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What is MaCh3?
Bayesian analysis framework, using Markov Chain Monte Carlo (MCMC) to measure constraints 
on oscillation parameters

Developed for analyses on T2K:
● Has been used to construct 3 sigma credible intervals
● Analyses use complex systematic models
● Large number of parameters (~800 in total)
● Can fit many different samples at both near and far

➔ e.g. 22 near + 6 far samples for T2K

Also used for T2K+NOvA joint-fit, T2K+SK atmospherics and being developed for Hyper-K and 
DUNE

● Code under-going refactor to support many experiments more easily (see slide 10)
● Lots of expertise from other oscillation experiments and analyses
● Approximately 20 people in MaCh3 group across all experiments

● Work of many people no longer active in the group as well!
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Bayesian oscillation framework

• Markov Chain Monte Carlo explores the parameter space (T2K: 700 dim)


• To reach 3σ sensitivity on CP-phase, need ~100 millions of steps

P (~✓|D) =
P (D|~✓)P (~✓)
R
P (D|~✓)d~✓
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44 Statistical Treatment and Markov Chain Monte Carlo

test-statistic initially walks towards the minimum and reaches it after about 800 steps
for all the six chains. The chains then globally step out of the minimum and explore
the area around it, which appears stable after 15-20,000 steps.
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Figure 4.4.: Test-statistic evolution with MCMC steps for six separate chains running on data

The analyses presented in this thesis use a more conservative approach than above
since computational power was not an issue. Generally, individual chains are at least
1,000,000 steps long and at least three such chains are run in parallel and the burn-in is
always at least a quarter of the total.

4.4. Point Estimates and Uncertainties of Parameters

This analysis propagates a full high-dimensional posterior—rather than central values
with uncertainties related through a covariance matrix—so is less concerned with the
accuracy of point estimates and their uncertainties. Furthermore, the posterior only
contains parameters considered as nuisance parameters in oscillation analyses. This
saves significant computational time, since point estimation in high dimensions with
correlated parameters requires a significant number of MCMC steps or a better suited
algorithm than Metropolis-Hastings.

However, many point estimates with uncertainties are presented in this work,
especially when validating against the frequentist “BANFF” framework in Appendix E.
Naturally, this process loses information about the full posterior, so is not propagated
to the oscillation analysis.

C. Wret
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• Tokai-to-Kamioka (T2K) is a long-baseline accelerator neutrino experiment.

Physics goals:


• Precise measurement of PMNS neutrino flavour oscillation parameters: 𝜃23 and 𝛥m232.


• Test of Charge-Parity-symmetry conservation through the PMNS parameter 𝛿CP


• Test of the 3-flavour oscillation model.

Akihiro Minamino's T2K Talk

For latest T2K results, see
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Sensitivity to neutrino flavour  
oscillation parameters
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Neutrino oscillations at T2K
• Muon (anti)neutrino disappearance:

• Location of dip determined by Δm2
32

• Depth of dip determined by sin2(2θ23)
• Electron (anti)neutrino appearance:

• Leading term depends on sin2(θ23), sin2(θ13) 
and Δm2

32
• Sub-leading δCP dependance (up to 45% on event rate)

• δCP = π/2: fewer neutrinos, more anti-neutrinos 
• δCP = -π/2: more neutrinos, fewer anti-neutrinos 

• Matter effects give dependence on mass hierarchy (~10%)
• For 295km baseline first oscillation maximum is at 

0.6 GeV, we use off axis beam to focus flux at this 
energy

16/11/2020P. Dunne 13

νμ disappearance

νe appearance

• Muon (anti)neutrino disappearance:


• Location of dip determined by 𝜟m232 


• Depth of the dip given by sin2(2𝜃23 )


• Electron (anti)neutrino appearance:

• Leading term depends on sin2(𝜃23 ), sin2(𝜃13 ) and 

𝜟m232


• Sub-leading 𝛿CP dependence

• Matter effects give some dependence on mass 

hierarchy

• With the 295 km baseline the first oscillation 

maximum is at 0.6 GeV, a 2.5° off-axis neutrino 
beam flux can be focused to this energy



C. Bronner on behalf of the T2K collaboration
June 1st, 2022

Recent results and 
future prospects from T2K

The XXX International Conference on Neutrino Physics and Astrophysics – Neutrino 2022

Near Detector (ND280): 𝜈 beam 

before flavour oscillations

• ND data constrains the neutrino beam flux and interaction cross-section model uncertainties.


• The (anti-)neutrino beam is sampled at the Near Detector via neutrino scattering events  classified 
by the final-state: CC0𝝅, CC1𝝅, CCOther event samples and fit in final state kinematics.


• Further splitting CC0𝝅 samples based on the presence of proton.


• Separate 𝝅0 events with a photon tag. 

4
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Near Detector (ND280): unoscillated beam

Edward Atkin 6

ND280
Near Detector is placed 280m 
downstream from the graphite target

Various different sub-detectors.

Oscillation analysis uses samples in Fine 
Grain Detectors (FGDs).

Three types of samples for 
FHC and the same three for 
RHC (sign of pion changes)

CC0π – no π in the final state, 
1 lepton

CC1π+(-) – a pion in the final 
state

CCOther – lots of things! 
Multiple πs, gammas, π0…

Asher 
Kaboth

Asher 
Kaboth
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state
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Multiple πs, gammas, π0…
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Asher 
Kaboth

CC0! CC1!

CCOther

ND280 O↵-Axis Near Detector
Consists of many parts:

• In a magnet, so can sign-select
charged particles

• P0D (⇡0 Detector) – Measures
pions (⇡0’s), water target

• TPCs (Time Projection
Chambers) – Track particles,
particle identification

• FGDs (Fine-Grain Detectors) –
Act as detector target, include
interaction vertex information

• ECALs (Electromagnetic
Calorimeters) – Detect and
identify particles exiting the
detector, such as �’s, ⇡0’s

! ND280 upgrades underway

ND280 is used to constrain the neutrino
flux and measure neutrino cross sections

15 / 60
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Far Detector (Super-Kamiokande): 𝜈 beam 

after flavour oscillations

• The (anti-)neutrino beam is sampled at the Far Detector: single ring: 𝜇± and e±-like 
Cherenkov rings corresponding mainly to 𝜈𝜇 and 𝜈e CC0𝝅 and CC1𝝅 interactions, and 
multiring selection: 𝜈𝜇 CC1𝝅 sample.


• Event samples used from both neutrino-mode and anti-neutrino mode beams.

5

  

9Far detector
Super-Kamiokande

➢ Good separation between µ± and e± (separate νμ and νe CC interactions)
→ Less than 1% mis-PID at 1 GeV for single ring events

➢ Cannot separate ν and ν on an event by event basis
➢ Only sees photons and charge particle above Cerenkov threshold

e-like

µ-like
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Neutrino Interactions at T2K

No Osc.

w/Osc. 

CC2p2h

CCRES
(Resonant Pion Production)

CCQE
(2 particle, 2 hole)(Charged-Current Quasi-Elastic)

𝑁ℓ 𝐸𝜈 = 𝑃 𝜈𝜇 → 𝜈ℓ 𝐸𝜈 𝜎 𝐸𝜈 Φ𝜈 𝐸𝜈 𝜖(𝐸𝜈)
𝑁ℓ(E𝜈) = Event rate
𝑃 𝜈ℓ′ → 𝜈ℓ 𝐸𝜈 = Oscillation probability

Φ𝜈(E𝜈) = Neutrino flux
𝜖 𝐸𝜈 = Detector efficiency
𝜎ℓ 𝐸𝜈 = Interaction cross section

RES

Neutrino Interactions at T2K
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Stephen Dolan INSS, CERN, August 2021 133

What can we measure

CCQE
(1p1h)

CCRES

2p2h

Interaction
Modes

Interaction
Topologies

?
?

?
?

?
?

p

CC0π
(CCQE-like)

CC1π
(CCRES-like)

CC0π+Np 
(N>0)

Interaction modes in 
CC0𝜋 topology:
(NEUT)

• Nuclear effects can 
hide the true 
interaction mode

• To minimise model 
dependence we 
measure interaction 
topologies

Stephen Dolan INSS, CERN, August 2021 110

Neutrino Interactions at T2K

No Osc.
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𝑁ℓ(E𝜈) = Event rate
𝑃 𝜈ℓ′ → 𝜈ℓ 𝐸𝜈 = Oscillation probability

Φ𝜈(E𝜈) = Neutrino flux
𝜖 𝐸𝜈 = Detector efficiency
𝜎ℓ 𝐸𝜈 = Interaction cross section

RES

• Cannot separately measure P(𝜈𝜇 → 𝜈x)(E𝜈), 𝜎(E𝜈), 𝝓𝜈(E𝜈)


• Cannot directly measure E𝜈true , cannot separately resolve interaction 
modes


• Need a model-based analysis to infer parameters  
and relate reconstructed quantities to true quantities



C. Bronner on behalf of the T2K collaboration
June 1st, 2022

Recent results and 
future prospects from T2K

The XXX International Conference on Neutrino Physics and Astrophysics – Neutrino 2022

T2K joint oscillation fit overview
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• Model-based analysis: statistical likelihood approach evaluates the compatibility 
between the observed data and MC predictions from a combined neutrino beam 
flux + interaction cross-section + detector + flavour oscillation model.


• T2K produces both frequentist and Bayesian results: cross-check each other.

|| 18.04.2022Balint Radics 33

Joint oscillation fit general strategy

Edward Atkin 5

Asher 
Kaboth
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Evaluating the Bayes-theorem with MaCh3
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• The MaCh3 analysis performs statistical inference using the Bayes-theorem.


• Likelihood term is 

• Likelihood ratio assuming Poisson statistics (Baker, Cousins 1984) 

• Terms for ND MC statistical fluctuation (Barlow, Beeston 1993)


• Priors terms are 

• Physics parameters or model constraints: multivariate “Gaussian” terms acting either in the model 

parameter space or in the observable final-state kinematic bins 


• Prior constraints: ND fit, external data, detector systematics, etc.

Bayes-theorem:

Chapter 4

Statistical Treatment and Markov Chain

Monte Carlo

There are three kinds of lies: lies,
damned lies, and statistics

Mark Twain

The analysis presented in this thesis employs a Bayesian view of statistics, in which
the end result is a posterior probability distribution P(!θ|D) for the model!θ given the
observed data D. It is built from the joint probability distribution P(D|!θ) and the prior
information P(!θ). These quantities are related through Bayes’ theorem,

P(!θ|D) =
P(D|!θ)P(!θ)

∫

P(D|!θ)P(!θ)d!θ
(4.1)

which is conditional on the full model space Θ. In this analysis, the P(D|!θ) is the
neutrino event distributions and are modelled with a Poisson probability distribution
function for the data n being a fluctuation of the simulation λ(!θ) in each bin. The P(!θ)

is the prior knowledge of the model!θ from data not used in this analysis (e.g. external
hadron scattering data, cosmic data at ND280) and is modelled using a multivariate
Gaussian probability distribution. Each parameter i has a central value µi which is
varied to Xi during the MCMC sampling and is related to parameter j through the
covariance matrix Vij. The joint posterior probability distribution P(D|!θ)P(θ) can
then formally be expressed as

P(D|!θ)P(!θ) = ∏LTotal = ∏
(

LBins ×LSystematics
)

(4.2)

38

Joint posterior probability dist:

CHAPTER 4. BAYESIAN INFERENCE AND THE MARKOV CHAIN MONTE
CARLO METHOD 67

P(D,~q) = P(D|~q)P(~q)

The prior distribution, P(~q), contains all previous knowledge about the para-

meters in the model. This could be a previous measurement (for example con-

straining a certain parameter to a best-fit value from external measurements

with a corresponding Gaussian uncertainty), and may also include correlations

between the parameters. P(D|~q) is the likelihood of measuring some data D

assuming some set of parameter values given by the vector ~q. In this analysis the

likelihood is calculated by comparing a Monte Carlo prediction using a specific

set of parameter values to the binned data, and evaluating the Poisson likelihood

for each bin.

The aim of the analysis is to find the probability for each parameter to have

a certain value, given the data: P(~q|D). For example, we may wish to find the

probability that dCP = 0 given the information in the T2K data. This can be

found from the joint probability distribution by applying Bayes’ theorem:

P(~q|D) =
P(D|~q)P(~q)R
P(D|~q)P(~q)d~q

(4.1)

P(~q|D) is called the posterior distribution (often just called the posterior) –

the probability distribution for the model parameters ~q given the observed data

D. Constructing the posterior distribution is the aim of all Bayesian analyses;

from the posterior distribution it is easy to extract parameter estimates and other

information about the model (as discussed in section 4.4).

Note that we often cannot easily evaluate the integral in the denominator

of equation 4.1, which is the integral of the joint probability distribution over

all possible models and parameters. In this case we can only say that P(~q|D)

is proportional to P(D|~q)P(~q). However, in section 4.4 we shall see that it is

Likelihood Prior

2 ND280 fitting strategy230

2.1 ND280 likelihood231

In this analysis, we continue to fit the �2 logLTotal which can be considered as having two separate232

contributions: one accounting for previous knowledge of the systematics (“priors”), �2 logLSys, and233

one from the prediction and data statistics, �2 logLStat, assuming the data is a Poisson fluctuation234

with a Barlow-Beeston correction as described in TN-395 [1]:235
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where the first line is �2 logLStat and the three bottom lines are the contributions to �2 logLSys.236

2.2 ND280 samples and selections237

There have been significant updates to the FHC samples with the inclusion of photon and proton238

tagging. The updated selections are described in detail in TN-421 [7]. The photon cut divides the239

CC-Inclusive selection into a CC-Inclusive sample without photons and a CC-Photon sample. This240

splits the CC-Other sample of the previous analysis into CC-Photon and CC-Other-0� samples, and241

also increases the purities of the CC0⇡ and CC1⇡+ samples by removing events containing photons.242

The proton cut splits the CC0⇡ sample into CC0⇡0p and CC0⇡Np, based on the absence or presence243

of at least one reconstructed proton. There are no changes to the RHC selections with respect to244

previous results [1, 8]. The flow of the selections used in this analysis is summarised in Tab. 1. The245

uniform fit binning used in this analysis is given in Sec. A.3.246

2.3 Protons on target (POT)247

The same ND280 MC production (6T) is used as the previous analysis. Tab. 2 summarises the POT248

used in this analysis, which shows some slight differences with respect to TN-395 [1]:249

• There was a new consistent data production using Production 6T, whereas TN-395 used a250

combination of productions for data (see Appendix C1 of TN-395). Furthermore, some run251

numbers that were erroneously typed as invalid in psyche were updated to match the correct252

10
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The MaCh3 T2K joint (log) posterior 
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f: flux, x: cross section, d/skd: detectors, o: oscillation parameters

ND: Near Detector, SK: Super-Kamiokande Far Detector 

Edward Atkin 12

T2K Analysis
● After all of this you end up with a likely hood to evaluate, 

here θ are your model parameters and D is data

=

} Data at 
ND280

Data at SK

} Priors
Interaction

Model

Flux

Interaction
Model

Oscillation
Parameters

ND280

SK 
Detector

What we 
want!!
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MCMC exploration of the parameter space
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• Joint oscillation fit uses multiple event samples simultaneously from the Near (22) and Far 
Detector (6): large number of parameters (>800).


• Using Markov Chain Monte Carlo (MCMC) sampling from the joint probability distribution. 


• MaCh3 uses the Metropolis-Hastings (MH) algorithm to perform the random sampling.


• Starting from random initial parameter values; after convergence the MC sequence 
approximates the joint posterior.

  

3

Reminder: Markov Chains
● Like any Bayesian analysis, founded on Bayesian 

inference.
● Want to understand the joint-distribution; 

likelihood of parameters to data and prior 
knowledge of parameters

● Markov chains sample this joint-distribution to 
build up a posterior distribution

● MaCh3 uses Metropolis-Hastings MCMC (no reason it can’t use another algorithm)
● MCMC / Bayesian results are not unheard of in neutrino physics!!

● T2K: 10.5281/zenodo.6683821
● NovA: https://indico.fnal.gov/event/55483/
● IceCube: https://arxiv.org/pdf/2011.03545.pdf
● KATRIN: 10.1038/s41567-021-01463-1
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• Metropolis-Hastings quasi-randomly 
walk in the parameter space, 
proposing new values to explore a 
distribution.


• A proposal function (Gaussian)  
suggests a step, which is taken based 
on the acceptance probability:


• Generate random number between 
0-1 and accept the steps if 𝛼 is 
greater!


• Always accept a step if probability is 
higher. Sometimes accept step if prob 
is lower.

Edward Atkin 

14

Markov chains semi-randomly step around 
parameter space and give you the probability 
of each point in this space.

We use the Metropolis-Hastings algorithm. 
Acceptance ratio:

Generate number between 0-1 if acceptance 
ratio greater than this then step!

i.e. always accept a step if probability 
higher. Sometimes step to lower probability.

Unlike other fitters in T2K we jointly sample 
ND280 + SK data

Metropolis-Hastings algorithm

Metropolis-Hastings algorithm
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Markov chains semi-randomly step around 
parameter space and give you the probability 
of each point in this space.

We use the Metropolis-Hastings algorithm. 
Acceptance ratio:

Generate number between 0-1 if acceptance 
ratio greater than this then step!

i.e. always accept a step if probability 
higher. Sometimes step to lower probability.

Unlike other fitters in T2K we jointly sample 
ND280 + SK data

Metropolis-Hastings algorithm
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Markov Chain Monte Carlo diagnostics
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• Aim: MCMC converges to the stationary target distribution, explores parameter space well.

• Control: step-size tuning. Small steps: poor parameter space exploration, highly correlated steps. 

Too large steps: leaving high-probability areas too quickly, poor exploration. 

• Diagnostic tools:


• Monitoring acceptance probability (literature probability: 0.234, Brooks et al. CRC Press, 2011)

• Autocorrelation function rk after lag k for a parameter Yi at step i: 

Stepping in the parameter 
space

!6

• Random walk Metropolis-Hastings algorithm (Hamiltonian under development)


• Proposal function: multivariate Gaussian, centered on the current parameter state


• Step size is hand-tuned for each group of parameters


• Needs a burn-in, before one can sample from the stationary posterior distribution

42 Statistical Treatment and Markov Chain Monte Carlo

The batched means are similar to the traces but cuts up the MCMC steps into
batches and compares the average parameter values in each batch. This is typically
a good indicator of burn-in, as small batches near the start of the chain may have
different values to batches near the end of the chain.

The auto-correlation function rk after lag k for a parameter Yi at step i is identical to
that in signal processing

rk =
∑

N−k
i=1 (Yi − Ȳ) (Yi+k − Ȳ)

∑
N
i=1 (Yi − Ȳ)2 (4.7)

and is a measure of how correlated a step in the chain i is with a step k steps ahead. This
is an important tool for MCMC to diagnose chain stability, since the optimal acceptance
probability of 0.234 can be easily achieved by varying the step-sizes. However, tuning
using only this metric may lead to fine step-sizes, which incurs significant step-to-step
correlations in the chain, which the auto-correlation assesses. Generally, this analysis
aims to have auto-correlations of less than 0.2 after lag k = 10, 000. Figure 4.2 shows
example auto-correlation functions for a chain which did pass this criteria in the flux
parameter but not the interaction parameters, so was step-size tuned further.
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Figure 4.2.: Auto-correlation functions for an example fit to ND280 data

In the case where multiple MCMC have sampled the same posterior we also com-
pare the above diagnostics chain to chain. In the case of suspected non-convergence
after significant number of steps, the R̂ test [163] is also used. R̂ estimates the improve-
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In the case where multiple MCMC have sampled the same posterior we also com-
pare the above diagnostics chain to chain. In the case of suspected non-convergence
after significant number of steps, the R̂ test [163] is also used. R̂ estimates the improve-

• Typically aiming for auto-correlations less than 0.2 after a lag 10 000. 


• Between-chains and within-chain variance convergence test: R-test (Gelman and Rubin, 
Statist. Sci. 7, 457 (1992)) - starting to being used in MaCh3.

∧
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MaCh3 Joint posterior distribution
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• Running each MCMC gives an N-dimensional 
posterior distribution (N ~ 800): ROOT TTree.


• In practice running multiple chain in parallel and use 
“hadd” of ROOT to combine chains.


• Simultaneously evaluating Normal and Inverted mass 
hierarchies by randomly “flipping” the sign of 𝜟m232.


• Marginalise out into 1D or 2D posterior distributions 
(Systematic or Oscillation parameters).


• Can also marginalize over both mass hierarchies.


• Credible intervals/regions over any parameters are 
constructed using Highest Posterior Density (HPD).

  

4

What do you get out?
● Each chain gives N-dimensional posterior 

distribution

● Marginalise out into 1D or 2D posteriors

– Marginalising across parameters as easy as:

TH1D::Fill(double dCP_at_five_sigma)

– Construct credible intervals containing X fraction 
of posterior density

– Require “enough” steps to get stable credible 
intervals

● Detailed view of systematics as have all dimensions of 
parameter space:

– Can make 1D/2D intervals in any of the parameters 
(systematic or signal) without rerunning

T2K 2020
Bayesian 

results
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Posterior-predictive checks, model 
comparison

14

  

16

Posterior predictive checks

Don’t get quite the same p-value that frequentist fits 
get.

A common tool for MCMC analyses are posterior 
predictive p-values where syst + stat throws are 
compared to the MC prediction and the data.

Fraction of throws with better fit to data compared 
to throw gives you p-value.

Prior-predictive p-values can also be a useful tool 
for bayesian analyses where you look at 
compatability of your model and the data pre-fit.

• Goodness-of-fit test can be performed using 
Bayesian approach: 


• For each draw from the joint Posterior distribution 
a MC prediction and fake data set is generated.


• MC prediction is compared to fake dataset and to 
real dataset by calculating a test statistics.


• Fraction of throws for which data fits the MC 
prediction better gives the p-value: 


• 𝜒2(yfake|𝜃)≥𝜒2(ydata|𝜃)


• Model comparison: Bayes-factor 

• Ratio of the marginal likelihoods of two 
hypotheses, or ratio of posterior probabilities for 
equal priors. 

• Ratio of number of steps in one hypothesis 
compared to other (e.g. Mass hierarchy).

  

4

What do you get out?
● Each chain gives N-dimensional posterior 

distribution

● Marginalise out into 1D or 2D posteriors

– Marginalising across parameters as easy as:

TH1D::Fill(double dCP_at_five_sigma)

– Construct credible intervals containing X fraction 
of posterior density

– Require “enough” steps to get stable credible 
intervals

● Detailed view of systematics as have all dimensions of 
parameter space:

– Can make 1D/2D intervals in any of the parameters 
(systematic or signal) without rerunning

T2K 2020
Bayesian 

results
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Summary and outlook
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Summary:


• T2K have been successfully performing oscillation fits using frequentist and 
Bayesian approaches: groups cross-check oscillation fit results.


• The MaCh3 Bayesian approach is used for the joint ND+FD fits in Oscillation 
Analysis.


• Many diagnostic tools used to check reliability of the results.


• T2K Nature results 2020: https://www.nature.com/articles/s41586-020-2177-0

Outlook: 


• MaCh3 is now developed to be an experiment-independent neutrino analysis 
tool, and is being used by new groups:


• T2K+SK (accelerator + atmospheric)


• T2K+NOvA (accelerator combination)


• DUNE, HyperK, etc. (future Long-Baseline neutrino experiments)


• New challenges for oscillation analyses and for neutrino physics.

MaCh3 reference: 10.5281/zenodo.6683821

https://www.nature.com/articles/s41586-020-2177-0

