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1 The model and background equations

S =

∫
d4x
√
−g
[

1

2
F (φ)R− 1

2
∂µφ∂

µφ− V (φ) + F1(φ)Gµν∂
µφ∂νφ− F2(φ)G

]
(1.1)

where Gµν is the Einstein’s tensor, G is the GB 4-dimensional invariant given by

G = R2 − 4RµνR
µν +RµνλρR

µνλρ (1.2)

F (φ) =
1

κ2
+ f(φ), (1.3)

and κ2 = M−2
p = 8πG.

ds2 = −dt2 + a(t)2
(
dx2 + dy2 + dz2

)
(1.4)

one finds the following equations

3H2F

(
1− 3F1φ̇

2

F
− 8HḞ2

F

)
=

1

2
φ̇2 + V − 3HḞ (1.5)

2ḢF

(
1− F1φ̇

2

F
− 8HḞ2

F

)
= −φ̇2 − F̈ +HḞ + 8H2F̈2 − 8H3Ḟ2

− 6H2F1φ̇
2 + 4HF1φ̇φ̈+ 2HḞ1φ̇

2

(1.6)
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φ̈+ 3Hφ̇+ V ′ − 3F ′
(

2H2 + Ḣ
)

+ 24H2
(
H2 + Ḣ

)
F ′2 + 18H3F1φ̇

+ 12HḢF1φ̇+ 6H2F1φ̈+ 3H2F ′1φ̇
2 = 0

(1.7)

ε0 = − Ḣ

H2
, ε1 =

ε̇0
Hε0

(1.8)

`0 =
Ḟ

HF
, `1 =

˙̀
0

H`0
(1.9)

k0 =
3F1φ̇

2

F
, k1 =

k̇0
Hk0

(1.10)

∆0 =
8HḞ2

F
, ∆1 =

∆̇0

H∆0

(1.11)

V =H2F
[
3− 5

2
∆0 − 2k0 − ε0 +

5

2
`0 +

1

2
`0 (`1 − ε0 + `0)

− 1

2
∆0 (∆1 − ε0 + `0)−

1

3
k0 (k1 + `0 − ε0)

] (1.12)

φ̇2 =H2F
[
2ε0 + `0 −∆0 − 2k0 + ∆0 (∆1 − ε0 + `0)−

`0 (`1 − ε0 + `0) +
2

3
k0 (k1 + `0 − ε0)

] (1.13)

where we used

F̈ = H2F`0 (`1 − ε0 + `0) , F̈2 =
F∆0

8
(∆1 + ε0 + `0) (1.14)

Y =
φ̇2

H2F
(1.15)

where it follows that Y = O(ε). Under the slow-roll conditions φ̈ << 3Hφ̇ and

`i, ki,∆i << 1, it follows from (1.5)-(1.7)

3H2F ' V, (1.16)

2ḢF ' −φ̇2 +HḞ − 6H2F1φ̇
2 − 8H3Ḟ2, (1.17)

3Hφ̇+ V ′ − 6H2F ′ + 18H3F1φ̇+ 24H4F ′2 ' 0 (1.18)
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2 Quadratic action for the scalar and tensor per-

turbations

Scalar Perturbations.

δS2
s =

∫
dtd3xa3

[
Gsξ̇2 −

Fs
a2

(∇ξ)2
]

(2.1)

where

Gs =
Σ

Θ2
G2T + 3GT (2.2)

Fs =
1

a

d

dt

( a
Θ
G2T
)
−FT (2.3)

with

GT = F − F1φ̇
2 − 8HḞ2. (2.4)

FT = F + F1φ̇
2 − 8F̈2 (2.5)

Θ = FH +
1

2
Ḟ − 3HF1φ̇

2 − 12H2Ḟ2 (2.6)

Σ = −3FH2 − 3HḞ +
1

2
φ̇2 + 18H2F1φ̇

2 + 48H3Ḟ2 (2.7)

The sound speed

c2S =
FS
GS

(2.8)

GT = F

(
1− 1

3
k0 −∆0

)
(2.9)

FT = F

(
1 +

1

3
k0 −∆0 (∆1 + ε0 + `0)

)
(2.10)

Θ = FH

(
1 +

1

2
`0 − k0 −

3

2
∆0

)
(2.11)

Σ =− FH2
[
3− ε0 +

5

2
`0 − 5k0 −

11

2
∆0 +

1

2
`0 (`1 − ε0 + `0)

− 1

3
k0 (k1 − ε0 + `0)−

1

2
∆0 (∆1 − ε0 + `0)

] (2.12)

GS =
F
(
1
2
Y + k0 + 3

4
W 2(1−∆0 − 1

3
k0)
)(

1 + 1
2
W
)2 (2.13)
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c2S = 1+
W 2

(
1
2
∆0(∆1 + ε0 + l0 − 1)− 1

3
k0
)

+W
(
2
3
k0 (2− k1 − l0) + 2∆0ε0

)
− 4

3
k0ε0

Y + 2k0 + 3
2
W 2(1−∆0 − 1

3
k0)

(2.14)

where

W =
`0 −∆0 − 4

3
k0

1−∆0 − 1
3
k0

(2.15)

First order terms in slow-roll parameters

GS = F

(
ε0 +

1

2
l0 −

1

2
∆0

)
(2.16)

c2S = 1 +
4
3
k0
(
l0 −∆0 − 4

3
k0
)
− 4

3
k0ε0

2ε0 + l0 −∆0

(2.17)

δS2
s =

1

2

∫
dτsd

3x

[
1

2
(Ũ ′)2 −DiŨD

iŨ +
z̃′′

z̃
Ũ2

]
(2.18)

z̃′′

z̃
=
a2H2

c2S

[
2− ε0 +

3

2
`0 +

3

2

2ε0ε1 + `0`1 −∆0∆1

2ε0 + `0 −∆0

]
. (2.19)

Ũ ′′k + k2Ũk +
1

τ 2s

(
µ2
s −

1

4

)
Ũk = 0 (2.20)

where

µ2
s =

9

4

[
1 +

4

3
ε0 +

2

3
`0 +

2

3

2ε0ε1 + `0`1 −∆0∆1

2ε0 + `0 −∆0

]
(2.21)
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Ũk =
1√
2
ei
π
2
(µs− 1

2
)2µs−

3
2

Γ(µs)

Γ(3/2)

√
−τs(−kτs)−µs . (2.22)

Tthe power spectra

z̃′

z̃
= − 1

(1− ε0)τs

[
1 +

1

2
`0 +

1

2

2ε0ε1 + `0`1 −∆0∆1

2ε0 + `0 −∆0

]
= − 1

τs

(
µs −

1

2

)
. (2.23)

µs =
3

2
+ ε0 +

1

2
`0 +

1

2

2ε0ε1 + `0`1 −∆0∆1

2ε0 + `0 −∆0

(2.24)

Slowly varying slow-roll parameters

z̃ ∝ τ
1
2
−µs

s (2.25)

ξk =
Ũk
z̃
∝ k−µs (2.26)

Pξ =
k3

2π2
|ξk|2 ∝ k3−2µs (2.27)

ns − 1 =
d lnPξ
d ln k

= 3− 2µs = −2ε0 − `0 −
2ε0ε1 + `0`1 −∆0∆1

2ε0 + `0 −∆0

(2.28)

Tensor perturbations.

The second order action for the tensor perturbations

δS2 =
1

8

∫
d3xdtGTa2

[(
ḣij

)2
− c2T
a2

(∇hij)2
]

(2.29)

5



c2T =
FT
GT

=
3 + k0 − 3∆0 (∆1 + ε0 + `0)

3− k0 − 3∆0

. (2.30)

v′′(k)ij +

(
k2 − z′′T

zT

)
v(k)ij = 0, (2.31)

Power spectrum for tensor perturbations

PT =
k3

2π2
|h(k)ij |2 (2.32)

Tensor spectral index

nT = 3− 2µT = −2ε0 − `0 (2.33)

r

r =
PT (k)

Pξ(k)
. (2.34)

Pξ = AS
H2

(2π)2
G1/2S

F3/2
S

(2.35)

where

AS =
1

2
22µs−3

∣∣∣ Γ(µs)

Γ(3/2)

∣∣∣2

PT = 16AT
H2

(2π)2
G1/2T

F3/2
T

(2.36)

where

AT =
1

2
22µT−3

∣∣∣ Γ(µT )

Γ(3/2)

∣∣∣2.
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AT/AS ' 1 at the limit ε0, `0,∆0, ... << 1,

r = 16
G1/2T F

3/2
S

G1/2S F
3/2
T

= 16
c3SGS
c3TGT

(2.37)

r = 8

(
2ε0 + `0 −∆0

1− 1
3
k0 −∆0

)
' 8 (2ε0 + `0 −∆0) (2.38)

r = −8nT , (2.39)

with nT = −2ε0. Deviation from the standard consistency relation

r = −8nT + δr, δr = −8∆0, (2.40)

with nT = −2ε0 − `0.

3 Some Models

Model I.

F (φ) =
1

κ2
− ξφ2, V (φ) =

1

2
m2φ2, F1 (φ) = γ, F2 (φ) = 0. (3.1)

ε0 =
2 + 2ξφ2

φ2 + (m2γ − ξ)φ4
, ε1 =

4(1− ξφ2) ((m2γ − ξ)(ξφ2 + 2)φ2 + 1)

φ2 (1 + (m2γ − ξ)φ2)2

`0 =
4ξ(ξφ2 + 1)

(m2γ − ξ)φ2 + 1
, `1 = −4(m2γ − 2ξ)(ξφ2 − 1)

((m2γ − ξ)φ2 + 1)2
. (3.2)

ε0(φE) = 1
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φ2
E =

√
8m2γ + 4ξ2 − 12ξ + 1 + 2ξ − 1

2m2γ − 2ξ
(3.3)

N =

φE∫
φI

φ+ (m2γ − ξ)φ3

2ξ2φ4 − 2
dφ =

1

8ξ2
[
m2γ ln

(
1− ξ2φ4

)
− 2ξ ln

(
1− ξφ2

)] ∣∣∣φE
φI

(3.4)

Assuming that ξφ2 << 1 and m2γ >> ξ.

φ2
E ≈

(
2

m2γ

)1/2

, (3.5)

and from (3.4) we find for φI

φ2
I ≈

(
8N + 2

m2γ

)1/2

(3.6)

φI ≈ (4N + 1)1/4φE

N = 60 → φI ≈ 3.9φE.

ns ≈ 1 +
2

(8N + 2)1/2(m2γ)1/2
− 12

8N + 2
− 8

(8N + 2)3/2(m2γ)1/2
(3.7)

and

r ≈ 32

8N + 2
+

64ξ

(8N + 2)1/2(m2γ)1/2
(3.8)

Additional Mp (φ ' 1). This can be achieved if m2γ = 8N + 2, as follows from (3.6),

which gives

ns ≈ 1− 10

8N + 2
− 8

(8N + 2)2
, r ≈ 32 + 64ξ

8N + 2
(3.9)
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Thus, for 60 e-foldings we find ns ≈ 0.98 and r ≈ 0.067 (ξ = 10−2). In this case

the inflation begins with φI = Mp and ends with φE ≈ 0.25Mp. For the numerical

analysis with the exact expressions, we assume N = 60, m = 10−6Mp. In fact from

Eqs. (3.2) follows that the spectral index ns and the tensor-to-scalar ratio depend

on the dimensionless combination m2γ. Fig. 1 shows the behavior of ns and r in the

interval 102 < m2γ < 5× 102, for ξ < 0.1/6, 0.2.

ξ=���

ξ=�/�

200 300 400 500
γm2

0.9715

0.9720

0.9725

0.9730

0.9735

0.9740

0.9745

nS

ξ=�/�

ξ=���

200 300 400 500
γm2

0.10

0.11

0.12

0.13

0.14

0.15
r

Figure 1: The behavior of the scalar spectral index ns and r as function of m2γ for

some values of ξ. The horizontal lines correspond to the upper limit of the observa-

tional quotes from Planck 2015, with values ns = 0.968± 0.006 and r < 0.1

Model II

F =
1

κ2
, V (φ) =

1

2
m2φ2, F1(φ) = γ, F2(φ) =

η

φ2
(3.10)

η has dimension of mass2 and φ is measured in units of Mp.

ε0 =
6− 8m2η

3φ2(1 +m2γφ2)
, ε1 =

4(3− 4m2η)(1 + 2m2γφ2)

3φ2(1 +m2γφ2)2

∆0 =
16m2η(3− 4m2η)

9φ2(1 +m2γφ2)
, ∆1 =

4(3− 4m2η)(1 + 2m2γφ2)

3φ2(1 +m2γφ2)2
. (3.11)
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ε(φE) = 1

φ2
E =

1

6m2γ

[√
72m2γ − 96m4γη + 9− 3

]
(3.12)

N =
3φ2(2 +m2γφ2)

8(4m2η − 3)

∣∣∣φE
φI

(3.13)

ns =
3m4γφ2 (γφ4 + 16η) + 6m2γφ2(φ2 − 6) + 3φ2 + 32m2η − 24

3φ2(1 +m2γφ2)2

∣∣∣
φI

(3.14)

3φ(1 +m2γφ2)

8m2η − 6

∣∣∣
φI

(3.15)

For N = 60, m = 10−6Mp we can find the behavior of ns and r in terms of the

dimensionless parameter m2γ. In Fig. 2 we show the behavior of the scalar field at

the beginning and end of inflation for 1 < m2γ < 5

�� η = ���

�� η = ����

2 3 4 5
γm2

1.6

1.8

2.0

2.2

2.4

ϕⅈ

�� η = ���

�� η = ����

2 4 6 8 10
γm2

0.30

0.35

0.40

ϕⅇ

Figure 2: The values of the scalar field at the beginning and end of inflation for

1 < m2γ < 5 and m2η = 0, 67, 0.7 in units of M4
p .

In Fig. 3 we show the corresponding behavior of ns and r.
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�� η = ���

�� η = ����

2 3 4 5
γm2

0.9730

0.9735

0.9740

nS

�� η = � ��

�� η = ����

1 2 3 4 5
γm2

0.004

0.006

0.008

0.010

0.012
r

Figure 3: The values ns and r in the interval 1 < m2γ < 1 for m2η = 0, 67, 0.7 (in

units of M4
p ). The horizontal line is the upper limit set by Planck 2015.

Model III.

F =
1

κ2
, V (φ) =

λ

n
φn, F1(φ) =

γ

φn
, F2(φ) =

η

φn
(3.16)

ε0 =
n2(3n− 8ηλ)

6(n+ 2γλ)φ2
, ε1 =

2n(3n− 8ηλ)

3(n+ 2γλ)φ2
, ∆0 =

8nηλ(3n− 8ηλ)

9(n+ 2γλ)φ2
,

∆1 =
2n(3n− 8ηλ)

3(n+ 2γλ)φ2
, k0 =

nγλ(3n− 8ηλ)2

9(n+ 2γλ)φ2
, k1 =

2n(3n− 8ηλ)

3(n+ 2γλ)φ2
(3.17)

φE =
n
√

3n− 8ηλ√
6n+ 12γλ

(3.18)

N = − 3(n+ 2γλ)

2n(3n− 8ηλ)
φ2
∣∣∣φE
φI

(3.19)

φI =

(
(4N + n)(3n2 − 8nηλ)

6n+ 12γλ

)1/2

=

√
(4N + n)

n
φE (3.20)
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ns =
(6γλ+ 16nηλ+ 3n)φ2 − 3n3 − (6− 8ηλ)n2

3(n+ 2γλ)φ2

∣∣∣
φI

=
4N − n− 4

4N + n
(3.21)

r =
8n(3n− 8ηλ)2

9(n+ 2γλ)φ2

∣∣∣
φI

=
16(3n− 8ηλ)

3(4N + n)
(3.22)

Slow-roll parameters N e-folds before the end of inflation

ε0 =
n

4N + n
, ε1 =

4

4N + n
, ∆0 =

16ηλ

3(4N + n)
,

∆1 =
4

4N + n
, k0 =

2γλ(3n− 8ηλ)

3(4N + n)(n+ 2γλ)
, k1 =

4

4N + n
(3.23)

The tensor-to-scalar ratio depends additionally on the self coupling ηλ

The kinetic coupling can lower the values of the scalar field at the end, and there-

fore at the beginning, of inflation.

Srong coupling regime of the GB coupling spoils the inflation (∆0 and k0 break

the slow-roll restrictions)

Strong coupling limit of kinetic coupling all slow-roll parameters and derived quan-

tities are well defined.

[ηλ] = mass4, [γλ] = mass2 . α = ηλ = αM4
p

The coupling η (and therefore α) can be used to lower the tensor-to-scalar ratio.

β = γλ leads to consistent inflation in the weak, γ → 0, and strong, γ → ∞,

limits and can take any value between these limits.
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Power n ns Parameter α range r in α range

4 0.9508 1 ≤ α ≤ 1.3 0.0874 ≥ r ≥ 0.0349

3 0.959 0.7 ≤ α ≤ 1.1 0.0746 ≥ r ≥ 0.0044

2 0.9669 0.3 ≤ α ≤ 0.7 0.0746 ≥ r ≥ 0.0088

4/3 0.9724 0.01 ≤ α ≤ 0.4 0.0866 ≥ r ≥ 0.0177

1 0.9751 10−3 ≤ α ≤ 0.3 0.0664 ≥ r ≥ 0.0133

2/3 0.9778 10−4 ≤ α ≤ 0.2 0.0443 ≥ r ≥ 0.0089

Table I. Some values of ns and r in an appropriate range for α in each case.

Model IV.

F =
1

κ2
, V (φ) =

λ

n
φn, F1(φ) =

β

φn+2
, F2(φ) = 0 (3.24)

ε0 =
n3

2nφ2 + 4βλφ4
, ε1 =

2n2(n+ 4βλφ2)

φ2(n+ 2βλφ2)2

k0 =
βλn3

(n+ 2βλφ2)2
, k1 =

8βλn2

(n+ 2βλφ2)2
. (3.25)

φ2
E =

√
n2(1 + 4nβλ)− n

4βλ
. (3.26)

N =
βλφ4

2n2
− φ2

2n

∣∣∣φE
φI

(3.27)
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φ2
I =

n

4βλ

(
√

2n

√
n+ 2nβλ(n+ 8N) + n

√
1 + 4nβλ

n3
− 2

)
(3.28)

ns = 1−
4nβλ

[√
2n(n+ 4)f(n,N, β, λ)− 4

]
n3f 2(n,N, β, λ)

[√
2nf(n,N, β, λ)− 2

] , (3.29)

f(n,N, β, λ) =

√
n+ 2nβλ(n+ 8N) + n

√
1 + 4nβλ

n3
.

r =
32
√

2βλ

f(n,N, β, λ)
[√

2nf(n,N, β, λ)− 2
] (3.30)

α = βλ (3.31)

Power n ns Parameter α range r in α range

4 0.9666 ≤ ns ≤ 0.9667 10 ≤ α ≤ 20 0.1335 ≥ r ≥ 0.1339

3 0.9709 ≤ ns ≤ 0.971 102 ≤ α ≤ 103 0.0998 ≥ r ≥ 0.0995

2 0.973 ≤ ns ≤ 0.9744 0.1 ≤ α ≤ 1 0.0756 ≥ r ≥ 0.0692

4/3 0.9721 ≤ ns ≤ 0.9736 10−3 ≤ α ≤ 10−2 0.080 ≥ r ≥ 0.062

1 0.9746 ≤ ns ≤ 0.977 10−3 ≤ α ≤ 0.05 0.06 ≥ r ≥ 0.04

2/3 0.9777 ≥ ns ≥ 0.9774 10−4 ≤ α ≤ 10−2 0.0438 ≥ r ≥ 0.0313

Table II. ns and r in an appropriate range for α in each case.
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1.2 1.4 1.6 1.8 2.0
η

0.9725

0.9730

0.9735

0.9740

0.9745

nS

lim
β→∞

ns =
8N − n− 8

8N + n
, lim

β→∞
r =

16n

8N + n
(3.32)

In the weak coupling limit, β → 0, it is found

lim
β→0

ns =
4N − n− 4

4N + n
, lim

β→0
r =

16n

4N + n
. (3.33)

At the strong coupling limit

φE →
(
n3

4βλ

)1/4

, φI →
(
n2(8N + n)

4βλ

)1/4

(3.34)

At the weak coupling limit

φE →
n√
2
, φI →

n
√

4N + n√
2

(3.35)

Model V.

F =
1

κ2
, V (φ) = V0e

−λφ, F1(φ) = βe−ηφ, F2(φ) = 0

4 Discussion

• A consistency relation is found
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1.2 1.4 1.6 1.8 2.0
η

0.003

0.004

0.005

0.006

0.007

r

1.0 1.5 2.0 2.5 3.0
ϕ

0.2

0.4

0.6

0.8

1.0

ϵ
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• Some models with power-law potential have been analyzed.

• For V ∝ φ2 potential: ns and r fall in the range allowed by latest observations.

• For V ∝ φ2 potential: ns falls in the range favored by observations, r ∼ 0.13

• GB Coupling: not viable in strong coupling limit.

• Kinetic Coupling: viable in strong coupling limit.

• Kinetic coupling: avoids the problem of large fields in chaotic inflation.

• Kinetic Coupling: F1 = β/φn+2:

• a) ns and r depend on the kinetic coupling constant .

• b) In the weak coupling → standard chaotic.

• c) In the strong coupling → ns increases and r lower.

V =
1

2
φ2 : nmaxs =

4N − 5

4N + 1
, rmin =

16

4N + 1

V =
1

4
λφ4 : nmaxs =

2N − 3

2N + 1
, rmin =

16

2N + 1
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