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Lepton Flavor Violation (LFV)

In the original SM with
massless neutrinos ⇒
conservation of LF and LN.

Neutrino oscillations ⇒
Neutrino masses are non-zero
⇒ LFV.

SM minimally extended with ν
masses ⇒ Unobservable cLFV
(GIM-like suppression).

SM (Standard Model) , cLFV (charged LFV)
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cLFV in SM + νR|Dirac

Br(µ→ eγ) =
3α

32π

∣∣∣∣∣∣
∑
k=1,3

UµkU
∗
ek

∆m2
νk

M2
W

∣∣∣∣∣∣
2

∼ 10−54

T. P. Cheng & L. F. Li,
′
77

Strongly suppressed by a GIM-like
mechanism and their tiny fraction on
∆m2

ν/M
2
W .

Other SM Predictions:

Br(Z → ``′) ∼ 10−54 J. I. Illana & T. Riemann, ′01

Br(H → ``′) ∼ 10−55 E. Arganda, A. M. Curiel, M. J. Herrero & D. Temes, ′05

Br(µ→ 3e) ∼ 10−54, Br(τ → 3`) ∼ 10−55 Hernández-Tomé, López-Castro & Roig, ′19

Blackstone, Fael & Passemar, ′20
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Our Focus

`i → `jχ
i , j = e , µ , τ

χ

The simplest Lagrangian describing
the lepton flavor interacting
interaction is
LLFV = g ¯̀

iγ
ρχρ`j + h.c.

Γ(`i → `jχ) ⊂ g2/m2
χ, due to the

emission of the longitudinal
component of the gauge boson.

Γ(`i → `jχ) diverges as mχ → 0

Why should not the Γ(`i → `jχ) diverge in the limit mχ → 0?

Effective theory cannot be matched to the well studied decay `i → `jγ.

`i → `jχ · · ·χ could contribute significantly to the total decay width ⇒
“hyperphoton catastrophe” L. B. Okun et al., Phys.Lett.B 78 (1978) 597-600

We will show that in a renormalizable and gauge invariant theory
the rate does not diverge when mχ → 0.
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Why effective LFV for `i → `jχ?

Effective Lagrangians offer the most general description of Physics
that has not been resolved yet.

Any χ can also be the mediator of SM-DM interactions.

A spin 1 boson, like χ, could be a type of dark photon (therefore
DM candidate) that mediates LFV.
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Effective Theory `i(pi) → `j(pj)χ(pχ)

The transition amplitude is given by M = ū(pj)Γ
α(pi, pj)u(pi)ε

∗
α(pχ)

Γα =

(
γα −

/pχp
α
χ

p2
χ

)
F1(p2

χ) + i
σαβpχβ
mi +mj

F2(p2
χ) +

2pαχ
mi +mj

F3(p2
χ)+(

γα −
/pχp

α
χ

p2
χ

)
γ5G1(p2

χ) + i
σαβγ5pχβ
mi +mj

G2(p2
χ) +

2pαχ
mi +mj

γ5G3(p2
χ)
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The Ward identities imply that pαχ · ε∗α(pχ) = 0
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Effective Field Theory (EFT) `i → `jχ

The decay rate can be expressed in terms of four form factors

Γ(`i →`jχ) =
λ1/2[m2

i ,m
2
j ,m

2
χ]

16πmi

[(
1−

mj

mi

)2
(

1−
m2
χ

(mi −mj)2

)(
2
∣∣∣F1(m2

χ)− F2(m2
χ)
∣∣∣2

+
∣∣∣F1(m2

χ)
(mi +mj)

mχ
− F2(m2

χ)
mχ

(mi +mj)

∣∣∣2)+

(
1 +

mj

mi

)2
(

1−
m2
χ

(mi +mj)2

)
(

2
∣∣∣G1(m2

χ)−G2(m2
χ)

(mi −mj)
(mi +mj)

∣∣∣2 +
∣∣∣G1(m2

χ)
(mi −mj)

mχ
+G2(m2

χ)
mχ

(mi +mj)

∣∣∣2)]

λ[m2
j ,m

2
i ,m

2
χ] is the usual Källén function

λ[x, y, z] ≡ x2 + y2 + z2 − 2xy − 2xz − 2yz
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The term proportional to 1/mχ⇒ emission of the longitudinal component

⇒ the limit mχ → 0 will be divergent
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The term proportional to 1/mχ⇒ emission of the longitudinal component

⇒ the limit mχ → 0 will be divergent.

In an EFT approach, great care should be taken when considering decays
into ultralight gauge bosons, since in a gauge invariant and renormaliz-
able theory one generically expects the rate of `i → `jχ to be finite
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Marcela Maŕın MOCa 2022 11 / 31



Tree Level Model

The particle content and the corresponding spins and charges under
SU(2)L × U(1)Y × U(1)χ are

L1 L2 eR1
eR2

φ11 φ12 φ21 φ22

spin 1/2 1/2 1/2 1/2 0 0 0 0
SU(2)L 2 2 1 1 2 2 2 2
U(1)Y −1/2 −1/2 −1 −1 Y11 Y11 Y21 Y21

U(1)χ qL1
qL2

qe1 qe2 qφ11
qφ12

qφ21
qφ22
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Li = (νLi , eLi) and eRi , i = 1, 2, denote the SM SU(2)L lepton doublets and
singlets, respectively.

⇓
We have restricted ourselves to the two generation case, although the extension

to three generations is straightforward
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φjk complex scalar fields and doublets under SU(2)L. We assume that
the hypercharge Yjk = 1/2 and charge under U(1)χ qφjk = qLj − qek .

We also assume that φjk acquire a vacuum expectation value ⇒
〈φjk〉 = vjk

We need to allow for generation dependent charges under U(1)χ.
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Tree Level Model
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eR2

φ11 φ12 φ21 φ22

spin 1/2 1/2 1/2 1/2 0 0 0 0
SU(2)L 2 2 1 1 2 2 2 2
U(1)Y −1/2 −1/2 −1 −1 Y11 Y11 Y21 Y21
U(1)χ qL1

qL2
qe1 qe2 qφ11 qφ12 qφ21 qφ22

The kinetic term is:

Lkin =

2∑
j=1

(iLj /DLj + ieRj /DeRj ) +

2∑
j,k=1

(Dµφjk)†(Dµφjk) ,

where Dµ denotes the covariant derivative

Dµ = ∂µ + igW a
µTa + ig′Y Bµ + igχqχµ for the SU(2)L doublets ,

Dµ = ∂µ + ig′Y Bµ + igχqχµ for the SU(2)L singlets ,

with g, g′ and gχ the coupling constants of SU(2)L, U(1)Y and U(1)χ
respectively.
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qL2
qe1 qe2 qφ11 qφ12 qφ21 qφ22

The kinetic term is:

Lkin =

2∑
j=1

(iLj /DLj + ieRj /DeRj ) +
2∑

j,k=1

(Dµφjk)†(Dµφjk) ,

The Yukawa interaction term is:

−LYuk =

2∑
j,k=1

yjkLjφjkeRk + h.c.
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Tree Level Model

The non-zero 〈φjk〉 = vjk generate a mass for the χ boson:

Lkin ⊃ ∑2
j,k=1(Dµφjk)†(Dµφjk)

⇓
m2
χ = g2

χ(q2
φ11
v2

11 + q2
φ12
v2

12 + q2
φ21
v2

21 + q2
φ22
v2

22) .

〈φjk〉 = vjk generates a mass term for the charged leptons. From LYuk in the
mass eigenstate basis, assuming that mµ � me

m2
µ ' y2

11v
2
11 + y2

12v
2
12 + y2

21v
2
21 + y2

22v
2
22 ,

m2
e '

(y11v11y22v22 − y12v12y21v21)2

y2
11v

2
11 + y2

12v
2
12 + y2

21v
2
21 + y2

22v
2
22

,

sin 2θL ' −2
(y11v11y21v21 + y12v12y22v22)

y2
11v

2
11 + y2

12v
2
12 + y2

21v
2
21 + y2

22v
2
22

,

sin 2θR ' −2
(y11v11y12v12 + y21v21y22v22)

y2
11v

2
11 + y2

12v
2
12 + y2

21v
2
21 + y2

22v
2
22

.
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Tree Level Model

We recast the kinetic Lagrangian in terms of the mass eigenstates, and we
find flavor violating terms of the form

Lkin ⊃
∑2
j=1(iLj /DLj + ieRj /DeRj )

⇓
Dµ ⊃ igχqχµ

⇓After basis change to
the mass eigenstate basis

⇓
−Lkin ⊃eRigRReµ γρχρµR + eLig

LL
eµ γ

ρχρµL + h.c. , with

gRReµ = gχ(qe1 − qe2) sin θR cos θR , and gLLeµ = gχ(qL1
− qL2

) sin θL cos θL .

The rate for µ→ eχ then reads:

Γ(µ→ eχ) ' mµ

32π

(∣∣gLLeµ ∣∣2 +
∣∣gRReµ ∣∣2)

(
2 +

m2
µ

m2
χ

)(
1−

m2
χ

m2
µ

)2

.

Will the term m2
µ/m

2
χ be finite when mχ → 0?
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Will the term m2
µ/m

2
χ be finite when mχ → 0?

If the gauge and fermion masses arise as a consequence of the spontaneous breaking of

the U(1)χ symmetry ⇒ the limit mχ → 0 requires

{
vjk→0⇒mµ→0 or
gχ→0⇒gLLeµ ,gRReµ →0

⇓
m2
χ=g2χ

∑
i,j q

2
φij

v2ij

In lim
mχ→0

(|gLLeµ |2 + |gRReµ |)m2
µ/m

2
χ is finite and depends on a function of the Yukawa

couplings, the gauge coupling, and the charges and 〈φjk〉 = vjk.

The term m2
µ/m

2
χ is finite!

Assuming y22 � y11 � y12, y21, vij = v, and qφij = Q the relevant parameters are:

m2
µ ' y2

22v
2, m2

e ' y2
11v

2, m2
χ ' 4g2

χQ
2v2

sin 2θL ' −2
y12

y22
, sin 2θR ' −2

y21

y22
.

Therefore, the rate for µ→ eχ in the limit mχ → 0 is given by

Γ(µ→ eχ)
∣∣∣
mχ→0

'
mµ

32π

g2
χ

y2
22

(
2 +

y2
22

4g2
χQ

2

)(
1−

4g2
χQ

2

y2
22

)2

[
y2
12(qL1

− qL2
)2 + y2

21(qe1 − qe2 )2
]
.
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The decay µ− → e−e+e− is generated in this model at tree-level via the
exchange of a virtual χ.

−Lkin ⊃eRigRRee γρχρeR + eLig
LL
ee γ

ρχρeL , where

gRRee = gχ
(
qe2 sin2 θR + qe1 cos2 θR

)
,

gLLee = gχ
(
qL2

sin2 θL + qL1
cos2 θL

)
.

rrrrrrr
The ratio between Γ(µ→ eχ) and Γ(µ→ 3e) is ' 1 or ' 5

This result can be understood analytically employing the narrow width
approximation (NWA)
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Ratio Γ(µ→eχ)
Γ(µ→3e) at tree level model

This result can be understood analytically
employing the NWA

1
(x−m2

χ)2+m2
χΓ2

χ
→ π

mχΓχ
δ(x−m2

χ)

χ→ e−e+ , νL1νL1 , νL2νL2

Γχ =
mχ

24π

(
|gLLee |2 + |gRRee |2 + |gχqL1 |2 + |gχqL2 |2

)
.

Γ(µ→ 3e) '
mµ

32π

(
|gLLeµ |2 + |gRReµ |2

) (
|gLLee |2 + |gRRee |2

)
|gLLee |2 + |gRRee |2 + |gχqL1 |2 + |gχqL2 |2

(
2 +

m2
µ

m2
χ

)(
1−

m2
χ

m2
µ

)2

+
mχ

64π

(
|gLLee |2|gLLeµ |2 + |gRRee |2|gRReµ |2

)mχ
mµ

(
1− 2

m2
χ

m2
µ

)
.
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finite in the limit mχ → 0

⇑

Γ(µ→ 3e) =
mµ

32π

(
|gLLeµ |2 + |gRReµ |2

) (
|gLLee |2 + |gRRee |2

)
|gLLee |2 + |gRRee |2 + |gχqL1

|2 + |gχqL2
|2

(
2 +

m2
µ

m2
χ

)(
1−

m2
χ

m2
µ

)2

+
mχ
64π

(
|gLLee |2|gLLeµ |2 + |gRRee |2|gRReµ |2

)
mχ
mµ

(
1− 2

m2
χ

m2
µ

)
⇒ subdominant contribution for mχ � mµ
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Γ(µ→3e) ' 1 or 5
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One Loop Level Model

Spins and charges under SU(2)L×U(1)Y ×U(1)χ of the particles of the model

L1 L2 eR1
eR2

φ ψ η
spin 1/2 1/2 1/2 1/2 0 1/2 0

SU(2)L 2 2 1 1 2 1 1
U(1)Y −1/2 −1/2 −1 −1 +1/2 Yψ Yη
U(1)χ qL qL qe qe qφ qψ qη

To violate the lepton flavor, we introduce a new Dirac fermion ψ and a
new complex scalar η.

We assume that qe = qψ + qη and Ye = Yψ + Yη.

We also assume that φ acquires a vacuum expectation value and has
qφ = qL − qe, but η does not.

Li = (νLi , eLi ) and eRi , denote the SM SU(2)L lepton doublets and singlets, respectively.
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One Loop Level Model

L1 L2 eR1
eR2

φ ψ η
spin 1/2 1/2 1/2 1/2 0 1/2 0

SU(2)L 2 2 1 1 2 1 1
U(1)Y −1/2 −1/2 −1 −1 +1/2 Yψ Yη
U(1)χ qL qL qe qe qφ qψ qη

The interaction terms with the massive gauge boson χ in the mass eigenstates:

L ⊃− igχqL (eLγ
νeL + µLγ

νµL + νL1γ
ννL1 + νL2γ

ννL2)χν − igχqe (eRγ
νeR + µRγ

νµR)χν

− igχqψψγνψχν − iqηgχ [η∗(∂νη)− (∂νη∗)η]χν ,

as well as a Yukawa coupling to the right-handed leptons:

L ⊃ heeRηψ + hµµRηψ + h.c. ,
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µ→ eχ at the one loop level

The form factors are finite and read:

F1(m2
χ)= G1(m2

χ) =
gχy′ey

′
µ

384π2

m2
χ

M2
η

[
qηF1η

(M2
ψ

M2
η

)
+ qψF1ψ

(M2
ψ

M2
η

)]
,

F2(m2
χ)= −G2(m2

χ) =
gχy′ey

′
µ

384π2

m2
µ

M2
η

[
qηF2η

(M2
ψ

M2
η

)
+ qψF2ψ

(M2
ψ

M2
η

)]
,

where

F1η(x) =
−2 + 9x− 18x2 + x3 (11− 6 lnx)

3 (1− x)4
, F2η(x) =

1− 6x+ 3x2(1− 2 lnx) + 2x3

(1− x)4
,

F1ψ(x) =
16− 45x+ 36x2 − 7x3 + 6 (2− 3x) lnx

3 (1− x)4
, F2ψ(x) =

−2− 3x(1 + 2 lnx) + 6x2 − x3

(1− x)4
.

Marcela Maŕın MOCa 2022 22 / 31



µ→ eχ at the one loop level

The form factors are finite and read:

F1(m2
χ)= G1(m2

χ) =
gχy′ey

′
µ

384π2

m2
χ

M2
η

[
qηF1η

(M2
ψ

M2
η

)
+ qψF1ψ

(M2
ψ

M2
η

)]
,

F2(m2
χ)= −G2(m2

χ) =
gχy′ey

′
µ

384π2

m2
µ

M2
η

[
qηF2η

(M2
ψ

M2
η

)
+ qψF2ψ

(M2
ψ

M2
η

)]
,

where

F1η(x) =
−2 + 9x− 18x2 + x3 (11− 6 lnx)

3 (1− x)4
, F2η(x) =

1− 6x+ 3x2(1− 2 lnx) + 2x3

(1− x)4
,

F1ψ(x) =
16− 45x+ 36x2 − 7x3 + 6 (2− 3x) lnx

3 (1− x)4
, F2ψ(x) =

−2− 3x(1 + 2 lnx) + 6x2 − x3

(1− x)4
.

Marcela Maŕın MOCa 2022 22 / 31



µ→ eχ at the one loop level

The form factors are finite and read:

F1(m2
χ)= G1(m2

χ) =
gχy′ey

′
µ

384π2

m2
χ

M2
η

[
qηF1η

(M2
ψ

M2
η

)
+ qψF1ψ

(M2
ψ

M2
η

)]
,

F2(m2
χ)= −G2(m2

χ) =
gχy′ey

′
µ

384π2

m2
µ

M2
η

[
qηF2η

(M2
ψ

M2
η

)
+ qψF2ψ

(M2
ψ

M2
η

)]
,

where

F1η(x) =
−2 + 9x− 18x2 + x3 (11− 6 lnx)

3 (1− x)4
, F2η(x) =

1− 6x+ 3x2(1− 2 lnx) + 2x3

(1− x)4
,

F1ψ(x) =
16− 45x+ 36x2 − 7x3 + 6 (2− 3x) lnx

3 (1− x)4
, F2ψ(x) =

−2− 3x(1 + 2 lnx) + 6x2 − x3

(1− x)4
.
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µ→ eχ at the one loop level

The decay rate reads for µ→ eχ:

Γ(µ→ eχ) '
mµ

8π

(
1−

m2
χ

m2
µ

)2 [∣∣∣F1(m2
χ)
mµ

mχ
− F2(m2

χ)
mχ

mµ

∣∣∣2 + 2
∣∣∣F1(m2

χ)− F2(m2
χ)
∣∣∣2]

The form factor F1 (and G1) is proportional to m2
χ/M

2
η

The factors 1/mχ from the emission of the longitudinal polarization cancel
with the factors m2

χ implicit in the form factor F1, yielding a finite rate for
µ→ eχ in the limit mχ → 0.

We are assuming Mη,Mψ � mµ, it follows that the rate in the limit mχ → 0
will depend mostly on the form factors F2 and G2.
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µ→ eχ at the one loop level

Branching ratio of the process µ→ eχ as a function of mχ for the one loop
model. For Simplicity, we took the Yukawa-type couplings equal to one.

The solid lines show the full result, while the dashed lines assume
F1 = G1 = 0. As apparent for the plot, while for mχ � mµ the form factors
F1 and G1 can be neglected, they modify the rate when mχ/mµ & 0.1,
especially close to the threshold.
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µ− → e−e−e+ at the one loop level

The process µ− → e−e−e+ is generated through χ-penguin and through box
diagrams.

Γχ−penguin(µ→ 3e) ∼ h2
eh

2
µg

4
χ

Γbox(µ→ 3e) ∼ h6
eh

2
µ

Assuming he � gχ, the decay will be dominated by the penguin diagrams.
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µ− → e−e−e+ at the one loop level

Branching ratio of the process µ− → e−e−e+ as a function of mχ for the one
loop model. For Simplicity, we took the Yukawa-type couplings equal to one.

The solid lines show the full result, while the dashed lines assume
F1 = G1 = 0. From SINDRUM Collaboration we have the U.L.
BR(µ− → e−e−e+) ≤ 1.0× 10−12.
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Ratio Γ(µ→eχ)
Γ(µ→3e) at the one loop level

The ratio is ∼ 1, assuming qL = 1 + qe.
The solid lines show the full result, while the dashed lines assume F1 = G1 = 0

⇓
This result can be understood analytically employing the narrow width

approximation (NWA)
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Ratio Γ(µ→eχ)
Γ(µ→3e) at the one loop level

This result can be understood analytically
employing the NWA.

1
(x−m2

χ)2+m2
χΓ2

χ
→ π

mχΓχ
δ(x−m2

χ)

χ→ e−e+, νL1νL1 , νL2νL2

Γχ =
g2χ mχ

24π

(
|qe|2 + 3|qL|2

)

Γ(µ→ 3e) '
mµ

4π

|qe|2 + |qL|2

|qe|2 + 3|qL|2

(
1−

m2
χ

m2
µ

)2 [∣∣∣F1(m
2
χ)
mµ

mχ
− F2(m

2
χ)
mχ

mµ

∣∣∣2 + 2|F1(m
2
χ)− F2(m

2
χ)|2

]

+
g2χ|qe|

2

16π

m2
χ

mµ

(
1− 2

m2
χ

m2
µ

)(
2
(
|F1(m

2
χ)|2 − F1(m

2
χ)F2(m

2
χ)
)

+ |F2(m
2
χ)|2

m2
χ

m2
µ

)
.
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mχ

− F2(m
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mχ
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∣∣∣2 + 2|F1(m
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g2χ|qe|
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16π

m2
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mµ

(
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m2
χ

m2
µ

)(
2
(
|F1(m2

χ)|2 − F1(m2
χ)F2(m2

χ)
)

+ |F2(m2
χ)|2

m2
χ

m2
µ

)
.

⇒ subdominant contribution for mχ � mµ .
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Γ(µ→eχ)
Γ(µ→3e) ∼ 1

Marcela Maŕın MOCa 2022 28 / 31



Outline

1 Motivation

2 Effective Theory

3 Tree Level Model

4 One Loop Level Model

5 Conclusions
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Conclusions

To investigate the limit mχ � mµ we have constructed two explicit
renormalizable models where the decay µ→ eχ is generated either at
tree level or at the one-loop level. In both cases, we have found a finite
rate for µ→ eχ in the limit mχ → 0.

For the tree-level model we find that the decay is dominated by coupling
terms proportional to γµ and γ5γµ.

For the one-loop model the decay is mediated by interaction vertices
proportional to γµ, γ5γµ, σµνpχν andγ5σµνpχν , although the latter two
give the dominant contributions for mχ → 0.

Analogous conclusions apply to τ → (µ/e)χ and τ → 3e , 3µ.
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Thank you!
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