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The idea

To built the most general Lagrangian allowing couplings

between different p−forms, and also couplings with a scalar

field (a 0−form)

- Juan P. Beltrán-Almeida, AG and César A. Valenzuela Toledo, Class.

Quantum Grav. 37 (2020) 035001

The construction and some applications at background level

- Juan P. Beltrán Almeida, AG, Ryotaro Kase, Shinji Tsujikawa, César A.

Valenzuela-Toledo, JCAP 03 (2019) 025

Anisotropic inflation: the coupled system of 1−and 2−forms sustaining

inflation

- Juan P. Beltrán Almeida, AG, Ryotaro Kase, Shinji Tsujikawa, César A.

Valenzuela-Toledo, Phys. Lett. B 793 (2019) 396-404

Anisotropic dark energy from a 2−form field: cosmologically viable

We want to apply the whole coupled system as a source of

dark energy

https://iopscience.iop.org/article/10.1088/1361-6382/ab5f3c
https://iopscience.iop.org/article/10.1088/1361-6382/ab5f3c
https://iopscience.iop.org/article/10.1088/1475-7516/2019/03/025
https://www.sciencedirect.com/science/article/pii/S037026931930317X?via%3Dihub


The model

We start from the action

S =

∫
d4x
√
−g

M2
pl

2
R+P(φ,X )︸ ︷︷ ︸

3−form

− f1(φ)F 2

4︸ ︷︷ ︸
1−form

− f2(φ)H2

12︸ ︷︷ ︸
2−form

− mvBF̃

2︸ ︷︷ ︸
coupled

+Pf (Z )︸ ︷︷ ︸
k−essence


with

Fαβ = ∂[αAβ], Hαβγ = ∂[αBβγ],

F 2 ≡ FαβF
αβ , H2 ≡ HαβγH

αβγ , BF̃ ≡ BαβF̃
αβ .

X = −∂µφ∂µφ/2, Z = −∂µχ∂µχ/2



Background equations

Aµ in the x direction Aµ = (0, vA(t), 0, 0).
Bµν orthogonal to the 1-form field Bµνdxµ ∧ dxν = 2vB(t)dy ∧ dz .

The line element corresponds to a Bianchi I type with lapse

function N

ds2 = −N(t)2dt2 + e2α(t)
[
e−4σ(t)dx2 + e2σ(t)(dy2 + dz2)

]
,

a ≡ eα(t) is an isotropic scale factor, σ(t) is a spatial shear. In

the background

S =

∫
d4x

[
3M2

ple
3α

N

(
σ̇2 − α̇2)+ Ne3αP(φ,X ) +

f1(φ)

2N
eα+4σ v̇2

A

+
f2(φ)

2N
e−α−4σ v̇2

B + mv v̇AvB + Ne3αPf (Z )

]



varying w.r.t N, α, σ, φ,Z

3M2
plH

2 (1− Σ2) = φ̇2P,X − P + ρA + ρB + ρf ,

M2
pl

(
Ḣ + 3H2Σ2

)
= −1

2
φ̇2P,X −

2
3
ρA −

1
3
ρB −

1
2

(ρf + Pf ) ,

M2
pl

[
HΣ̇ +

(
Ḣ + 3H3

)
Σ
]

=
2
3

(ρA − ρB) ,

(P,X + 2XP,XX ) φ̈+ 3P,XHφ̇+ P,Xφφ̇
2 − P,φ −

f1,φ
f1
ρA −

f2,φ
f2
ρB = 0 ,

ρ̇f + 3H (ρf + Pf ) = 0 ,

where P,X ≡ ∂P/∂X , P,XX ≡ ∂2P/∂X 2, and

H ≡ α̇ , Σ ≡ σ̇/H .

and the energy densities

ρA =
f1(φ)

2
e−2α+4σ v̇2

A , ρB =
f2(φ)

2
e−4α−4σ v̇2

B , ρf = χ̇2Pf ,Z − Pf .



The energy densities obey

ρ̇A = −4ρAH

(
1 + Σ +

ḟ1
4f1

)
− 2mv

√
ρAρB
f1f2

,

ρ̇B = −2ρBH

(
1− 2Σ +

ḟ2
2f2

)
+ 2mv

√
ρAρB
f1f2

.

For the couplings f1(φ) and f2(φ), we consider the exponential

functions:

f1(φ) = f̄1e
−µ1φ/Mpl , f2(φ) = f̄2e

−µ2φ/Mpl ,

where f̄1, f̄2, µ1, µ2 are constants.

We are extending the analysis to the dynamics of dark energy in the

presence of coupled 1- and 2-forms with matter, i.e., f̄1 6= 0, f̄2 6= 0,
mv 6= 0, and Pf 6= 0.



Dynamical System

We introduce the following dimensionless quantities

x1 =
φ̇√

6HMpl
, x2 =

Mple
−λφ/(2Mpl)

√
3H

, Σ = σ̇/H ,

ΩA =
ρA

3H2M2
pl
, ΩB =

ρB
3H2M2

pl
, Ωr =

ρr
3H2M2

pl
, Ωm =

ρm
3H2M2

pl
.

Also

Y

M4
pl

=
x2
1

x2
2
.

and the constraint

Ωm = 1− (g + 2g1) x2
1 − Σ2 − ΩA − ΩB − Ωr ,

where we adopt the notation

gn(Y ) ≡ Y n dng(Y )

dY n
.



The dynamical system reads

x ′
1 =− x1

2

(√
6λx1 − 3gx2

1 − 3Σ2 − ΩA + ΩB − Ωr − 3
)

+ A

[√
6

2
{

(g + 2g1)λx2
1 − µ1ΩA − µ2ΩB

}
− 3 (g + g1) x1

]
,

x ′
2 =− x2

2

(√
6λx1 − 3gx2

1 − 3Σ2 − ΩA + ΩB − Ωr − 3
)
,

Σ′ =
3
2

Σ3 +
Σ

2
(
3gx2

1 + ΩA − ΩB + Ωr − 3
)

+ 2ΩA − 2ΩB ,

Ω′
A =ΩA

(
3gx2

1 +
√

6µ1x1 + 3Σ2 − 4Σ + ΩA − ΩB + Ωr − 1
)
− 2MF

√
ΩAΩB ,

Ω′
B =ΩB

(
3gx2

1 +
√

6µ2x1 + 3Σ2 + 4Σ + ΩA − ΩB + Ωr + 1
)

+ 2MF
√

ΩAΩB ,

Ω′
r =Ωr

(
3gx2

1 + 3Σ2 + ΩA − ΩB + Ωr − 1
)
,

with

M =
mv

H
, F =

e(µ1+µ2)φ/(2Mpl)√
f̄1 f̄2

.

The dimensional quantities M and F obey

M′ =
1
2
M
(
3 + 3gx2

1 + 3Σ2 + ΩA − ΩB + Ωr

)
F ′ =

√
6

2
F(µ1 + µ2)x1 .



Provided that the function g(Y ) is specified, the cosmological

dynamics is known by solving the previous set of equations with

given initial values of x1, x2,Σ,ΩA,ΩB ,Ωr ,M,F .

To characterize the evolution of the system, we define

ωeff = gx2
1 + Σ2 +

1
3

(ΩA − ΩB + Ωr ) .

ΩDE =
ρDE

3H2M2
pl

= (g + 2g1)x2
1 + Σ2 + ΩA + ΩB = 1− Ωm − Ωr

ωDE =
PDE

ρDE
=

3
(
gx2

1 + Σ2
)

+ ΩA − ΩB

3
(
x2
1 (g + 2g1) + ΩA + ΩB + Σ2

) .
with

ρDE = φ̇2P,X − P + ρA + ρB + 3M2
plH

2Σ2 ,

PDE = P +
1
3

(ρA − ρB) + 3M2
plH

2Σ2 .



Fixed points (uncoupled case mv = 0)

- Isotropic point (A1): The isotropic point, which corresponds to

the vanishing shear (Σ = 0), obeys

P,X =
λ√
6x1

, g1 =
6−
√

6λx1

6x2
1

Σ = 0 , ΩA = 0 , ΩB = 0 ,

- 1−form dominated point (A2)

P,X =
(λ+ µ1)[2

√
6− (λ+ 3µ1)x1]

8x1
,

g1 =
[2
√

6− (λ+ µ1)x1](
√

6− λx1)

8x2
1

,

Σ =

√
6

4
(λ+ µ1)x1 − 1 ,

ΩA =
1
8

[
3(λ+ µ1)x1 − 2

√
6
] (√

6− λx1

)
, ΩB = 0 .



Fixed points (uncoupled case mv = 0)

- 2−form dominated point (A3)

P,X =
(2λ+ µ2)

√
6− (2λ+ 3µ2)(λ+ µ2)x1

8x1
,

g1 =
[
√

6− (λ+ µ2)x1](
√

6− λx1)

4x2
1

, Σ =
1
2
−
√

6
4

(λ+ µ2)x1 ,

ΩA = 0 , ΩB =
1
8

[
3(λ+ µ2)x1 −

√
6
] (√

6− λx1

)
.

- Fixed point (A4) supported by 1− and 2−forms

x1 =

√
6

2λ+ µ1 + µ2
, g = −1

4
(
µ2

1 + µ2
2
)
− λ

8
(2µ1 + 3µ2)− 1

8
µ1µ2 ,

Σ = − λ− µ1 + 2µ2

2(2λ+ µ1 + µ2)
, ΩA =

3(λ+ µ1 + µ2)(λ+ µ1)− 12g1

2(2λ+ µ1 + µ2)2 ,

ΩB =
3(λ+ µ1 + µ2)(3λ+ µ1 + 2µ2)− 24g1

4(2λ+ µ1 + µ2)2 .



Numerical solutions
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Conclusions

1. p−forms could generate signals of anisotropic dark

energy (in the decoupled case)

2. To do: if possible, a stability analysis of the coupled case. If

not, a “rigorous numerical treatment”

3. Coupled p−forms joins the vast family of modified gravity

theories

4. Dark energy problem is still unsolved
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