγα2γωγα1γµ)k1ωk3ζ + tr(γα3γζγα1γωγα2γµ)k2ωk3ζ
)

(55)

Here the Dirac γ matrices are in a Weyl representation.



Conformal Yangian Y [SO(2, n)] On Scalar λϕ3 Theory Graphs On Scattering Polynomials On Pure Yang-Mills Theory Amplitudes

Action of Level-One Generators on Pure Yang-Mills Theory Amplitudes
Three-Gluon On-Shell Tree Amplitude

We were motivated to find the identity (55) by extending the level one generator to
include supercharges (Drummond et al. 2010, 2009). In position space we would have

⟨0|TAaγ1(x1)A
bγ2(x2)A

cγ3(x3)|0⟩ = G aγ1,bγ2,cγ3(x1x2x3), (56)

and for PSU(2,2|4) Yangian invariance of the three-gluon tree amplitude we assume a
level one generator of the form

− P̂µα1α2α3
x ,SS γ1γ2γ3

G aγ1,bγ2,cγ3(x1x2x3) = 0

=
∑

1 ≤i<j≤3

(
Pµ
i Dj + PiρL

µρ
j − 1

4 σ̄
µα̇αQA

αi Q̃Aα̇j − (i ↔ j)
)α1α2α3

x γ1γ2γ3
G aγ1,bγ2,cγ3(x1x2x3)

(57)
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QA
α , Q̃Aα̇ are the conformal supercharges appearing in the superconformal group

PSU(2, 2|4), where 1 ≤ A ≤ 4. They rotate a gluon into a fermion in the adjoint
representation,

QA
αA

aµ ∼ σµ
αβ̇
ϵβ̇γ̇ψ̄Aa

γ̇ , Q̃A
β̇
Aaµ ∼ ϵβ̇α̇σ̄

µ α̇γψAa
γ (58)

We compute the QQ̃ terms in (57), using the Lagrangian coupling fermions and gluons

L = −1
4F

µνaFµνa − ig ψ̄Aσ̄µDµψA = L0 + LI

LI = −gfabcA
b
µA

c
ν∂

µAνa − g2

4
fabc fadeA

b
µA

c
νA

dµAeν − igfdef ψ̄
Ad
α̇ σ̄µα̇αAe

µψ
f
Aα (59)
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The on-shell four-gluon partial tree amplitude is, with the polarization vectors removed,
is given by:

A(1234) = g2 (2π)4 δ4(k1 + k2 + k3 + k4)
(
i
ns
s

− i
nt
t

)
,

where
i nα1α2α3α4

s

=
(
ηα1α2(k1 − k2)σ + 2kα1

2 δα2
σ − 2kα2

1 δα1
σ

)(
ηα3α4(k3 − k4)

σ + 2kα3
4 ησα4 − 2kα4

3 ησα3
)

+
(
ηα1α3ηα2α4 − ηα1α4ηα2α3

)
s

i nα1α2α3α4
t

=
(
ηα2α3(k2 − k3)σ + 2kα3

2 δα3
σ − 2kα3

2 δα2
σ

)(
ηα4α1(k1 − k4)

σ − 2kα4
1 ησα1 + 2kα1

4 ησα4
)

+
(
− ηα2α4ηα3α1 + ηα2α1ηα3α4

)
t

(60)
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The action of the level-one generator P̂µ on the four-point gluon amplitude, assuming
momentum conservation, dropping terms that are gauge transformations i.e.
proportional to kαi

i , and using the on-shell conditions k2
i = 0, yields:

− P̂µ
(
i
ns

s
− i

nt

t

)
=

[
ηµα1

(
ηα2α3

(
4kα4

3 −
8kα4

1 k1 · k2

t

)
− ηα3α4 (4kα2

3 −
8kα2

1 k1 · k4

s

)
−

8kα2
1 (kα4

1 kα3
4 + kα4

3 kα3
2 )

s
+

8kα4
1 (kα2

1 kα3
2 + kα2

3 kα3
4 )

t

)
+ ηµα2

(
ηα1α4

(
− 4kα3

4 +
8kα3

2 k1 · k2

t

)
+ ηα3α4 (4kα1

4 −
8kα1

2 k1 · k4

s

)
+

8kα1
2 (kα3

2 kα4
3 + kα3

4 kα4
1 )

s
−

8kα3
2 (kα1

2 kα4
1 + kα1

4 kα4
3 )

t

)
+ . . . (61)
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+ kµ
1

(
6 ηα1α3ηα2α4 − ηα1α4ηα2α3

(
6 +

8k1 · k2

t
)− ηα1α2ηα3α4

(
6 +

16k1 · k4

s
)

+ ηα1α2
(16kα3

4 kα4
1 − 16kα4

3 kα3
1 − 4kα3

4 kα4
3

s
−

12kα4
1 kα3

2
t

)
+ ηα3α4

(8kα2
1 kα1

4 − 16kα1
2 kα2

4 − 4kα2
1 kα1

2
s

−
12kα2

3 kα1
4

t

)
+ ηα1α3

(8kα2
1 kα4

3
s

+
12kα4

1 kα2
3

t

)
+ ηα2α4

(16kα1
2 kα3

4
s

+
12kα3

2 kα1
4

t

)
+ ηα1α4

(
−

8kα2
1 kα3

4
s

+
−8kα3

2 kα2
4 + 8kα2

3 kα3
4 + 4kα3

2 kα2
3

t

)
+ ηα2α3

(
−

16kα1
2 kα4

3
s

+
−12kα4

1 kα1
3 + 12kα1

4 kα4
3

t

) )
+ . . . (62)
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+ kµ
2

(
2 ηα1α3ηα2α4 − ηα1α4ηα2α3

(
2 +

8k1 · k2

t
)− 2ηα1α2ηα3α4

+ ηα1α2
(4kα3

4 kα4
3

s
+

4kα4
1 kα3

2
t

)
+ ηα3α4

(4kα1
2 (k3 − k4)α2

s
−

12kα2
3 kα1

4
t

)
+ ηα1α3

(4kα4
1 kα2

3
t

)
+ ηα2α4

(8kα1
2 kα3

4
s

+
4kα3

2 kα1
4

t

)
+ ηα1α4

(4kα2
3 (k4 − k1)α3

t

)
+ ηα2α3

(−8kα1
2 kα4

3
s

+
4kα4

1 kα1
2 − 4kα1

4 kα4
2 + 8kα4

3 kα1
4

t

) )
− (1 ↔ 4), (2 ↔ 3) simultaneous exchange

]
(63)
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which can also be expressed in terms of Dirac matrices

=
(k1 + k2)τ

(k1 + k2)2

[
− tr(γα̃1γµγα̃3γζγα̃4γτγα̃2γω)k1ωk3ζ + tr(γα̃2γµγα̃3γζγα̃4γτγα̃1γω)k2ωk3ζ

+ tr(γα̃1γµγα̃4γζγα̃3γτγα̃2γω)k1ωk4ζ − tr(γα̃2γµγα̃4γζγα̃3γτγα̃1γω)k2ωk4ζ

]
−

(k2 + k3)τ

(k2 + k3)2

[
tr(γα̃1γµγα̃2γζγα̃3γτγα̃4γω)k1ωk2ζ − tr(γα̃1γµγα̃3γζγα̃2γτγα̃4γω)k1ωk3ζ

+ tr(γα̃2γµγα̃4γζγα̃1γτγα̃3γω)k2ωk4ζ − tr(γα̃3γµγα̃4γζγα̃1γτγα̃2γω)k3ωk4ζ

]
−

[
k1ωk2τ

(k3 + k4)2

[
− 2kα̃3

4 tr(γα̃1γµγα̃2γτγα̃4γω) + 2kα̃4
3 tr(γα̃1γµγα̃2γτγα̃3γω)

+ ηα̃3α̃4
(
− k3 + k4

)
ν
tr(γα̃1γµγα̃2γτγνγω)

]
+

k3ωk4τ

(k3 + k4)2

[
− 2kα̃1

2 tr(γα̃3γµγα̃4γτγα̃2γω) + 2kα̃2
1 tr(γα̃3γµγα̃4γτγα̃1γω)

+ ηα̃1α̃2
(
− k1 + k2

)
ν
tr(γα̃3γµγα̃4γτγνγω)

]]
(64)
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+

[
k2ωk3τ

(k1 + k4)2

[
− 2kα̃1

4 tr(γα̃2γµγα̃3γτγα̃4γω) + 2kα̃4
1 tr(γα̃2γµγα̃3γτγα̃1γω)

+ ηα̃1α̃4
(
− k1 + k4

)
ν
tr(γα̃2γµγα̃3γτγνγω)

]
+

k1ωk4τ

(k2 + k3)2

[
− 2kα̃2

3 tr(γα̃1γµγα̃4γτγα̃3γω) + 2kα̃3
2 tr(γα̃1γµγα̃4γτγα̃2γω)

+ ηα̃2α̃3
(
− k2 + k3

)
ν
tr(γα̃1γµγα̃4γτγνγω)

]]
(65)
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In summary, we have observed that the action of the SO(2,4) Yangian on a pure gluon
amplitude is equivalent to an appropriately truncated amplitude with 2 fermions and
two less gluons,

as expected from the PSU(2,2|4) Yangian symmetry of the pure gluon
amplitude. If we could interpret the fermion amplitude as the effect of some process in
pure Yang-Mills theory, we might realize a role for the level one generators of the
SO(2,4) Yangian in pure gluon theory. Such an analysis could lead to a deeper
understanding of the dynamics of non-supersymmetric non-abelian gauge theory, and
help to interpret a non-supersymmetric extension of (Arkani-Hamed et al. 2016; Beisert,
Garus 2018; Ferro et al. 2017). The physical meaning of our results is they may be
evidence for some fermionic structure in Yang-Mills theory.
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Computational Methods
Keep an eye out on GitHub for the public release of our three Mathematica packages:
TreeAmplitudesDatabase,
ConformalYangian (YangianGenerators+YangianGeneratorsOnTreeAmplitudesDatabase),
and NumericalEvaluationFiniteFields!

Figure: Mathematica packages startup message

https://github.com/NikosDokmetzoglou
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Thank you!



Computational Methods Summary and Outlook References

References I
Arkani-Hamed, N., Bai, Y., He, S., Yan, G. (2018). Scattering forms and the positive geometry of kinematics,

color and the worldsheet, JHEP 05(5): 096.
Arkani-Hamed, N., Bai, Y., Lam, T. (2017). Positive geometries and canonical forms, JHEP 11(11): 039.
Arkani-Hamed, N., Bourjaily, J. L., Cachazo, F., Goncharov, A. B., Postnikov, A., Trnka, J. (2016).

Grassmannian Geometry of Scattering Amplitudes, Cambridge University Press.
Arkani-Hamed, N., He, S., Salvatori, G., Thomas, H. (2022). Causal diamonds, cluster polytopes and scattering

amplitudes, JHEP 11: 049.
Arkani-Hamed, N., Trnka, J. (2014). The Amplituhedron, JHEP 10(10): 030.
Beisert, N. (2006). The S-matrix of AdS/CFT and Yangian symmetry, PoS SOLVAY: 002.
Beisert, N. (2011). On Yangian Symmetry in Planar N = 4 SYM, arXiv:1004.5423 [hep-th] pp. 413–438.
Beisert, N., Ahn, C., Alday, L. F., Bajnok, Z., Drummond, J. M., Freyhult, L., Gromov, N., Janik, R. A.,

Kazakov, V., Klose, T., Korchemsky, G. P., Kristjansen, C., Magro, M., McLoughlin, T. A., Minahan, J. A.,
Nepomechie, R. I., Rej, A., Roiban, R., Schäfer-Nameki, S., Sieg, C., Staudacher, M., Torrielli, A., Tseytlin,
A. A., Vieira, P., Volin, D., Zoubos, K. (2012). Review of AdS/CFT Integrability: An Overview, Lett. Math.
Phys. 99(1-3): 3–32.

Beisert, N., Garus, A. (2018). Yangian algebra and correlation functions in planar gauge theories, SciPost Phys.
5(2): 018.

Beisert, N., Garus, A., Rosso, M. (2017). Yangian Symmetry and Integrability of Planar N=4 Supersymmetric
Yang-Mills Theory, Phys. Rev. Lett. 118(14): 141603.



Computational Methods Summary and Outlook References

References II

Beisert, N., Garus, A., Rosso, M. (2018). Yangian symmetry for the action of planar N=4 super Yang-Mills and
N=6 super Chern-Simons theories, Phys. Rev. D 98(4): 046006.

Bern, Z., Carrasco, J. J. M., Chiodaroli, M., Johansson, H., Roiban, R. (2019). The Duality Between Color and
Kinematics and its Applications, arXiv:1909.01358 [hep-th] .

Bern, Z., Carrasco, J. J. M., Johansson, H. (2008). New relations for gauge-theory amplitudes, Phys. Rev. D
78(8): 085011.

Bern, Z., Carrasco, J. J. M., Johansson, H. (2010). Perturbative Quantum Gravity as a Double Copy of Gauge
Theory, Phys. Rev. Lett. 105(6): 061602.

Cachazo, F., He, S., Yuan, E. Y. (2014a). Scattering equations and Kawai-Lewellen-Tye orthogonality, Phys.
Rev. D 90(6): 065001.

Cachazo, F., He, S., Yuan, E. Y. (2014b). Scattering of Massless Particles in Arbitrary Dimensions, Phys. Rev.
Lett. 113(17): 171601.

Cachazo, F., He, S., Yuan, E. Y. (2014c). Scattering of Massless Particles: Scalars, Gluons and Gravitons, JHEP
07(7): 033.

Chicherin, D., Henn, J. M., Zoia, S. (2022). Anomalous Ward identities for on-shell amplitudes at the conformal
fixed point.

Dokmetzoglou, N., Dolan, L. (2023). Properties of the Conformal Yangian in Scalar and Gauge Field Theories,
JHEP 02(2): 137.



Computational Methods Summary and Outlook References

References III
Dolan, L. (2004). Yangians and Kac-Moody Loop Algebras in Superconformal Gauge Theory, Proceedings of

the 27th Johns Hopkins Workshop on Current Problems in Particle Theory: Symmetries and Mysteries of M
Theory — PoS (Jhw2003), Vol. 11, SISSA Medialab, p. 007.

Dolan, L., Goddard, P. (2014a). The Polynomial Form of the Scattering Equations, JHEP 07(7): 029.
Dolan, L., Goddard, P. (2014b). Proof of the formula of Cachazo, He and Yuan for Yang-Mills tree amplitudes in

arbitrary dimension, JHEP 05(5): 010.
Dolan, L., Goddard, P. (2020). Off-shell CHY amplitudes and Feynman graphs, JHEP 04(4): 141.
Dolan, L., Nappi, C. R.,Witten, E. (2003a). A Relation Between Approaches to Integrability in Superconformal

Yang-Mills Theory, JHEP 10(10): 017.
Dolan, L., Nappi, C. R.,Witten, E. (2003b). Yangian Symmetry in D=4 Superconformal Yang-Mills Theory,

Proceedings of the 3rd International Symposium on Quantum Theory and Symmetries (QTS3), World
Scientific, Cincinnati, OH, U.S.A., pp. 300–315.

Drinfel’d, V. G. (1985). Hopf Algebras and the Quantum Yang-Baxter Equation, Sov. Math. Dokl. 32: 254–258.
Drinfel’d, V. G. (1988). A New Realization of Yangians and Quantized Affine Algebras, Sov. Math. Dokl.

36: 212–216.
Drummond, J. M. (2011). Tree-level amplitudes and dual superconformal symmetry, J. Phys. A 44(45): 454010.
Drummond, J. M., Henn, J. M. (2009). All tree-level amplitudes in N = 4 SYM, JHEP 04(4): 018.
Drummond, J. M., Henn, J. M., Korchemsky, G. P., Sokatchev, E. (2010). Dual Superconformal Symmetry of

Scattering Amplitudes in N = 4 Super-Yang-Mills Theory, Nucl. Phys. B 828(1-2): 317–374.



Computational Methods Summary and Outlook References

References IV

Drummond, J. M., Henn, J. M., Plefka, J. C. (2009). Yangian Symmetry of Scattering Amplitudes in N = 4
Super Yang-Mills Theory, JHEP 05(5): 046.

Ferro, L., Łukowski, T., Orta, A., Parisi, M. (2017). Yangian symmetry for the tree amplituhedron, J. Phys. A
50(29): 294005.

Fradkin, E. S., Palchik, M. Y. (1996). Conformal Quantum Field Theory in D-dimensions, Springer Netherlands,
Dordrecht.

Gross, D. J.,Wess, J. (1970). Scale invariance, conformal invariance, and the high-energy behavior of scattering
amplitudes, Phys. Rev. D 2(4): 753–764.

Henn, J. M. (2021). What Can We Learn About QCD and Collider Physics from N =4 Super Yang–Mills?, Ann.
Rev. Nucl. Part. Sci. 71(1): 87–112.

Travaglini, G., Brandhuber, A., Dorey, P. E., McLoughlin, T. A., Abreu, S., Bern, Z., Bjerrum-Bohr, N. E. J.,
Blümlein, J., Britto, R., Carrasco, J. J. M., Chicherin, D., Chiodaroli, M., Damgaard, P. H., Del Duca, V.,
Dixon, L. J., Dorigoni, D., Duhr, C., Geyer, Y., Green, M. B., Herrmann, E., Heslop, P. J., Johansson, H.,
Korchemsky, G. P., Kosower, D. A., Mason, L. J., Monteiro, R., O’ Connell, D., Papathanasiou, G., Planté,
L., Plefka, J. C., Puhm, A., Raclariu, A.-M., Roiban, R., Schneider, C., Trnka, J., Vanhove, P., Wen, C.,
White, C. (2022). The SAGEX Review on Scattering Amplitudes, J. Phys. A 55(44): 443001.



Additional Material

Sufficient Condition for Annihilation by Level-One Generators

For instance, assuming PµAN = 0, LµνAN = 0, DAN = 0, KµAN = 0, and D̂AN = 0, we have

[
Kµ, D̂

]
AN = K̂µAN ⇒ Kµ

�
���*0(
D̂AN

)
− D̂

�
����*

0(
KµAN

)
= K̂µAN ⇒ K̂µAN = 0

and

[
Pµ, D̂

]
AN = −P̂µAN ⇒ Pµ

��
��*0(

D̂AN

)
− D̂

���
��*

0(
PµAN

)
= −P̂µAN ⇒ P̂µAN = 0,

which further implies that

[
Kν , P̂µ

]
AN = 2 gµν

�
���*0(
D̂AN

)
+ 2 L̂µνAN ⇒ Kν

���
��*

0(
P̂µAN

)
− P̂µ

���
��*

0(
KνAN

)
= 2 L̂µνAN

⇒ L̂µνAN = 0.
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