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1. To conclude the unfinished projects!  

2. Understand the basics of light propagation in 

modified gravity models.   

3. Search for observational consequences of 

modified gravity models. 

4. Study Horndeski’s model which is a well 

motivated model involving vector-tensor 

couplings. 

Some motivations



Electromagnetism in flat space (without gravity)

SM[A] = −
1
4 ∫ d4x FμνFμν

Action and equation of motion

Maxwell 
action

Fμν = ∂μAν − ∂νAμ

Equation  
of motion

δSM[A]
δAν

= ∂μFμν = 0.

Aν → Aν + ∂νξGauge invariance —>

∂νAν = 0Lorentz gauge: □ Aμ = 0.

U(1) gauge symmetric action with 1st order derivatives  



Electromagnetism in curved space (minimal 
coupling)

SM[A] = −
1
4 ∫ d4x −g FμνFμν

Action and equation of motion

Maxwell  
and 
Einstein

Fμν = ∇μAν − ∇ν Aμ = ∂μAν − ∂νAμ .

Equation  
of motion

U(1) gauge symmetric action with 1st order derivatives  

δSM[A]
δAν

= ∇μFμν = 0.

Aν → Aν + ∂νξ

∇ν Aν = 0
Lorentz gauge:

∇μFμν = ∇μ ∇μAν − ∇μ ∇ν Aμ = ∇μ ∇μAν − ∇ν(∇μAμ)−Rμ
ρμ

νAρ .

□ Aμ − Rν
μ Aν = 0.



Geometric optics

Aμ = aμeiφ + c . c

Electromagnetic waves

Linearly  
polarized 
ansatz

aμ
φ

slowly varying amplitude

rapidly varying phase

kμ ≡ ∂μφ wave four-vector

∇μAμ = (∇μaμ + ikμaμ)eiφ + c . c = 0Gauge: 

∇μaμ = 0 & kμaμ = 0 Transverse waves



Geometric optics

λ ≪ r ↔ ∂φ ≫ ∂a/a

Eikonal approximation.  Wave effects are irrelevant: 
No interference, no diffraction, light ray trajectories.  

Typical length scales 
of the system

The phase varies much 
quicker than the amplitude

Flat space

r  —-> a single length scale in flat space.

Small wavelength. Geometric 
optics limit. 

Large wavelength. Wave 
effects are important.



Geometric optics

∂φ ≫ ∂a/a & ∂φ ≫ r−1
curvature

Eikonal approximation.  Wave effects are irrelevant: 
No interference, no diffraction, light ray trajectories.  

We need an additional  
parameter of length: spacetime curvature! 

Curved space

r−1
curvature ∼ Rμ

νσρ

rcurvature ∼ c/H ∼ (few)Gpc → λ ≪ Gpc

rcurvature ∼ r3/rS ∼ (few)AU → λ ≪ (few)AU

A very relaxed condition for  
cosmological and astrophysical 

applications!



Eikonal approximation of Maxwell equations

□ Aμ − Rν
μ Aν = 0.Aμ = aμeiφ + c . c

□ aμ − Rν
μ aν − kνkνaμ + i(2kν ∇νaμ + aμ ∇νkν) = 0.

in —> 

kνkν = 0. kν ∇νaμ +
1
2

aμ(∇νkν) = 0.

kνkν ≫ { □ , Rν
μ}

Fμν = 2ik[μAν] + c . c . Eμ = uνFμν, Bμ = − uνF̃μν

(kμ, Eμ, Bμ) → kμEμ = kμBμ = BμEμ = 0
Orthogonal basis: 



Null propagation and photon conservation

kνkν = 0.

kν ∇νaμ +
1
2

aμ(∇νkν) = 0.

Dispersion relation:

∇μ(kνkν) = 2kν ∇μkν = 0. ∇μkν = ∂μ∂νφ − Γσ
μν∂σφ = ∇νkμ .

kν ∇νkμ = 0 Null geodesic! 

Conserved current:

jμ ≡ a2kμ → ∇μ jμ = 0! Photon conservation!

Photons follows null geodesics! 



Electromagnetism in curved space (non-minimal 
coupling)

SM[A] = −
1
4 ∫ d4x −g (FμνFμν + l2LμνρσFμνFρσ)

Action and equation of motion

Maxwell 
Einstein 
Horndeski

Lμνρσ ≡ −
1
2

ϵμναβϵρσγδRαβγδ = 2Rμνρσ + 4(Rμ[σgρ]ν − Rν[σgρ]μ + 2Rgμ[ρgσ]ν

1. Derived from and action principle 
2. Second order equations. 
3. Conserved U(1) charge. 
4. Reduce to standard EM in flat space.

Conservation of charge and the Einstein–Maxwell field 
equations, Gregory Walter Horndeski, Journal of Mathematical 
Physics 17, 1980 (1976).



Electromagnetism in curved space (non-minimal 
coupling)

SM[A] = −
1
4 ∫ d4x −g (FμνFμν + l2LμνρσFμνFρσ)

Equations of motion

Maxwell 
Einstein 
Horndeski

Parameter with  
units of length l2

□ Aμ − Rμ
ν Aν − 2l2Lμνρσ ∇ν ∇ρAσ = 0.

Equation  
of motion

δSM[A]
δAμ

= ∇νFμν + l2Lμνρσ ∇νFρσ = 0.



Geometric optics (non-minimal coupling)

∂φ ≫ l−1?

We have a parameter with units of length: l!

∇ν ∇ρAσ ≈ [−kνkρaσ + 2ik(ν ∇ρ)aσ + i(∇νkρ)aσ]eiφ + c . c

(kνkν)aμ = − 2l2Lμνρσkνaρkσ

kν ∇νaμ +
1
2

(∇νkν)aμ = + l2Lμνρσ[2k(ν ∇ρ)aσ + (∇νkρ)aσ]

A priori we don’t have any criteria to neglect 
contributions proportional to l.

X



Geometric optics (non-minimal coupling)

Consequences

(kνkν)aμ = − 2l2Lμνρσkνaρkσ

∇μ(aνaνkμ) = 2ℓ2Lμνρσ[2aμk(ν ∇ρ)aσ + aμ(∇νkρ)aσ]

Non null propagation 

kνkν = − 2l2Lμνρσϵμkνϵρkσ = − χ,

Dkμ

dv
= −

1
2

∂μχk2 = − χ,

No photon conservation 



Geometric optics (non-minimal coupling)

Gravitational birefringence 

χμν ≡ 2l2Lμρνσkρkσ

Gravitational “susceptibility” matrix

χμ
νaν = − k2aμ

Eigenvalues problem



Geometric optics (non-minimal coupling)

Gravitational birefringence 

Lμναβ =
2M
r3 [gμβgνα − gμαgνβ + 12e[μ

θ eν]
ϕ e[α

θ eβ]
ϕ − 12e[μ

t eν]
r e[α

t eβ]
r ]

Schwarzschild space 

ds2 = [−f(r)dt2 + f −1(r)dr2 + r2(dθ2 + sin2 θdϕ2)], f(r) ≡ 1 −
2M
r

E ≡ − kt L ≡ kϕ ≡ bE

χ1 = − χ2 = −
12Mℓ2b2

r5
.

ϵ1 =
1
kϕ

(−kter + kret)

ϵ2 = eθ

Eigenvalues Eigenvectors



Geometric optics (non-minimal coupling)

Angular deflection

χ1 = − χ2 = −
12Mℓ2b2

r5
.

δϕ =
4M
r0 (1 + ϵ

4ℓ2

r2
0 )

r2
0 ≡ B(r0)b2

ϵ = ± 1

B(r) ≡ f(r)(1 − ϵ
12Mℓ2

r3 )



Geometric optics (non-minimal coupling)

Effective or induced metric

g̃μνkμkν = (gμν + ϵμν)kμkν = 0, ϵμν ≡ 2ℓ2Lαμβνϵαϵβ

∇̃αg̃μν = 0

∇̃α(g̃μνkμkν) = 2k̃ν ∇̃νkα = 0

k̃ν ∇̃νk̃α =
Dk̃α

dv
= 0

Photons follows null geodesics in the  
induced metric!



Geometric optics (non-minimal coupling)

Effective or induced metric

Photons flux density is conserved!

∇μ(aνaνkμ) − 2ℓ2Lμνρσ[2aμk(ν ∇ρ)aσ + aμ(∇νkρ)aσ] = 0

j̃ν ≡ (aαaα)k̃ν = (aαaα)g̃νρkρ = (g̃αβaαaβ)k̃ν

Photon flux density

∇ν j̃ν = 0!



Energy momentum tensor

A few words about EM tensor

Tμν = TMaxwell
μν − l2 [−LμανβFαγFβ

γ + 2∇γ(F̃μβ)∇β(F̃νγ)]

Maxwell  
physical EM

“Geometrical”  
(dielectric) EM



1. Light propagation in presence of non minimal couplings 

to gravity is a subtle issue.  

2. Horndeski vector-tensor model is trivially scale 

invariant, so, no “rainbow” frequency dependent effects 

are expected. 

3. Polarization dependent effects. 

4. Induced effective metric is useful to calculate things 

but is hard to interpret.  

5. Energy conditions results crucial to understand/

interpret the causal flow of energy in non minimally 

coupled models.   

Conclusions and Remarks


