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Introduction Modified GravityModifying Gravity
Theorem (Lovelock’s Theorem)
In a four-dimensional space-time the only divergence-free symmetric rank-2
tensor constructed solely from the metric gαβ and its derivatives up to second
differential order, and preserving diffeomorphism invariance, is the Einstein
tensor plus a cosmological term:

Eαβ = α
√
−g
[
Rαβ − 12gαβR

]+ λ
√
−ggαβ ,

where α and λ (cosmological constant) are constants, and Rαβ and R are the
Ricci tensor and scalar curvature, respectively.

Restrictions to Lovelock’s Theorem
1 Consider extra degrees of freedom more than the metric tensor.

2 Work in a space with dimensionality different than four.
3 Accept higher than second order derivatives of the metric in the field equations.
4 Consider non-locality.
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Gauge fields and p-forms in cosmology
Formalities
Given a p-form A(p) µ1,µ2···µp , its dynamics is introduced by the fieldstrength F(p) = dAp + Ap ∧ Ap

F(p) = 1
p!∇[µ1A(p)µ2µ3···µp+1]dxµ1 ∧ dxµ2 · · · ∧ dxµp+1 .

In addition the Hodge dual of the field strength is defined as
F̃(p)ν1···νD−p−1 = √−g(p+ 1)!εµ1···µp+1ν1···νD−p−1F µ1···µp+1(p) .

The higher rank of a p−form in D dimensions is obviously D, this is:
AD ∝

√
−gε1···Ddx1 ∧ · · · ∧ dxD,which is proportional to the D−dimensional volume element

Gauge Invariance
A(p)µ1···µp → A(p)µ1···µp + ∂[µ1ξ(p−1)µ2···µp],
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Gauge fields and p-forms in cosmology General procedureGeneral Procedure
S(p) = −12

∫
F(p) ∧ ?F(p) ≡ − 12(p+ 1)!

∫ dDx√−gF 2(p),
where F 2(p) ≡ F(p)µ1µ2...µp+1F(p)µ1µ2...µp+1 .In D−dimensions we have the following general form to couple p−formsof different rank

Lmixing = gp1p2···pr (φ)X(p1) ∧ · · · ∧ X(pr ),

F(p)F (n)F (m) ≡ F(p)µ1µ2...µp+1F µ1µ2...µn+1(n) F µn+2...µp+1(m) ,

F(p)F (n1) · · ·F (ni) ≡ F(p)µ1µ2...µp+1F µ1µ2...µn1+1(n1) · · ·F µs...µp+1(ni) ,

F̃(p)F (n)F (m) ≡ F̃(p)µ1µ2...µD−(p+1)F µ1µ2...µn+1(n) F µ1µ2...µm+1(m) ,
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Gauge fields and p-forms in cosmology General procedure

Finally, we add gravity to the system.
S = ∫ dDx√ḡ(M̄D−2p2 R̄ − Lφ − Lp

)
,

where
Lp = −12 D−1∑

n=1 fn(φ)F(n) ∧ ?F(n) + ∑
(p1p2···pr )gp1p2···pr (φ)X(p1) ∧ · · · ∧ X(pr ),

= −12 D−1∑
n=1

fn(φ)(n+ 1)!F 2(n) + ∑
(p1p2···pr )gp1p2···pr (φ)X(p1) ∧ · · · ∧ X(pr ),



Gauge fields and p-forms in cosmology General procedureTopological Terms
The Chern-Pontryagin density or θ−term:

SCP = − 12(p+ 1)!
∫ dDx√−gF̃(p)µ1···µp+1F(p)µ1···µp+1 .

manifestly independent of the metric. Nevertheless, once it is coupled toa scalar field,
SφCP = ∫ g1(φ)F(p) ∧ F(p),it becomes relevant for the dynamics of the scalar and the p−form field.For odd dimensions D = 2p+ 1 we have the Chern-Simons invariant
SφCS = ∫ g2(φ)A(p) ∧ F(p),For even dimensions, we have the so called BF−theories which couplesa p−form with the field strength of a (p− 1)−form.

SφBF = ∫ g3(φ)A(p) ∧ F(D−p−1),



Gauge fields and p-forms in cosmology p−forms in four dimensions

The 4-D case:0-forms: scalar fields with kinetic term 12∂µφ∂µφ

1-forms: gauge fields A1 µ with Maxwell-like terms 14FµνF µν2-forms: A2 µν with field strength F2,µνλ = ∂[µA2 νλ], 112FµνλF µνλ3-forms: Field strength proportional to volume elements
∝ dx1 ∧ dx2 ∧ dx3 ∧ dx4; redefinition of potential for scalar field

With the general procedure we arrive to the general Lagrangian coupling
p−forms in 4 dimensions
Lp(φ, Ap) = −12 3∑

n=1
fn(φ)(n+ 1)!F 2(n) − f4(φ)24 F̃(3) − g1(φ)4 F(1)µ1µ2F̃(1)µ1µ2

− g2(φ)2 A(2)µ1ν2F̃(1)µ1µ2 .
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Gauge fields and p-forms in cosmology p−forms in four dimensionsEquations of motion and energy-momentum tensor
Energy-momentum tensor
T (p)
αβ = − 2

√−g
δ(√−gLp)
δgαβ ,

= f1(φ)(F(1)αµ2F(1)βµ2 − 14gαβF 2(1)
)+ f2(φ)(12F(2)αµ2µ3F(2)βµ2µ3 − 112gαβF 2(2)

)
+ f3(φ)(16F(3)αµ2µ3µ4F(3)βµ2µ3µ4 − 148gαβF 2(3)

)
− f4(φ)24 F̃(3)gαβ .

Equations of motion for φ and A(p)
Eφ = 1

√g
δ(√−gLT )

δφ = 0, E(p)µ1···µp = 1
√g

δ(√−gLp)
δA µ1µ2···µp(p) = 0.
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Gauge fields and p-forms in cosmology p−forms in four dimensionsThe coupled 1−form and 2−form system
∇µ
(
f1(φ)Fµν + g1(φ)F̃µν + g2B̃µν) = 0, ∇µ (f2(φ)Hµνα)+ g22 F̃να = 0,Solution of the 2−form system

F µν = − 13g2∇[µf2(φ)H̃ν], V µ ≡ f2(φ)3g2 H̃µ,

∇µ
(
f1(φ)∇[µVν] + g1(φ)2 √

−gεµναβ∇[αV β]) = m2(φ)Vν ,
where m2(φ) ≡ 3g222f2 .

SV = −14
∫ d4x√−g [f1(φ)WµνW µν + g1(φ)WµνW̃ µν + 2m2(φ)VµV µ

]
,

with Wµν =∇[µVν]. Using the gauge ∇ν∇µAµ = −m2
f1 ∂νv we obtain

2Aν − RνµAµ + ∂µf1
f1 (∇µAν −∇νAµ) + ∂µg1

f1 ηµναβ∇αAβ − m2
f1 Aν = 0,
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Gauge fields and p-forms in cosmology p−forms in four dimensions3−form system
The 3−form evolves independently from the other antisymmetric tensors.

∇µ (f3(φ)F(3)µναβ + f4(φ)√−gεµναβ) = 0.Gauge A(3)0ij = 0 and ∇kA(3)0ik = 0.
A′′(3)ijk + ( f ′3f3 − 4a′a

)
A′(3)ijk = − f ′4f3√−gε0ijk .The solution is simply:

A(3)(τ) = ∫ dτ ′√−g(τ ′) 1
f3(φ(τ ′)) (c − f4(φ(τ ′))) .This solution is valid for any Friedmann cosmology and for any timedependence of the couplings f3, f4.

T (3)
αβ = −( (4!)22 f3(φ)X2 − f4(φ)X)gαβ ,which is a cosmological constant term.
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Gauge fields and p-forms in cosmology p−forms in four dimensions
Previous models of inflation and/or dark energy:

Germani & Kehagias (2009)
S = ∫ d4x√−g

(
R2κ2 − F 212 − m2A24 + RAµνAµν6 + AµγRγλA µλ2

)
,

Koivisto, Motta & Pitrou (2009)
S = ∫ dDx√−g( R2κ2 − F 22(n+ 1)! − V (A2)− ζA2R2n!

)
,

Ito & Soda (2015), Ohashi, Soda & Tsujikawa (2013)
S = ∫ d4x√−g

 R2κ2 − 12∂µφ∂µφ − V (φ)− 4∑
p=2

14 f2p (φ)F 2
p

 .
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Some applications to cosmological backgrounds Background Equationseffective energy-momentum tensors
Effect of the 3−form coupled system

The Einstein equations could be written as
Rµν −

12Rgµν = 8πG(T φµν + T pµν),
with T φµν the energy-momentum tensor for the scalar field,

T φµν = ∂µφ∂νφ −
12gµν∂σφ∂σφ − gµνV (φ),

and T pµν the associated with the 3-form

T (3)
αβ = f2

[
γ36 F(3)βγδρF(3)αγδρ − 12gαβ

(
γ3F 2324 + γ4 F̃312

)]
,
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Some applications to cosmological backgrounds Background EquationsIngredients
• Let us asume a FLRW Universe

ds2 = −dt2 + a2(t)dx2.

• Moreover, we fix the form of the 3−form as
A(3)µ1µ2µ3 = A3(t)dx ∧ dy ∧ dz,
Ä3 + [2 ḟ1f1 − 3H] Ȧ3 = −θa3 ḟ1

f1with θ2 = γ4
γ3 .

Ȧ3 = ( p̄3
f21 −

θ2
)
a3,

being p̄3 an integration constant.
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φ̈ + V,φ + 3Hφ̇ − γ3f1f1,φ
(
Ȧ23
a6 − θ Ȧ3

a6
) = 0.

• Including matter
Tmµν = (ρm + pm)uµuν + pmgµν ,being uµ the 4-velocity of the fluid with uµuµ = −1, ρm the energydensity and pm the preassure.
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3H2 = 1

M2Pl
(
ρφ + ρm + ρp

)
, 2Ḣ + 3H2 = − 1

M2Pl
(
pφ + pm + pp

)
.

with
ρφ = 12 φ̇2 + V (φ), pφ = 12 φ̇2 − V (φ), wφ = pφ

ρφ
= 12 φ̇2 − V (φ)12 φ̇2 + V (φ) .

ρp ≡ γ3f2
(
Ȧ232a6 − θ Ȧ32a6

)
, pp ≡ −γ3f2

(
Ȧ232a6 − θ Ȧ32a6

)
, wp = −1.
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Let us define the following variables

X = 1√6Mpl
φ̇
H , Y = 1√3Mpl

√
V
H , P3 = √γ3f1Ȧ3√6MplHa3 ,

using solution for Ȧ3 with θ = 0. Friedmann equation reads
Ωm = ρm3M2plH2 = 1−ΩDE

Total dark energy density parameterΩDE = X2 + Y 2 + P23 ,
Effective E.o.S.

weff ≡
pm + pφ + pp
ρm + ρφ + ρp

= −1− 23 Ḣ
H2 ,
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Critical Points
Point X Y P3 weff ΩDE

O 0 0 0 wm 0
A± ± 1 0 0 1 1
B λ√6

√1− λ26 0 −1 + λ23 1
C

√ 32 (wm+1)
λ

√ 32
√ 1−w2

m
λ2 0 wm 3(1+wm)

λ2
D 0 √ 2γ2γ−λ

√
λ

λ−2γ −1 1
E

√ 23γ 0 √1− 2γ23 −1 + 4γ23 1
F

√ 32 (wm+1)2γ 0 √ 32
√ 1−w2

m4γ2 wm 3(1+wm)4γ2
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Point O: Since ΩDE = 0, this point corresponds to a matter dominateduniverse with Ωm = 1 with no acceleration weff = wm.
Points A±: In these two points weff = 1 corresponding to stiff matter, withno acceleration.
Point B : Represents acceleration when weff < − 13 , i.e. for λ2 < 2. When
λ→ 0, this point represents a de Sitter expansion with weff = −1.
Point C: This point represents a so-called scaling solution where theeffective EoS matches the matter EoS. Explicitly ΩmΩDE

= λ23(1+wm) − 1, thus0 < ΩDE < 1 and 0 < Ωm = 1−ΩDE < 1. Since, weff = wm, there is noacceleration.
Point D : Since ΩDE = 1 it describes an accelerated expansion.
Point E : Accelerated expansion for γ = 0, i.e. a constant coupling betweenthe scalar field and the 3−form. We can also have acceleration providing
γ2 < 12 .
Point F : New scaling solution. In this case we have ΩmΩDE

= 4γ23(1+wm) − 1,and likewise 0 < ΩDE < 1, 0 < Ωm < 1. This point could be of potential
interest for the coincidence problem. Nevertheless, there are noacceleration, due to weff = wm.
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(a) (b)Figure: (a) the coupling constants are set to be λ = 1, γ = −0.4 in a stiff matteruniverse wm = 1. The number of e-foldings runs from 0 to 20. (b) same as plot(a) but with a cosmological constant-like term in the matter sector (wm = −1).In this particular case, the points C and F correspond exactly to the origin O.
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ConclusionsConclusions
1 p-forms as interesting approach to dark energy and/or inflationissues.
2 The general constuction of coupled p-forms only allows a BF−term;other controbutions are written as Maxwell-like terms for each
p-form.

3 The coupled 1−form and 2−form system could be written as anaction for a massive vector field. That means, a mass generation bykinetic couplings of different p-forms.
4 Non-trivial dynamics of the scalar-3-form coupled system. Thehomogeneous evolution of the 3-form makes this system onlyinteresting at background level.
5 The dynamical system analysis shows some interesting features, inparticular the existence of scaling solutions of great interest for thecoincidence problem.
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