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Fermion propagation in intense magnetic fields
• Magnetic fields influence the propagation of both charged and neutral particles

(due to charged virtual fluctuations)

• Photon birrefringence (due to vacuum fluctuations): Breaking of Lorentz 
invariance leads to three polarization tensor structures

(A. Ayala, J. Castaño, M. Loewe and E. Muñoz, Phys. Rev. D 101, 036016 (2020).

• The charged fermion propagator depends on the presence of a background
magnetic field, as first noticed by Schwinger (Phys. Rev. 82, 664 (1951)) 

• Magnetic catalysis: Massless fermions may develop a finite magnetic mass, V. P. 
Gusynin et al., Nucl. Phys. B426, 249 (1996); Phys. Rev. D 53, 4747 (1995).

• Most results reported in the literature, concerning a fermion magnetic mass, are 
based on calculations restricted to the LLL, and find a “double logarithm” 
leading contribution (Tsai, Phys. Rev. D 10, 1342 (1974); Jancovici, Phys. Rev. 187, 
2275 (1969); Machet, Int. J. Mod. Phys. 31, 1650071 (2016)). 
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A semiclassical picture

“The School of Athens” by Raphael (circa 1510) “Starry night” by V. van Gogh (1889)
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Path-Integral formulation of QM

“Classical Picture” “QFT Picture”
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Relativistic-covariant formulation of the EOM

v = vk + v?
<latexit sha1_base64="OPDqjoRwRiBEG6R2BBkoPFUiSEs=">AAACG3icbVDLSsNAFJ34rPUVdelmsAiCUJIq2I1QdOOygn1AE8JketMOnTyYmRRKyKfoz+hKqjsX/o3TGlBbz+rce86Fe46fcCaVZX0aK6tr6xubpa3y9s7u3r55cNiWcSootGjMY9H1iQTOImgppjh0EwEk9Dl0/NHtTO+MQUgWRw9qkoAbkkHEAkaJ0ivPrDshUUM/yMY5vsY/g5c5CRGEc+A5Pl8QQCS5Z1asqjUHXiZ2QSqoQNMzp04/pmkIkaKcSNmzrUS5GRGKUQ552UklJISOyAB6mkYkBOlm84Q5Pg1igdUQ8Hz+7c1IKOUk9LVn9qNc1GbL/7ReqoK6m7EoSRVEVFu0FqQcqxjPisJ9JoAqPtGEUMH0l5gOdSVU6TrLOr69GHaZtGtV+6Jau7+sNG6KIkroGJ2gM2SjK9RAd6iJWoiiJ/SC3tC78Wg8G6/G9Nu6YhQ3R+gPjI8v0B2ieg==</latexit>

Decompose the velocity into mutually orthogonal components
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44 FUNDAMENTALS OF PLASMA PHYSICS

Fig. 5 Parameters of the helicoidal trajectory of a positively
charged particle with reference to a Cartesian coordinate system.

4.3 Magnetic Moment

To the circular motion of a charged particle in a magnetic field there
is associated a circulating electric current I. This current flows in the
clockwise direction for a B field pointing towards the observer (Fig. 4).
From Ampere’s law, the direction of the magnetic field associated with
this circulating current is given by the right-hand rule i.e. with the right
thumb pointing in the direction of the current I, the right fingers curl in the
direction of the associated magnetic field. Therefore, the B field produced
by the circular motion of a charged particle is opposite to the externally
applied B field inside the particle orbit, but in the same direction outside
the orbit. The magnetic field generated by the ring current I, at distances
much larger than rc, is similar to that of a dipole (Fig. 6).

Radial-force: angular momentum is conserved
along helical axis
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The radius of the orbital helix is quantized
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Landau-level spectrum (almost exact except for spin)
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Gauge choice
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In order to perform the integral, let us take a straight line
path parametrized as

ξμ ¼ x0μ þ tðxμ − x0μÞ; for 0 < t < 1: ðA3Þ

Therefore, the phase actor becomes
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where the antisymmetry of Fμν was used.
From the above, the phase can be removed by the gauge

transformation

AμðξÞ → A0
μðξÞ þ

∂
∂ξμ αðξÞ: ðA5Þ

For our case, where the magnetic field is oriented in the
z-direction, we have

Aμ ¼
B
2
ð0;−x2; x1; 0Þ: ðA6aÞ

Therefore, choosing

αðξÞ ¼ B
2
ðx02ξ1 − x01ξ

0
2Þ; ðA6bÞ

we obtain

A0
μ ¼

B
2
ð0; x2 − x02; x1 − x01; 0Þ; ðA7Þ

which implies that

A0
μðxμ − x0μÞ ¼ 0; ðA8Þ

and thus the phase can be safely removed.

APPENDIX B: DIRAC ALGEBRA

Here we list the properties of products of Dirac matrices
that appear in the calculation of the fermion self-energy in
the presence of a magnetic field:

γμγμ ¼ 4 ðB1Þ

γμγ1γ2γμ ¼ 4g12 ¼ 0 ðB2Þ

γμ=kkγμ ¼ kk;νγμγνγμ ¼ −2kk;νγν ¼ −2=kk ðB3Þ

γμ=k⊥γμ ¼ −2=k⊥ ðB4Þ

γμγ1γ2=kkγμ ¼ kk;νγμγ1γ2γνγμ ¼ −2=kkγ1γ2 ðB5Þ

APPENDIX C: SUBDOMINANT
INTEGRATION REGION

As presented in the main text, the magnetic mass shift
components are given by

δmB ¼ ÔðþÞδmðþÞ
B þ Ôð−Þδmð−Þ

B ; ðC1Þ

where the magnetic mass shift components are given by the
integral expressions

δmð%Þ
B ¼ 2me2

ð4πÞ2

Z
1

0
dy

Z
∞

0

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
"

ð2 − yÞ cosðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

− ð2 − yÞ

∓ y sinðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

#
: ðC2Þ

Moreover, as explained in the main text, we shall split the
integration domain into three subregions, as follows

δmð%Þ
B ¼ δmð%Þ

B jR1
þ δmð%Þ

B jR2
þ δmð%Þ

B jR3
: ðC3Þ

Let us now restrict ourselves to the kinematic region
0 ≤ Bs < 1, which corresponds to the s-integral domain
s ∈ ½0;B−1Þ. Within this region, we can Taylor expand the
expressions in the square bracket as a power series in
Bs < 1, to obtain

ð2 − yÞ cosðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

− ð2 − yÞ

¼ −
ð2 − yÞð1 − yÞ3

3
ðBsÞ3

−
ð2 − yÞð1þ 5yÞð1 − yÞ5

45
ðBsÞ4 þOðBsÞ5; ðC4Þ

and similarly

y sinðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

¼ yð1 − yÞðBsÞ þ y2ð1 − yÞ3

3
ðBsÞ3 þOðBsÞ5: ðC5Þ

Integrating the first group of terms, we obtain
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The quantum mechanical picture

gμν⊥ ¼ diagð0;−1;−1; 0Þ: ð4bÞ

Therefore, we have the basic relations

=k ¼ =kk þ =k⊥ ð5aÞ

and

k2 ¼ k2k − k2⊥; ð5bÞ

with k2k ¼ k20 − k23 and k2⊥ ¼ k21 þ k22.
By applying the elementary properties of the algebra of

Dirac matrices, we obtain (see details in Appendix B)

γμiSFðkÞγμ ¼
Z

∞

0

dτ
cosðeBτÞ

eiτðk
2
k−k

2
⊥
tanðeBτÞ
eBτ −m2þiϵÞ

×
!
4m cosðeBτÞ − 2=kk cosðeBτÞ

− i sinðeBτÞγ1γ2=kk −
2=k⊥

cosðeBτÞ

"
: ð6Þ

Inserting Eqs. (2) and (6) into Eq. (1), the global
exponential factor becomes

e½ifxððp−kÞ
2þiϵÞþτðk2k−k

2
⊥
tanðeBτÞ
eBτ −m2þiϵÞg&

¼ e
½ifðxþτÞl2k−ðxþ

tanðeBτÞ
eB Þl2⊥þxp2− x2

xþτp
2
kþ

x2

xþtanðeBτÞ
eB

p2
⊥−m

2τþiϵg&
; ð7Þ

where we defined the shifted, internal momentum variables

lμk ¼ kμk −
x

xþ τ
pμ
k ð8Þ

lμ⊥ ¼ kμ⊥ −
x

xþ tanðeBτÞ
eB

pμ
⊥ ð9Þ

After integrating over the internal momenta, using the
simple identities

Z
d2l⊥
ð2πÞ2

e−iðxþ
tanðeBτÞ

eB Þl2⊥ ¼ 1

ð2πÞ2
−iπ

xþ tanðeBτÞ
eB

; ð10Þ

Z
d2l⊥
ð2πÞ2

lμ⊥e
−iðxþtanðeBτÞ

eB Þl2⊥ ¼ 0; ð11Þ

Z
d2lk
ð2πÞ2

eiðxþτÞl2k ¼ 1

ð2πÞ2
π

ðxþ τÞ
; ð12Þ

Z
d2lk
ð2πÞ2

lμke
iðxþτÞl2k ¼ 0; ð13Þ

we obtain the expression

Σðp;BÞ ¼ 2e2

ð4πÞ2

Z
∞

0

Z
∞

0

dxdτ

ðxþ τÞðxþ tanðeBτÞ
eB Þ

×
#
2m − x

xþ τ
pk −

xp⊥
ðxþ tanðeBτÞ

eB Þ½cosðeBτÞ&2

−
x tanðeBτÞ

xþ τ
iγ1γ2pk

$

× e
iðxp2− x2

xþτp
2
kþ

x2p2⊥
xþtanðeBτÞ

eB

−τm2þiϵÞ
: ð14Þ

Introducing the change of variables

τ¼ sð1−yÞ
m2

; x¼ sy
m2

; B¼ jeBj
m2

; ρ2⊥;k¼
p2
⊥;k

m2
; ð15Þ

with the corresponding Jacobian

∂ðτ; xÞ
∂ðs; yÞ ¼

%%%%
1 − y −s
y s

%%%% ¼ s; ð16Þ

we obtain that the self-energy is expressed by

Σðp;BÞ ¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dy½ðAÞ þ ðBÞ − ðCÞ&

× eisðφðy;ρ;BÞþiϵÞ; ð17Þ

where we defined the phase

φðy; ρ; BÞ ¼ yρ2 − y2ρ2k þ
y2 cosðBsð1 − yÞÞρ2⊥

y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ
Bs

− ð1 − yÞ; ð18Þ

as well as the terms that appear in the integrand

ðAÞ ¼
ð2 − y=ρkÞ cosðBsð1 − yÞÞ

y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ
Bs

; ð19Þ

ðBÞ ¼ −y=ρ⊥
½y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs &2
; ð20Þ

ðCÞ ¼ y sinðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

× iγ1γ2signðeBÞ=ρk: ð21Þ

III. FIXING THE COUNTERTERMS
IN THE B= 0 LIMIT

Equation (17) corresponds to the unrenormalized self-
energy for arbitrary magnetic field intensities. We impose
the renormalization conditions such that m corresponds to
the physical mass at B ¼ 0, i.e.,
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For any 4-vector k, this implies the subsequent
splitting of components

[�µ (i@µ � eAµ) +m] (x) = 0
<latexit sha1_base64="GnKLTA7UoZDKy0nPJBuC1QzocrY="></latexit>

Dirac´s equation

Look for eigenvectors
and eigenstates  (x) = eiEt+ik3x

3

 (x?)
<latexit sha1_base64="VDjpQM57Da+DKe/1Eyqh2I5QATg=">AAACHHicbVDLSsNAFJ3UV62vqks3g0VQhJK0groQiiK4rGBroalhMr1ph06SYWYiLSG/oj+jK187wb9xWrvwdVbn3nMu3HN8wZnStv1h5WZm5+YX8ouFpeWV1bXi+kZTxYmk0KAxj2XLJwo4i6ChmebQEhJI6HO49gdnY/36FqRicXSlRwI6IelFLGCUaLPyiseuUGx3uIdPMNykDJ9jjfcxwwOvioc3aTXLJgY3JLrvB+kw81JXgBTZnlcs2WV7AvyXOFNSQlPUveKz241pEkKkKSdKtR1b6E5KpGaUQ1ZwEwWC0AHpQdvQiISgOukkYoZ3glhi3Qc8mb97UxIqNQp94xk/qX5r4+V/WjvRwVEnZZFINETUWIwWJBzrGI+bwl0mgWo+MoRQycyXmPaJJFSbPgsmvvM77F/SrJSdarlyeVCqnU6LyKMttI12kYMOUQ1doDpqIIru0SN6RW/WnfVgPVkvX9acNb3ZRD9gvX8COYOgPA==</latexit>

E =
q
k23 + (2n+ 1� ↵)|eB|+m2

<latexit sha1_base64="ti55XJZI+OsCqK7jCeRkS3UQOlM=">AAACEHicbVBLSwMxGMzWV62vVY9egkWoSMvuVtCLUCqCxwr2AX2RTb+2odmHSVYo2/4J/TN6EvUm/gH/jWntQVvnECYzE8iMG3ImlWV9GYml5ZXVteR6amNza3vH3N2ryCASFMo04IGouUQCZz6UFVMcaqEA4rkcqu7gcuJX70FIFvi3ahhC0yM9n3UZJUpLbTN7hS9wQ94JFQ/a+ZaDT3DG8fVp42yD8LBPjkdQHGnBaznjtpm2ctYUeJHYM5JGM5Ta5mejE9DIA19RTqSs21aomjERilEO41QjkhASOiA9qGvqEw9kM57WGuOjbiCw6gOe3n9nY+JJOfRcnfGI6st5byL+59Uj1T1vxswPIwU+1RHtdSOOVYAn6+AOE0AVH2pCqGD6l5j2iSBU6Q1Tur49X3aRVJycnc85N6fpQnE2RBIdoEOUQTY6QwV0jUqojCh6RM/oDb0bD8aT8WK8/kQTxuzNPvoD4+MbrhiZIQ==</latexit>

Magnetic Landau-level
spectrum n 2 N0, ↵ = ±1

<latexit sha1_base64="evch++BcKGZpwfilGqnjXJrX7M0=">AAACCHicbVDLSgMxFM34rPU16tJNsBRcSJmpgm6EohtXUsE+oDMMmTTThiaZIckIZegP6M/oStSda3/AvzHTzkJbTzYn95wL95wwYVRpx/m2lpZXVtfWSxvlza3tnV17b7+t4lRi0sIxi2U3RIowKkhLU81IN5EE8ZCRTji6zvXOA5GKxuJejxPiczQQNKIYaTMK7KrwqPA40sMwzG4ngXPizR5iyRDBS+glHLqBXXFqzhRwkbgFqYACzcD+8voxTjkRGjOkVM91Eu1nSGqKGZmUvVSRBOERGpCeoQJxovxsGmcCq1EsoR4SOP3/9maIKzXmofHkJ6t5LR/+p/VSHV34GRVJqonAxmK0KGVQxzBvBfapJFizsSEIS2quhHiIJMLadFc28d35sIukXa+5p7X63VmlcVUUUQKH4AgcAxecgwa4AU3QAhg8gRfwDj6sR+vZerXeZtYlq9g5AH9gff4AVKiYIw==</latexit>

Split of the metric into two orthogonal subspaces

magnetic field-induced photon polarization are included, is
studied in Ref. [14].
In all these works, the calculations focused on finding the

kinematical domain of integration that leads to the double
logarithms for strong fields, which essentially corresponds
to finding the contribution from the lowest Landau level
(LLL) for the internal fermion line. However, it is well
known that for large but still finite field strengths, the
contribution of levels other than the LLL also become
important. Furthermore, in order to find the magnetic field-
driven mass corrections, several calculations [8–12] resort
to finding the self-energy matrix element in the fermion
preferred state, namely, the spinor representing the lowest
energy fermion state. For these purposes, Schwinger’s
phase factor is kept all along the calculation, which makes
it a bit more cumbersome since then, the kinematical
momentum Πμ ¼ pμ − eAμðxÞ, instead of the canonical
momentum pμ, is involved, where AμðxÞ is the four-vector
potential that gives rise to the magnetic field. Nevertheless,
as is also well known, for the self-energy calculation, the
phase factor can be gauged away by choosing an appro-
priate gauge transformation. One can then ask whether the
magnetic field induced fermion mass can be found from an
approach where this phase is gauged away and that
emphasizes the general tensor structure of the fermion
self-energy, from whose coefficients the magnetic field
dependent fermion mass can be read off.
In this work we revisit the calculation of the fermion self-

energy in the presence of an external magnetic field. We
carry out the computation of the magnetic field induced
fermion self-energy and then, from its general structure, we
find the mass and width. After introducing a Schwinger
parametrization and removing the vacuum, we identify the
three distinct regions of integration that contribute to the
mass shift. We show that, while working in the large field
limit, it is still possible to include the effect of all Landau
levels. The procedure we employ makes it also possible to
find the subdominant contributions in the ratio jeBj=m2

which include, in particular, the imaginary part of the self-
energy. We interpret the result in terms of the development
not only of a mass but also of a width. For large field
strengths, the former comes mainly from the lowest Landau
level (LLL) whereas the latter comes mainly from con-
tributions other than the LLL. The work is organized as
follows: In Sec. II we set up the computation of the one-
loop fermion self-energy in the presence of a constant
magnetic field. In Sec. III we implement the requirements
of renormalization in vacuum and find the general expres-
sion for the renormalized, magnetic field dependent self-
energy. In Sec. IV we express the mass shift operators in
terms of its most general tensor structure. In order to find
the explicit result, we separate the integration domain into
the three distinct regions that contribute. We show that one
of these regions provides the dominant, real contribution, as
well as a subleading imaginary part, implying a finite decay

rate, whereas the other two regions contribute with sub-
dominant terms. In Sec. V we analyze the results express-
ing the self-energy in terms of its most general tensor
structure and for different values of the magnetic field
strength comparing to those obtained from considering
only the leading, double logarithmic contribution. We show
that the result can be understood as a mass shift with a
Lorentzian width. As the magnetic field increases, the
width decreases in such a way that for very large magnetic
fields the Lorentzian turns into a Dirac delta function
expressing the mass shift and dominated by the LLL. We
finally summarize and conclude in Sec. VI and leave for
the appendices the explicit computation of some of the
expressions and calculations that we use throughout the rest
of the work.

II. SELF-ENERGY

We start by considering the expression for the fermion
self-energy in QED, at one loop, in the presence of an
external magnetic field directed along the ẑ-axis, namely,
B ¼ ẑB,

−iΣðpÞ ¼ ð−ieÞ2
Z

d4k
ð2πÞ4

γμiSFðkÞγνGνμðp − kÞ: ð1Þ

Here, we use the photon propagator in the Feynman
gauge

Gνμðp − kÞ ¼
−igμν

ðp − kÞ2 þ iϵ

¼ −gμν
Z

∞

0
dxeix½ðp−kÞ

2þiϵ&; ð2Þ

and the fermion propagator in the presence of the magnetic
field, using Schwinger’s proper-time representation

SFðkÞ ¼ −i
Z

∞

0

dτ
cosðeBτÞ

eiτðk
2
k−k

2
⊥
tanðeBτÞ
eBτ −m2þiϵÞ

×
!
½cosðeBτÞ þ iγ1γ2 sinðeBτÞ&ðmþ =kkÞ

þ =k⊥
cosðeBτÞ

"
; ð3Þ

where the phase factor has been gauged away (see
Appendix A for details).
In order to separate the two directions, i.e., parallel and

perpendicular, with respect to the magnetic field, we adopt
the following conventional definitions: For the metric
tensor gμν ¼ gμνk þ gμν⊥ , with

gμνk ¼ diagð1; 0; 0;−1Þ; ð4aÞ

and
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magnetic field-induced photon polarization are included, is
studied in Ref. [14].
In all these works, the calculations focused on finding the

kinematical domain of integration that leads to the double
logarithms for strong fields, which essentially corresponds
to finding the contribution from the lowest Landau level
(LLL) for the internal fermion line. However, it is well
known that for large but still finite field strengths, the
contribution of levels other than the LLL also become
important. Furthermore, in order to find the magnetic field-
driven mass corrections, several calculations [8–12] resort
to finding the self-energy matrix element in the fermion
preferred state, namely, the spinor representing the lowest
energy fermion state. For these purposes, Schwinger’s
phase factor is kept all along the calculation, which makes
it a bit more cumbersome since then, the kinematical
momentum Πμ ¼ pμ − eAμðxÞ, instead of the canonical
momentum pμ, is involved, where AμðxÞ is the four-vector
potential that gives rise to the magnetic field. Nevertheless,
as is also well known, for the self-energy calculation, the
phase factor can be gauged away by choosing an appro-
priate gauge transformation. One can then ask whether the
magnetic field induced fermion mass can be found from an
approach where this phase is gauged away and that
emphasizes the general tensor structure of the fermion
self-energy, from whose coefficients the magnetic field
dependent fermion mass can be read off.
In this work we revisit the calculation of the fermion self-

energy in the presence of an external magnetic field. We
carry out the computation of the magnetic field induced
fermion self-energy and then, from its general structure, we
find the mass and width. After introducing a Schwinger
parametrization and removing the vacuum, we identify the
three distinct regions of integration that contribute to the
mass shift. We show that, while working in the large field
limit, it is still possible to include the effect of all Landau
levels. The procedure we employ makes it also possible to
find the subdominant contributions in the ratio jeBj=m2

which include, in particular, the imaginary part of the self-
energy. We interpret the result in terms of the development
not only of a mass but also of a width. For large field
strengths, the former comes mainly from the lowest Landau
level (LLL) whereas the latter comes mainly from con-
tributions other than the LLL. The work is organized as
follows: In Sec. II we set up the computation of the one-
loop fermion self-energy in the presence of a constant
magnetic field. In Sec. III we implement the requirements
of renormalization in vacuum and find the general expres-
sion for the renormalized, magnetic field dependent self-
energy. In Sec. IV we express the mass shift operators in
terms of its most general tensor structure. In order to find
the explicit result, we separate the integration domain into
the three distinct regions that contribute. We show that one
of these regions provides the dominant, real contribution, as
well as a subleading imaginary part, implying a finite decay

rate, whereas the other two regions contribute with sub-
dominant terms. In Sec. V we analyze the results express-
ing the self-energy in terms of its most general tensor
structure and for different values of the magnetic field
strength comparing to those obtained from considering
only the leading, double logarithmic contribution. We show
that the result can be understood as a mass shift with a
Lorentzian width. As the magnetic field increases, the
width decreases in such a way that for very large magnetic
fields the Lorentzian turns into a Dirac delta function
expressing the mass shift and dominated by the LLL. We
finally summarize and conclude in Sec. VI and leave for
the appendices the explicit computation of some of the
expressions and calculations that we use throughout the rest
of the work.

II. SELF-ENERGY

We start by considering the expression for the fermion
self-energy in QED, at one loop, in the presence of an
external magnetic field directed along the ẑ-axis, namely,
B ¼ ẑB,

−iΣðpÞ ¼ ð−ieÞ2
Z

d4k
ð2πÞ4

γμiSFðkÞγνGνμðp − kÞ: ð1Þ

Here, we use the photon propagator in the Feynman
gauge

Gνμðp − kÞ ¼
−igμν

ðp − kÞ2 þ iϵ

¼ −gμν
Z

∞

0
dxeix½ðp−kÞ

2þiϵ&; ð2Þ

and the fermion propagator in the presence of the magnetic
field, using Schwinger’s proper-time representation

SFðkÞ ¼ −i
Z

∞

0

dτ
cosðeBτÞ

eiτðk
2
k−k

2
⊥
tanðeBτÞ
eBτ −m2þiϵÞ

×
!
½cosðeBτÞ þ iγ1γ2 sinðeBτÞ&ðmþ =kkÞ

þ =k⊥
cosðeBτÞ

"
; ð3Þ

where the phase factor has been gauged away (see
Appendix A for details).
In order to separate the two directions, i.e., parallel and

perpendicular, with respect to the magnetic field, we adopt
the following conventional definitions: For the metric
tensor gμν ¼ gμνk þ gμν⊥ , with

gμνk ¼ diagð1; 0; 0;−1Þ; ð4aÞ

and
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gμν⊥ ¼ diagð0;−1;−1; 0Þ: ð4bÞ

Therefore, we have the basic relations

=k ¼ =kk þ =k⊥ ð5aÞ

and

k2 ¼ k2k − k2⊥; ð5bÞ

with k2k ¼ k20 − k23 and k2⊥ ¼ k21 þ k22.
By applying the elementary properties of the algebra of

Dirac matrices, we obtain (see details in Appendix B)

γμiSFðkÞγμ ¼
Z

∞

0

dτ
cosðeBτÞ

eiτðk
2
k−k

2
⊥
tanðeBτÞ
eBτ −m2þiϵÞ

×
!
4m cosðeBτÞ − 2=kk cosðeBτÞ

− i sinðeBτÞγ1γ2=kk −
2=k⊥

cosðeBτÞ

"
: ð6Þ

Inserting Eqs. (2) and (6) into Eq. (1), the global
exponential factor becomes

e½ifxððp−kÞ
2þiϵÞþτðk2k−k

2
⊥
tanðeBτÞ
eBτ −m2þiϵÞg&

¼ e
½ifðxþτÞl2k−ðxþ

tanðeBτÞ
eB Þl2⊥þxp2− x2

xþτp
2
kþ

x2

xþtanðeBτÞ
eB

p2
⊥−m

2τþiϵg&
; ð7Þ

where we defined the shifted, internal momentum variables

lμk ¼ kμk −
x

xþ τ
pμ
k ð8Þ

lμ⊥ ¼ kμ⊥ −
x

xþ tanðeBτÞ
eB

pμ
⊥ ð9Þ

After integrating over the internal momenta, using the
simple identities

Z
d2l⊥
ð2πÞ2

e−iðxþ
tanðeBτÞ

eB Þl2⊥ ¼ 1

ð2πÞ2
−iπ

xþ tanðeBτÞ
eB

; ð10Þ

Z
d2l⊥
ð2πÞ2

lμ⊥e
−iðxþtanðeBτÞ

eB Þl2⊥ ¼ 0; ð11Þ

Z
d2lk
ð2πÞ2

eiðxþτÞl2k ¼ 1

ð2πÞ2
π

ðxþ τÞ
; ð12Þ

Z
d2lk
ð2πÞ2

lμke
iðxþτÞl2k ¼ 0; ð13Þ

we obtain the expression

Σðp;BÞ ¼ 2e2

ð4πÞ2

Z
∞

0

Z
∞

0

dxdτ

ðxþ τÞðxþ tanðeBτÞ
eB Þ

×
#
2m − x

xþ τ
pk −

xp⊥
ðxþ tanðeBτÞ

eB Þ½cosðeBτÞ&2

−
x tanðeBτÞ

xþ τ
iγ1γ2pk

$

× e
iðxp2− x2
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Introducing the change of variables

τ¼ sð1−yÞ
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; x¼ sy
m2

; B¼ jeBj
m2

; ρ2⊥;k¼
p2
⊥;k

m2
; ð15Þ

with the corresponding Jacobian

∂ðτ; xÞ
∂ðs; yÞ ¼

%%%%
1 − y −s
y s

%%%% ¼ s; ð16Þ

we obtain that the self-energy is expressed by
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Z
∞

0
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Z
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× iγ1γ2signðeBÞ=ρk: ð21Þ

III. FIXING THE COUNTERTERMS
IN THE B= 0 LIMIT

Equation (17) corresponds to the unrenormalized self-
energy for arbitrary magnetic field intensities. We impose
the renormalization conditions such that m corresponds to
the physical mass at B ¼ 0, i.e.,
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2τþiϵg&
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The fermion propagator in a constant magnetic field background

SFðx; x0Þ ¼ Φðx; x0Þ
Z

d4p
ð2πÞ4

e−p·ðx−x
0ÞSFðpÞ; ðA1Þ

where SFðpÞ is given by Eq. (3) and the phase takes the
form

Φðx;x0Þ¼ exp
!
ie
Z

x0

x
dξμ

"
Aμþ

1

2
Fμνðξ−x0Þν

#$
: ðA2Þ

In order to perform the integral, let us take a straight line
path parametrized as

ξμ ¼ x0μ þ tðxμ − x0μÞ; for 0 < t < 1: ðA3Þ

Therefore, the phase actor becomes

Φðx; x0Þ ¼ exp
"
ie
Z

1

0
Aμðxμ − x0μÞdt

#
; ðA4Þ

where the antisymmetry of Fμν was used.
From the above, the phase can be removed by the gauge

transformation

AμðξÞ → A0
μðξÞ þ

∂
∂ξμ αðξÞ: ðA5Þ

For our case, where the magnetic field is oriented in the
z-direction, we have

Aμ ¼
B
2
ð0;−x2; x1; 0Þ: ðA6aÞ

Therefore, choosing

αðξÞ ¼ B
2
ðx02ξ1 − x01ξ

0
2Þ; ðA6bÞ

we obtain

A0
μ ¼

B
2
ð0; x2 − x02; x1 − x01; 0Þ; ðA7Þ

which implies that

A0
μðxμ − x0μÞ ¼ 0; ðA8Þ

and thus the phase can be safely removed.

APPENDIX B: DIRAC ALGEBRA

Here we list the properties of products of Dirac matrices
that appear in the calculation of the fermion self-energy in
the presence of a magnetic field:

γμγμ ¼ 4 ðB1Þ

γμγ1γ2γμ ¼ 4g12 ¼ 0 ðB2Þ

γμ=kkγμ ¼ kk;νγμγνγμ ¼ −2kk;νγν ¼ −2=kk ðB3Þ

γμ=k⊥γμ ¼ −2=k⊥ ðB4Þ

γμγ1γ2=kkγμ ¼ kk;νγμγ1γ2γνγμ ¼ −2=kkγ1γ2 ðB5Þ

APPENDIX C: SUBDOMINANT
INTEGRATION REGION

As presented in the main text, the magnetic mass shift
components are given by

δmB ¼ ÔðþÞδmðþÞ
B þ Ôð−Þδmð−Þ

B ; ðC1Þ

where the magnetic mass shift components are given by the
integral expressions

δmð%Þ
B ¼ 2me2

ð4πÞ2

Z
1

0
dy

Z
∞

0

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
"

ð2 − yÞ cosðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

− ð2 − yÞ

∓ y sinðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

#
: ðC2Þ

Moreover, as explained in the main text, we shall split the
integration domain into three subregions, as follows

δmð%Þ
B ¼ δmð%Þ

B jR1
þ δmð%Þ

B jR2
þ δmð%Þ

B jR3
: ðC3Þ

Let us now restrict ourselves to the kinematic region
0 ≤ Bs < 1, which corresponds to the s-integral domain
s ∈ ½0;B−1Þ. Within this region, we can Taylor expand the
expressions in the square bracket as a power series in
Bs < 1, to obtain

ð2 − yÞ cosðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

− ð2 − yÞ

¼ −
ð2 − yÞð1 − yÞ3

3
ðBsÞ3

−
ð2 − yÞð1þ 5yÞð1 − yÞ5

45
ðBsÞ4 þOðBsÞ5; ðC4Þ

and similarly

y sinðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

¼ yð1 − yÞðBsÞ þ y2ð1 − yÞ3

3
ðBsÞ3 þOðBsÞ5: ðC5Þ

Integrating the first group of terms, we obtain
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Gauge choice

SFðx; x0Þ ¼ Φðx; x0Þ
Z

d4p
ð2πÞ4

e−p·ðx−x
0ÞSFðpÞ; ðA1Þ

where SFðpÞ is given by Eq. (3) and the phase takes the
form

Φðx;x0Þ¼ exp
!
ie
Z

x0

x
dξμ

"
Aμþ

1

2
Fμνðξ−x0Þν

#$
: ðA2Þ

In order to perform the integral, let us take a straight line
path parametrized as

ξμ ¼ x0μ þ tðxμ − x0μÞ; for 0 < t < 1: ðA3Þ

Therefore, the phase actor becomes

Φðx; x0Þ ¼ exp
"
ie
Z

1

0
Aμðxμ − x0μÞdt

#
; ðA4Þ

where the antisymmetry of Fμν was used.
From the above, the phase can be removed by the gauge

transformation

AμðξÞ → A0
μðξÞ þ

∂
∂ξμ αðξÞ: ðA5Þ

For our case, where the magnetic field is oriented in the
z-direction, we have

Aμ ¼
B
2
ð0;−x2; x1; 0Þ: ðA6aÞ

Therefore, choosing

αðξÞ ¼ B
2
ðx02ξ1 − x01ξ

0
2Þ; ðA6bÞ

we obtain

A0
μ ¼

B
2
ð0; x2 − x02; x1 − x01; 0Þ; ðA7Þ

which implies that

A0
μðxμ − x0μÞ ¼ 0; ðA8Þ

and thus the phase can be safely removed.

APPENDIX B: DIRAC ALGEBRA

Here we list the properties of products of Dirac matrices
that appear in the calculation of the fermion self-energy in
the presence of a magnetic field:

γμγμ ¼ 4 ðB1Þ

γμγ1γ2γμ ¼ 4g12 ¼ 0 ðB2Þ

γμ=kkγμ ¼ kk;νγμγνγμ ¼ −2kk;νγν ¼ −2=kk ðB3Þ

γμ=k⊥γμ ¼ −2=k⊥ ðB4Þ

γμγ1γ2=kkγμ ¼ kk;νγμγ1γ2γνγμ ¼ −2=kkγ1γ2 ðB5Þ

APPENDIX C: SUBDOMINANT
INTEGRATION REGION

As presented in the main text, the magnetic mass shift
components are given by

δmB ¼ ÔðþÞδmðþÞ
B þ Ôð−Þδmð−Þ

B ; ðC1Þ

where the magnetic mass shift components are given by the
integral expressions

δmð%Þ
B ¼ 2me2

ð4πÞ2

Z
1

0
dy

Z
∞

0

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
"

ð2 − yÞ cosðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

− ð2 − yÞ

∓ y sinðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

#
: ðC2Þ

Moreover, as explained in the main text, we shall split the
integration domain into three subregions, as follows

δmð%Þ
B ¼ δmð%Þ

B jR1
þ δmð%Þ

B jR2
þ δmð%Þ

B jR3
: ðC3Þ

Let us now restrict ourselves to the kinematic region
0 ≤ Bs < 1, which corresponds to the s-integral domain
s ∈ ½0;B−1Þ. Within this region, we can Taylor expand the
expressions in the square bracket as a power series in
Bs < 1, to obtain

ð2 − yÞ cosðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

− ð2 − yÞ

¼ −
ð2 − yÞð1 − yÞ3

3
ðBsÞ3

−
ð2 − yÞð1þ 5yÞð1 − yÞ5

45
ðBsÞ4 þOðBsÞ5; ðC4Þ

and similarly

y sinðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

¼ yð1 − yÞðBsÞ þ y2ð1 − yÞ3

3
ðBsÞ3 þOðBsÞ5: ðC5Þ

Integrating the first group of terms, we obtain
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B þ Ôð−Þδmð−Þ

B ; ðC1Þ

where the magnetic mass shift components are given by the
integral expressions

δmð%Þ
B ¼ 2me2

ð4πÞ2

Z
1

0
dy

Z
∞

0

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
"

ð2 − yÞ cosðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

− ð2 − yÞ

∓ y sinðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

#
: ðC2Þ

Moreover, as explained in the main text, we shall split the
integration domain into three subregions, as follows

δmð%Þ
B ¼ δmð%Þ

B jR1
þ δmð%Þ

B jR2
þ δmð%Þ

B jR3
: ðC3Þ

Let us now restrict ourselves to the kinematic region
0 ≤ Bs < 1, which corresponds to the s-integral domain
s ∈ ½0;B−1Þ. Within this region, we can Taylor expand the
expressions in the square bracket as a power series in
Bs < 1, to obtain

ð2 − yÞ cosðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

− ð2 − yÞ

¼ −
ð2 − yÞð1 − yÞ3

3
ðBsÞ3

−
ð2 − yÞð1þ 5yÞð1 − yÞ5

45
ðBsÞ4 þOðBsÞ5; ðC4Þ

and similarly

y sinðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

¼ yð1 − yÞðBsÞ þ y2ð1 − yÞ3

3
ðBsÞ3 þOðBsÞ5: ðC5Þ

Integrating the first group of terms, we obtain
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The Schwinger phase may
break translational invariance

magnetic field-induced photon polarization are included, is
studied in Ref. [14].
In all these works, the calculations focused on finding the

kinematical domain of integration that leads to the double
logarithms for strong fields, which essentially corresponds
to finding the contribution from the lowest Landau level
(LLL) for the internal fermion line. However, it is well
known that for large but still finite field strengths, the
contribution of levels other than the LLL also become
important. Furthermore, in order to find the magnetic field-
driven mass corrections, several calculations [8–12] resort
to finding the self-energy matrix element in the fermion
preferred state, namely, the spinor representing the lowest
energy fermion state. For these purposes, Schwinger’s
phase factor is kept all along the calculation, which makes
it a bit more cumbersome since then, the kinematical
momentum Πμ ¼ pμ − eAμðxÞ, instead of the canonical
momentum pμ, is involved, where AμðxÞ is the four-vector
potential that gives rise to the magnetic field. Nevertheless,
as is also well known, for the self-energy calculation, the
phase factor can be gauged away by choosing an appro-
priate gauge transformation. One can then ask whether the
magnetic field induced fermion mass can be found from an
approach where this phase is gauged away and that
emphasizes the general tensor structure of the fermion
self-energy, from whose coefficients the magnetic field
dependent fermion mass can be read off.
In this work we revisit the calculation of the fermion self-

energy in the presence of an external magnetic field. We
carry out the computation of the magnetic field induced
fermion self-energy and then, from its general structure, we
find the mass and width. After introducing a Schwinger
parametrization and removing the vacuum, we identify the
three distinct regions of integration that contribute to the
mass shift. We show that, while working in the large field
limit, it is still possible to include the effect of all Landau
levels. The procedure we employ makes it also possible to
find the subdominant contributions in the ratio jeBj=m2

which include, in particular, the imaginary part of the self-
energy. We interpret the result in terms of the development
not only of a mass but also of a width. For large field
strengths, the former comes mainly from the lowest Landau
level (LLL) whereas the latter comes mainly from con-
tributions other than the LLL. The work is organized as
follows: In Sec. II we set up the computation of the one-
loop fermion self-energy in the presence of a constant
magnetic field. In Sec. III we implement the requirements
of renormalization in vacuum and find the general expres-
sion for the renormalized, magnetic field dependent self-
energy. In Sec. IV we express the mass shift operators in
terms of its most general tensor structure. In order to find
the explicit result, we separate the integration domain into
the three distinct regions that contribute. We show that one
of these regions provides the dominant, real contribution, as
well as a subleading imaginary part, implying a finite decay

rate, whereas the other two regions contribute with sub-
dominant terms. In Sec. V we analyze the results express-
ing the self-energy in terms of its most general tensor
structure and for different values of the magnetic field
strength comparing to those obtained from considering
only the leading, double logarithmic contribution. We show
that the result can be understood as a mass shift with a
Lorentzian width. As the magnetic field increases, the
width decreases in such a way that for very large magnetic
fields the Lorentzian turns into a Dirac delta function
expressing the mass shift and dominated by the LLL. We
finally summarize and conclude in Sec. VI and leave for
the appendices the explicit computation of some of the
expressions and calculations that we use throughout the rest
of the work.

II. SELF-ENERGY

We start by considering the expression for the fermion
self-energy in QED, at one loop, in the presence of an
external magnetic field directed along the ẑ-axis, namely,
B ¼ ẑB,

−iΣðpÞ ¼ ð−ieÞ2
Z

d4k
ð2πÞ4

γμiSFðkÞγνGνμðp − kÞ: ð1Þ

Here, we use the photon propagator in the Feynman
gauge

Gνμðp − kÞ ¼
−igμν

ðp − kÞ2 þ iϵ

¼ −gμν
Z

∞

0
dxeix½ðp−kÞ

2þiϵ&; ð2Þ

and the fermion propagator in the presence of the magnetic
field, using Schwinger’s proper-time representation

SFðkÞ ¼ −i
Z

∞

0

dτ
cosðeBτÞ

eiτðk
2
k−k

2
⊥
tanðeBτÞ
eBτ −m2þiϵÞ

×
!
½cosðeBτÞ þ iγ1γ2 sinðeBτÞ&ðmþ =kkÞ

þ =k⊥
cosðeBτÞ

"
; ð3Þ

where the phase factor has been gauged away (see
Appendix A for details).
In order to separate the two directions, i.e., parallel and

perpendicular, with respect to the magnetic field, we adopt
the following conventional definitions: For the metric
tensor gμν ¼ gμνk þ gμν⊥ , with

gμνk ¼ diagð1; 0; 0;−1Þ; ð4aÞ

and
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it a bit more cumbersome since then, the kinematical
momentum Πμ ¼ pμ − eAμðxÞ, instead of the canonical
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potential that gives rise to the magnetic field. Nevertheless,
as is also well known, for the self-energy calculation, the
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priate gauge transformation. One can then ask whether the
magnetic field induced fermion mass can be found from an
approach where this phase is gauged away and that
emphasizes the general tensor structure of the fermion
self-energy, from whose coefficients the magnetic field
dependent fermion mass can be read off.
In this work we revisit the calculation of the fermion self-

energy in the presence of an external magnetic field. We
carry out the computation of the magnetic field induced
fermion self-energy and then, from its general structure, we
find the mass and width. After introducing a Schwinger
parametrization and removing the vacuum, we identify the
three distinct regions of integration that contribute to the
mass shift. We show that, while working in the large field
limit, it is still possible to include the effect of all Landau
levels. The procedure we employ makes it also possible to
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which include, in particular, the imaginary part of the self-
energy. We interpret the result in terms of the development
not only of a mass but also of a width. For large field
strengths, the former comes mainly from the lowest Landau
level (LLL) whereas the latter comes mainly from con-
tributions other than the LLL. The work is organized as
follows: In Sec. II we set up the computation of the one-
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magnetic field. In Sec. III we implement the requirements
of renormalization in vacuum and find the general expres-
sion for the renormalized, magnetic field dependent self-
energy. In Sec. IV we express the mass shift operators in
terms of its most general tensor structure. In order to find
the explicit result, we separate the integration domain into
the three distinct regions that contribute. We show that one
of these regions provides the dominant, real contribution, as
well as a subleading imaginary part, implying a finite decay

rate, whereas the other two regions contribute with sub-
dominant terms. In Sec. V we analyze the results express-
ing the self-energy in terms of its most general tensor
structure and for different values of the magnetic field
strength comparing to those obtained from considering
only the leading, double logarithmic contribution. We show
that the result can be understood as a mass shift with a
Lorentzian width. As the magnetic field increases, the
width decreases in such a way that for very large magnetic
fields the Lorentzian turns into a Dirac delta function
expressing the mass shift and dominated by the LLL. We
finally summarize and conclude in Sec. VI and leave for
the appendices the explicit computation of some of the
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of the work.

II. SELF-ENERGY

We start by considering the expression for the fermion
self-energy in QED, at one loop, in the presence of an
external magnetic field directed along the ẑ-axis, namely,
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−iΣðpÞ ¼ ð−ieÞ2
Z

d4k
ð2πÞ4

γμiSFðkÞγνGνμðp − kÞ: ð1Þ

Here, we use the photon propagator in the Feynman
gauge

Gνμðp − kÞ ¼
−igμν

ðp − kÞ2 þ iϵ

¼ −gμν
Z

∞

0
dxeix½ðp−kÞ

2þiϵ&; ð2Þ

and the fermion propagator in the presence of the magnetic
field, using Schwinger’s proper-time representation

SFðkÞ ¼ −i
Z

∞

0

dτ
cosðeBτÞ

eiτðk
2
k−k

2
⊥
tanðeBτÞ
eBτ −m2þiϵÞ

×
!
½cosðeBτÞ þ iγ1γ2 sinðeBτÞ&ðmþ =kkÞ

þ =k⊥
cosðeBτÞ

"
; ð3Þ

where the phase factor has been gauged away (see
Appendix A for details).
In order to separate the two directions, i.e., parallel and

perpendicular, with respect to the magnetic field, we adopt
the following conventional definitions: For the metric
tensor gμν ¼ gμνk þ gμν⊥ , with

gμνk ¼ diagð1; 0; 0;−1Þ; ð4aÞ

and
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The self-energy diagram (at one loop)

magnetic field-induced photon polarization are included, is
studied in Ref. [14].
In all these works, the calculations focused on finding the

kinematical domain of integration that leads to the double
logarithms for strong fields, which essentially corresponds
to finding the contribution from the lowest Landau level
(LLL) for the internal fermion line. However, it is well
known that for large but still finite field strengths, the
contribution of levels other than the LLL also become
important. Furthermore, in order to find the magnetic field-
driven mass corrections, several calculations [8–12] resort
to finding the self-energy matrix element in the fermion
preferred state, namely, the spinor representing the lowest
energy fermion state. For these purposes, Schwinger’s
phase factor is kept all along the calculation, which makes
it a bit more cumbersome since then, the kinematical
momentum Πμ ¼ pμ − eAμðxÞ, instead of the canonical
momentum pμ, is involved, where AμðxÞ is the four-vector
potential that gives rise to the magnetic field. Nevertheless,
as is also well known, for the self-energy calculation, the
phase factor can be gauged away by choosing an appro-
priate gauge transformation. One can then ask whether the
magnetic field induced fermion mass can be found from an
approach where this phase is gauged away and that
emphasizes the general tensor structure of the fermion
self-energy, from whose coefficients the magnetic field
dependent fermion mass can be read off.
In this work we revisit the calculation of the fermion self-

energy in the presence of an external magnetic field. We
carry out the computation of the magnetic field induced
fermion self-energy and then, from its general structure, we
find the mass and width. After introducing a Schwinger
parametrization and removing the vacuum, we identify the
three distinct regions of integration that contribute to the
mass shift. We show that, while working in the large field
limit, it is still possible to include the effect of all Landau
levels. The procedure we employ makes it also possible to
find the subdominant contributions in the ratio jeBj=m2

which include, in particular, the imaginary part of the self-
energy. We interpret the result in terms of the development
not only of a mass but also of a width. For large field
strengths, the former comes mainly from the lowest Landau
level (LLL) whereas the latter comes mainly from con-
tributions other than the LLL. The work is organized as
follows: In Sec. II we set up the computation of the one-
loop fermion self-energy in the presence of a constant
magnetic field. In Sec. III we implement the requirements
of renormalization in vacuum and find the general expres-
sion for the renormalized, magnetic field dependent self-
energy. In Sec. IV we express the mass shift operators in
terms of its most general tensor structure. In order to find
the explicit result, we separate the integration domain into
the three distinct regions that contribute. We show that one
of these regions provides the dominant, real contribution, as
well as a subleading imaginary part, implying a finite decay

rate, whereas the other two regions contribute with sub-
dominant terms. In Sec. V we analyze the results express-
ing the self-energy in terms of its most general tensor
structure and for different values of the magnetic field
strength comparing to those obtained from considering
only the leading, double logarithmic contribution. We show
that the result can be understood as a mass shift with a
Lorentzian width. As the magnetic field increases, the
width decreases in such a way that for very large magnetic
fields the Lorentzian turns into a Dirac delta function
expressing the mass shift and dominated by the LLL. We
finally summarize and conclude in Sec. VI and leave for
the appendices the explicit computation of some of the
expressions and calculations that we use throughout the rest
of the work.

II. SELF-ENERGY

We start by considering the expression for the fermion
self-energy in QED, at one loop, in the presence of an
external magnetic field directed along the ẑ-axis, namely,
B ¼ ẑB,

−iΣðpÞ ¼ ð−ieÞ2
Z

d4k
ð2πÞ4

γμiSFðkÞγνGνμðp − kÞ: ð1Þ

Here, we use the photon propagator in the Feynman
gauge

Gνμðp − kÞ ¼
−igμν

ðp − kÞ2 þ iϵ

¼ −gμν
Z

∞

0
dxeix½ðp−kÞ

2þiϵ&; ð2Þ

and the fermion propagator in the presence of the magnetic
field, using Schwinger’s proper-time representation

SFðkÞ ¼ −i
Z

∞

0

dτ
cosðeBτÞ

eiτðk
2
k−k

2
⊥
tanðeBτÞ
eBτ −m2þiϵÞ

×
!
½cosðeBτÞ þ iγ1γ2 sinðeBτÞ&ðmþ =kkÞ

þ =k⊥
cosðeBτÞ

"
; ð3Þ

where the phase factor has been gauged away (see
Appendix A for details).
In order to separate the two directions, i.e., parallel and

perpendicular, with respect to the magnetic field, we adopt
the following conventional definitions: For the metric
tensor gμν ¼ gμνk þ gμν⊥ , with

gμνk ¼ diagð1; 0; 0;−1Þ; ð4aÞ

and
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What about the Schwinger magnetic phase?



The Schwinger phase can be removed by a gauge transformation

SFðx; x0Þ ¼ Φðx; x0Þ
Z

d4p
ð2πÞ4

e−p·ðx−x
0ÞSFðpÞ; ðA1Þ

where SFðpÞ is given by Eq. (3) and the phase takes the
form

Φðx;x0Þ¼ exp
!
ie
Z

x0

x
dξμ

"
Aμþ

1

2
Fμνðξ−x0Þν

#$
: ðA2Þ

In order to perform the integral, let us take a straight line
path parametrized as

ξμ ¼ x0μ þ tðxμ − x0μÞ; for 0 < t < 1: ðA3Þ

Therefore, the phase actor becomes

Φðx; x0Þ ¼ exp
"
ie
Z

1

0
Aμðxμ − x0μÞdt

#
; ðA4Þ

where the antisymmetry of Fμν was used.
From the above, the phase can be removed by the gauge

transformation

AμðξÞ → A0
μðξÞ þ

∂
∂ξμ αðξÞ: ðA5Þ

For our case, where the magnetic field is oriented in the
z-direction, we have

Aμ ¼
B
2
ð0;−x2; x1; 0Þ: ðA6aÞ

Therefore, choosing

αðξÞ ¼ B
2
ðx02ξ1 − x01ξ

0
2Þ; ðA6bÞ

we obtain

A0
μ ¼

B
2
ð0; x2 − x02; x1 − x01; 0Þ; ðA7Þ

which implies that

A0
μðxμ − x0μÞ ¼ 0; ðA8Þ

and thus the phase can be safely removed.

APPENDIX B: DIRAC ALGEBRA

Here we list the properties of products of Dirac matrices
that appear in the calculation of the fermion self-energy in
the presence of a magnetic field:

γμγμ ¼ 4 ðB1Þ

γμγ1γ2γμ ¼ 4g12 ¼ 0 ðB2Þ

γμ=kkγμ ¼ kk;νγμγνγμ ¼ −2kk;νγν ¼ −2=kk ðB3Þ

γμ=k⊥γμ ¼ −2=k⊥ ðB4Þ

γμγ1γ2=kkγμ ¼ kk;νγμγ1γ2γνγμ ¼ −2=kkγ1γ2 ðB5Þ

APPENDIX C: SUBDOMINANT
INTEGRATION REGION

As presented in the main text, the magnetic mass shift
components are given by

δmB ¼ ÔðþÞδmðþÞ
B þ Ôð−Þδmð−Þ

B ; ðC1Þ

where the magnetic mass shift components are given by the
integral expressions

δmð%Þ
B ¼ 2me2

ð4πÞ2

Z
1

0
dy

Z
∞

0

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
"

ð2 − yÞ cosðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

− ð2 − yÞ

∓ y sinðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

#
: ðC2Þ

Moreover, as explained in the main text, we shall split the
integration domain into three subregions, as follows

δmð%Þ
B ¼ δmð%Þ

B jR1
þ δmð%Þ

B jR2
þ δmð%Þ

B jR3
: ðC3Þ

Let us now restrict ourselves to the kinematic region
0 ≤ Bs < 1, which corresponds to the s-integral domain
s ∈ ½0;B−1Þ. Within this region, we can Taylor expand the
expressions in the square bracket as a power series in
Bs < 1, to obtain

ð2 − yÞ cosðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

− ð2 − yÞ

¼ −
ð2 − yÞð1 − yÞ3

3
ðBsÞ3

−
ð2 − yÞð1þ 5yÞð1 − yÞ5

45
ðBsÞ4 þOðBsÞ5; ðC4Þ

and similarly

y sinðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

¼ yð1 − yÞðBsÞ þ y2ð1 − yÞ3

3
ðBsÞ3 þOðBsÞ5: ðC5Þ

Integrating the first group of terms, we obtain
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Path parametrization

�(x, x0) = exp

⇢
i e

Z x

x0
d⇠µ


Aµ +

1

2
Fµ⌫ (⇠ � x0)

⌫
��
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Z x

x0
d⇠µFµ⌫(⇠)(⇠ � x0)⌫ =

ie

2

Z 1

0
(x� x0)µFµ⌫(x� x0)⌫dt = 0
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First, we remark
that the second
term vanishes

Fµ⌫ = �F⌫µ
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SFðx; x0Þ ¼ Φðx; x0Þ
Z

d4p
ð2πÞ4

e−p·ðx−x
0ÞSFðpÞ; ðA1Þ

where SFðpÞ is given by Eq. (3) and the phase takes the
form

Φðx;x0Þ¼ exp
!
ie
Z

x0

x
dξμ

"
Aμþ

1

2
Fμνðξ−x0Þν

#$
: ðA2Þ

In order to perform the integral, let us take a straight line
path parametrized as

ξμ ¼ x0μ þ tðxμ − x0μÞ; for 0 < t < 1: ðA3Þ

Therefore, the phase actor becomes

Φðx; x0Þ ¼ exp
"
ie
Z

1

0
Aμðxμ − x0μÞdt

#
; ðA4Þ

where the antisymmetry of Fμν was used.
From the above, the phase can be removed by the gauge

transformation

AμðξÞ → A0
μðξÞ þ

∂
∂ξμ αðξÞ: ðA5Þ

For our case, where the magnetic field is oriented in the
z-direction, we have

Aμ ¼
B
2
ð0;−x2; x1; 0Þ: ðA6aÞ

Therefore, choosing

αðξÞ ¼ B
2
ðx02ξ1 − x01ξ

0
2Þ; ðA6bÞ

we obtain

A0
μ ¼

B
2
ð0; x2 − x02; x1 − x01; 0Þ; ðA7Þ

which implies that

A0
μðxμ − x0μÞ ¼ 0; ðA8Þ

and thus the phase can be safely removed.

APPENDIX B: DIRAC ALGEBRA

Here we list the properties of products of Dirac matrices
that appear in the calculation of the fermion self-energy in
the presence of a magnetic field:

γμγμ ¼ 4 ðB1Þ

γμγ1γ2γμ ¼ 4g12 ¼ 0 ðB2Þ

γμ=kkγμ ¼ kk;νγμγνγμ ¼ −2kk;νγν ¼ −2=kk ðB3Þ

γμ=k⊥γμ ¼ −2=k⊥ ðB4Þ

γμγ1γ2=kkγμ ¼ kk;νγμγ1γ2γνγμ ¼ −2=kkγ1γ2 ðB5Þ

APPENDIX C: SUBDOMINANT
INTEGRATION REGION

As presented in the main text, the magnetic mass shift
components are given by

δmB ¼ ÔðþÞδmðþÞ
B þ Ôð−Þδmð−Þ

B ; ðC1Þ

where the magnetic mass shift components are given by the
integral expressions

δmð%Þ
B ¼ 2me2

ð4πÞ2

Z
1

0
dy

Z
∞

0

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
"

ð2 − yÞ cosðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

− ð2 − yÞ

∓ y sinðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

#
: ðC2Þ

Moreover, as explained in the main text, we shall split the
integration domain into three subregions, as follows

δmð%Þ
B ¼ δmð%Þ

B jR1
þ δmð%Þ

B jR2
þ δmð%Þ

B jR3
: ðC3Þ

Let us now restrict ourselves to the kinematic region
0 ≤ Bs < 1, which corresponds to the s-integral domain
s ∈ ½0;B−1Þ. Within this region, we can Taylor expand the
expressions in the square bracket as a power series in
Bs < 1, to obtain

ð2 − yÞ cosðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

− ð2 − yÞ

¼ −
ð2 − yÞð1 − yÞ3

3
ðBsÞ3

−
ð2 − yÞð1þ 5yÞð1 − yÞ5

45
ðBsÞ4 þOðBsÞ5; ðC4Þ

and similarly

y sinðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

¼ yð1 − yÞðBsÞ þ y2ð1 − yÞ3

3
ðBsÞ3 þOðBsÞ5: ðC5Þ

Integrating the first group of terms, we obtain
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Original choice of gauge

Z x

x0
d⇠µAµ(⇠) = (x� x0)µAµ(x

0)
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The first integral is given by



SFðx; x0Þ ¼ Φðx; x0Þ
Z

d4p
ð2πÞ4

e−p·ðx−x
0ÞSFðpÞ; ðA1Þ

where SFðpÞ is given by Eq. (3) and the phase takes the
form

Φðx;x0Þ¼ exp
!
ie
Z

x0

x
dξμ

"
Aμþ

1

2
Fμνðξ−x0Þν

#$
: ðA2Þ

In order to perform the integral, let us take a straight line
path parametrized as

ξμ ¼ x0μ þ tðxμ − x0μÞ; for 0 < t < 1: ðA3Þ

Therefore, the phase actor becomes

Φðx; x0Þ ¼ exp
"
ie
Z

1

0
Aμðxμ − x0μÞdt

#
; ðA4Þ

where the antisymmetry of Fμν was used.
From the above, the phase can be removed by the gauge

transformation

AμðξÞ → A0
μðξÞ þ

∂
∂ξμ αðξÞ: ðA5Þ

For our case, where the magnetic field is oriented in the
z-direction, we have

Aμ ¼
B
2
ð0;−x2; x1; 0Þ: ðA6aÞ

Therefore, choosing

αðξÞ ¼ B
2
ðx02ξ1 − x01ξ

0
2Þ; ðA6bÞ

we obtain

A0
μ ¼

B
2
ð0; x2 − x02; x1 − x01; 0Þ; ðA7Þ

which implies that

A0
μðxμ − x0μÞ ¼ 0; ðA8Þ

and thus the phase can be safely removed.

APPENDIX B: DIRAC ALGEBRA

Here we list the properties of products of Dirac matrices
that appear in the calculation of the fermion self-energy in
the presence of a magnetic field:

γμγμ ¼ 4 ðB1Þ

γμγ1γ2γμ ¼ 4g12 ¼ 0 ðB2Þ

γμ=kkγμ ¼ kk;νγμγνγμ ¼ −2kk;νγν ¼ −2=kk ðB3Þ

γμ=k⊥γμ ¼ −2=k⊥ ðB4Þ

γμγ1γ2=kkγμ ¼ kk;νγμγ1γ2γνγμ ¼ −2=kkγ1γ2 ðB5Þ

APPENDIX C: SUBDOMINANT
INTEGRATION REGION

As presented in the main text, the magnetic mass shift
components are given by

δmB ¼ ÔðþÞδmðþÞ
B þ Ôð−Þδmð−Þ

B ; ðC1Þ

where the magnetic mass shift components are given by the
integral expressions

δmð%Þ
B ¼ 2me2

ð4πÞ2

Z
1

0
dy

Z
∞

0

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
"

ð2 − yÞ cosðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

− ð2 − yÞ

∓ y sinðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

#
: ðC2Þ

Moreover, as explained in the main text, we shall split the
integration domain into three subregions, as follows

δmð%Þ
B ¼ δmð%Þ

B jR1
þ δmð%Þ

B jR2
þ δmð%Þ

B jR3
: ðC3Þ

Let us now restrict ourselves to the kinematic region
0 ≤ Bs < 1, which corresponds to the s-integral domain
s ∈ ½0;B−1Þ. Within this region, we can Taylor expand the
expressions in the square bracket as a power series in
Bs < 1, to obtain

ð2 − yÞ cosðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

− ð2 − yÞ

¼ −
ð2 − yÞð1 − yÞ3

3
ðBsÞ3

−
ð2 − yÞð1þ 5yÞð1 − yÞ5

45
ðBsÞ4 þOðBsÞ5; ðC4Þ

and similarly

y sinðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

¼ yð1 − yÞðBsÞ þ y2ð1 − yÞ3

3
ðBsÞ3 þOðBsÞ5: ðC5Þ

Integrating the first group of terms, we obtain
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Aµ(⇠) ! A0
µ(⇠) = Aµ(⇠) +

@↵(⇠)

@⇠µ
<latexit sha1_base64="M+OwTb4fU+HPhIVtirYRJY7new8="></latexit>

We can remove this term by
introducing a gauge transformation

With the choice

Z x

x0
d⇠µA0

µ(⇠) = (x� x0)µAµ(x
0) + ↵(x)� ↵(x0) = 0

<latexit sha1_base64="Y8wh/m+/sLN4Ops16RFVbEnr7Dw="></latexit>

Therefore, we obtain

and the Schwinger phase is removed

�(x, x0) = 0
<latexit sha1_base64="5MVjJn6VYtWRNNBfGllzlNx7Q2o=">AAAB7XicbZDNSsNAFIUn9a/Wv6pLN4NFrCAlqYJuhKIblxXsDzShTKY3zdBJJsxMpCX0MXQl6s6X8QV8G6c1C62e1Tf3nIF7rp9wprRtf1qFpeWV1bXiemljc2t7p7y711YilRRaVHAhuz5RwFkMLc00h24igUQ+h44/upn5nQeQion4Xk8S8CIyjFnAKNFm5LrNkFXHp+Pjkyu7X67YNXsu/BecHCooV7Nf/nAHgqYRxJpyolTPsRPtZURqRjlMS26qICF0RIbQMxiTCJSXzXee4qNASKxDwPP3z2xGIqUmkW8yEdGhWvRmw/+8XqqDSy9jcZJqiKmJGC9IOdYCz6rjAZNANZ8YIFQysyWmIZGEanOgkqnvLJb9C+16zTmr1e/OK43r/BBFdIAOURU56AI10C1qohaiKEFP6BW9WcJ6tJ6tl+9owcr/7KNfst6/AAuIjgk=</latexit>



Schwinger parametrization of the self-energy

magnetic field-induced photon polarization are included, is
studied in Ref. [14].
In all these works, the calculations focused on finding the

kinematical domain of integration that leads to the double
logarithms for strong fields, which essentially corresponds
to finding the contribution from the lowest Landau level
(LLL) for the internal fermion line. However, it is well
known that for large but still finite field strengths, the
contribution of levels other than the LLL also become
important. Furthermore, in order to find the magnetic field-
driven mass corrections, several calculations [8–12] resort
to finding the self-energy matrix element in the fermion
preferred state, namely, the spinor representing the lowest
energy fermion state. For these purposes, Schwinger’s
phase factor is kept all along the calculation, which makes
it a bit more cumbersome since then, the kinematical
momentum Πμ ¼ pμ − eAμðxÞ, instead of the canonical
momentum pμ, is involved, where AμðxÞ is the four-vector
potential that gives rise to the magnetic field. Nevertheless,
as is also well known, for the self-energy calculation, the
phase factor can be gauged away by choosing an appro-
priate gauge transformation. One can then ask whether the
magnetic field induced fermion mass can be found from an
approach where this phase is gauged away and that
emphasizes the general tensor structure of the fermion
self-energy, from whose coefficients the magnetic field
dependent fermion mass can be read off.
In this work we revisit the calculation of the fermion self-

energy in the presence of an external magnetic field. We
carry out the computation of the magnetic field induced
fermion self-energy and then, from its general structure, we
find the mass and width. After introducing a Schwinger
parametrization and removing the vacuum, we identify the
three distinct regions of integration that contribute to the
mass shift. We show that, while working in the large field
limit, it is still possible to include the effect of all Landau
levels. The procedure we employ makes it also possible to
find the subdominant contributions in the ratio jeBj=m2

which include, in particular, the imaginary part of the self-
energy. We interpret the result in terms of the development
not only of a mass but also of a width. For large field
strengths, the former comes mainly from the lowest Landau
level (LLL) whereas the latter comes mainly from con-
tributions other than the LLL. The work is organized as
follows: In Sec. II we set up the computation of the one-
loop fermion self-energy in the presence of a constant
magnetic field. In Sec. III we implement the requirements
of renormalization in vacuum and find the general expres-
sion for the renormalized, magnetic field dependent self-
energy. In Sec. IV we express the mass shift operators in
terms of its most general tensor structure. In order to find
the explicit result, we separate the integration domain into
the three distinct regions that contribute. We show that one
of these regions provides the dominant, real contribution, as
well as a subleading imaginary part, implying a finite decay

rate, whereas the other two regions contribute with sub-
dominant terms. In Sec. V we analyze the results express-
ing the self-energy in terms of its most general tensor
structure and for different values of the magnetic field
strength comparing to those obtained from considering
only the leading, double logarithmic contribution. We show
that the result can be understood as a mass shift with a
Lorentzian width. As the magnetic field increases, the
width decreases in such a way that for very large magnetic
fields the Lorentzian turns into a Dirac delta function
expressing the mass shift and dominated by the LLL. We
finally summarize and conclude in Sec. VI and leave for
the appendices the explicit computation of some of the
expressions and calculations that we use throughout the rest
of the work.

II. SELF-ENERGY

We start by considering the expression for the fermion
self-energy in QED, at one loop, in the presence of an
external magnetic field directed along the ẑ-axis, namely,
B ¼ ẑB,

−iΣðpÞ ¼ ð−ieÞ2
Z

d4k
ð2πÞ4

γμiSFðkÞγνGνμðp − kÞ: ð1Þ

Here, we use the photon propagator in the Feynman
gauge

Gνμðp − kÞ ¼
−igμν

ðp − kÞ2 þ iϵ

¼ −gμν
Z

∞

0
dxeix½ðp−kÞ

2þiϵ&; ð2Þ

and the fermion propagator in the presence of the magnetic
field, using Schwinger’s proper-time representation

SFðkÞ ¼ −i
Z

∞

0

dτ
cosðeBτÞ

eiτðk
2
k−k

2
⊥
tanðeBτÞ
eBτ −m2þiϵÞ

×
!
½cosðeBτÞ þ iγ1γ2 sinðeBτÞ&ðmþ =kkÞ

þ =k⊥
cosðeBτÞ

"
; ð3Þ

where the phase factor has been gauged away (see
Appendix A for details).
In order to separate the two directions, i.e., parallel and

perpendicular, with respect to the magnetic field, we adopt
the following conventional definitions: For the metric
tensor gμν ¼ gμνk þ gμν⊥ , with

gμνk ¼ diagð1; 0; 0;−1Þ; ð4aÞ

and
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magnetic field-induced photon polarization are included, is
studied in Ref. [14].
In all these works, the calculations focused on finding the

kinematical domain of integration that leads to the double
logarithms for strong fields, which essentially corresponds
to finding the contribution from the lowest Landau level
(LLL) for the internal fermion line. However, it is well
known that for large but still finite field strengths, the
contribution of levels other than the LLL also become
important. Furthermore, in order to find the magnetic field-
driven mass corrections, several calculations [8–12] resort
to finding the self-energy matrix element in the fermion
preferred state, namely, the spinor representing the lowest
energy fermion state. For these purposes, Schwinger’s
phase factor is kept all along the calculation, which makes
it a bit more cumbersome since then, the kinematical
momentum Πμ ¼ pμ − eAμðxÞ, instead of the canonical
momentum pμ, is involved, where AμðxÞ is the four-vector
potential that gives rise to the magnetic field. Nevertheless,
as is also well known, for the self-energy calculation, the
phase factor can be gauged away by choosing an appro-
priate gauge transformation. One can then ask whether the
magnetic field induced fermion mass can be found from an
approach where this phase is gauged away and that
emphasizes the general tensor structure of the fermion
self-energy, from whose coefficients the magnetic field
dependent fermion mass can be read off.
In this work we revisit the calculation of the fermion self-

energy in the presence of an external magnetic field. We
carry out the computation of the magnetic field induced
fermion self-energy and then, from its general structure, we
find the mass and width. After introducing a Schwinger
parametrization and removing the vacuum, we identify the
three distinct regions of integration that contribute to the
mass shift. We show that, while working in the large field
limit, it is still possible to include the effect of all Landau
levels. The procedure we employ makes it also possible to
find the subdominant contributions in the ratio jeBj=m2

which include, in particular, the imaginary part of the self-
energy. We interpret the result in terms of the development
not only of a mass but also of a width. For large field
strengths, the former comes mainly from the lowest Landau
level (LLL) whereas the latter comes mainly from con-
tributions other than the LLL. The work is organized as
follows: In Sec. II we set up the computation of the one-
loop fermion self-energy in the presence of a constant
magnetic field. In Sec. III we implement the requirements
of renormalization in vacuum and find the general expres-
sion for the renormalized, magnetic field dependent self-
energy. In Sec. IV we express the mass shift operators in
terms of its most general tensor structure. In order to find
the explicit result, we separate the integration domain into
the three distinct regions that contribute. We show that one
of these regions provides the dominant, real contribution, as
well as a subleading imaginary part, implying a finite decay

rate, whereas the other two regions contribute with sub-
dominant terms. In Sec. V we analyze the results express-
ing the self-energy in terms of its most general tensor
structure and for different values of the magnetic field
strength comparing to those obtained from considering
only the leading, double logarithmic contribution. We show
that the result can be understood as a mass shift with a
Lorentzian width. As the magnetic field increases, the
width decreases in such a way that for very large magnetic
fields the Lorentzian turns into a Dirac delta function
expressing the mass shift and dominated by the LLL. We
finally summarize and conclude in Sec. VI and leave for
the appendices the explicit computation of some of the
expressions and calculations that we use throughout the rest
of the work.

II. SELF-ENERGY

We start by considering the expression for the fermion
self-energy in QED, at one loop, in the presence of an
external magnetic field directed along the ẑ-axis, namely,
B ¼ ẑB,

−iΣðpÞ ¼ ð−ieÞ2
Z

d4k
ð2πÞ4

γμiSFðkÞγνGνμðp − kÞ: ð1Þ

Here, we use the photon propagator in the Feynman
gauge

Gνμðp − kÞ ¼
−igμν

ðp − kÞ2 þ iϵ

¼ −gμν
Z

∞

0
dxeix½ðp−kÞ

2þiϵ&; ð2Þ

and the fermion propagator in the presence of the magnetic
field, using Schwinger’s proper-time representation

SFðkÞ ¼ −i
Z

∞

0

dτ
cosðeBτÞ

eiτðk
2
k−k

2
⊥
tanðeBτÞ
eBτ −m2þiϵÞ

×
!
½cosðeBτÞ þ iγ1γ2 sinðeBτÞ&ðmþ =kkÞ

þ =k⊥
cosðeBτÞ

"
; ð3Þ

where the phase factor has been gauged away (see
Appendix A for details).
In order to separate the two directions, i.e., parallel and

perpendicular, with respect to the magnetic field, we adopt
the following conventional definitions: For the metric
tensor gμν ¼ gμνk þ gμν⊥ , with

gμνk ¼ diagð1; 0; 0;−1Þ; ð4aÞ

and
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Photon propagator

gμν⊥ ¼ diagð0;−1;−1; 0Þ: ð4bÞ

Therefore, we have the basic relations

=k ¼ =kk þ =k⊥ ð5aÞ

and

k2 ¼ k2k − k2⊥; ð5bÞ

with k2k ¼ k20 − k23 and k2⊥ ¼ k21 þ k22.
By applying the elementary properties of the algebra of

Dirac matrices, we obtain (see details in Appendix B)

γμiSFðkÞγμ ¼
Z

∞

0

dτ
cosðeBτÞ

eiτðk
2
k−k

2
⊥
tanðeBτÞ
eBτ −m2þiϵÞ

×
!
4m cosðeBτÞ − 2=kk cosðeBτÞ

− i sinðeBτÞγ1γ2=kk −
2=k⊥

cosðeBτÞ

"
: ð6Þ

Inserting Eqs. (2) and (6) into Eq. (1), the global
exponential factor becomes

e½ifxððp−kÞ
2þiϵÞþτðk2k−k

2
⊥
tanðeBτÞ
eBτ −m2þiϵÞg&

¼ e
½ifðxþτÞl2k−ðxþ

tanðeBτÞ
eB Þl2⊥þxp2− x2

xþτp
2
kþ

x2

xþtanðeBτÞ
eB

p2
⊥−m

2τþiϵg&
; ð7Þ

where we defined the shifted, internal momentum variables

lμk ¼ kμk −
x

xþ τ
pμ
k ð8Þ

lμ⊥ ¼ kμ⊥ −
x

xþ tanðeBτÞ
eB

pμ
⊥ ð9Þ

After integrating over the internal momenta, using the
simple identities

Z
d2l⊥
ð2πÞ2

e−iðxþ
tanðeBτÞ

eB Þl2⊥ ¼ 1

ð2πÞ2
−iπ

xþ tanðeBτÞ
eB

; ð10Þ

Z
d2l⊥
ð2πÞ2

lμ⊥e
−iðxþtanðeBτÞ

eB Þl2⊥ ¼ 0; ð11Þ

Z
d2lk
ð2πÞ2

eiðxþτÞl2k ¼ 1

ð2πÞ2
π

ðxþ τÞ
; ð12Þ

Z
d2lk
ð2πÞ2

lμke
iðxþτÞl2k ¼ 0; ð13Þ

we obtain the expression

Σðp;BÞ ¼ 2e2

ð4πÞ2

Z
∞

0

Z
∞

0

dxdτ

ðxþ τÞðxþ tanðeBτÞ
eB Þ

×
#
2m − x

xþ τ
pk −

xp⊥
ðxþ tanðeBτÞ

eB Þ½cosðeBτÞ&2

−
x tanðeBτÞ

xþ τ
iγ1γ2pk

$

× e
iðxp2− x2

xþτp
2
kþ

x2p2⊥
xþtanðeBτÞ

eB

−τm2þiϵÞ
: ð14Þ

Introducing the change of variables

τ¼ sð1−yÞ
m2

; x¼ sy
m2

; B¼ jeBj
m2

; ρ2⊥;k¼
p2
⊥;k

m2
; ð15Þ

with the corresponding Jacobian

∂ðτ; xÞ
∂ðs; yÞ ¼

%%%%
1 − y −s
y s

%%%% ¼ s; ð16Þ

we obtain that the self-energy is expressed by

Σðp;BÞ ¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dy½ðAÞ þ ðBÞ − ðCÞ&

× eisðφðy;ρ;BÞþiϵÞ; ð17Þ

where we defined the phase

φðy; ρ; BÞ ¼ yρ2 − y2ρ2k þ
y2 cosðBsð1 − yÞÞρ2⊥

y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ
Bs

− ð1 − yÞ; ð18Þ

as well as the terms that appear in the integrand

ðAÞ ¼
ð2 − y=ρkÞ cosðBsð1 − yÞÞ

y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ
Bs

; ð19Þ

ðBÞ ¼ −y=ρ⊥
½y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs &2
; ð20Þ

ðCÞ ¼ y sinðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

× iγ1γ2signðeBÞ=ρk: ð21Þ

III. FIXING THE COUNTERTERMS
IN THE B= 0 LIMIT

Equation (17) corresponds to the unrenormalized self-
energy for arbitrary magnetic field intensities. We impose
the renormalization conditions such that m corresponds to
the physical mass at B ¼ 0, i.e.,
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gμν⊥ ¼ diagð0;−1;−1; 0Þ: ð4bÞ

Therefore, we have the basic relations

=k ¼ =kk þ =k⊥ ð5aÞ

and

k2 ¼ k2k − k2⊥; ð5bÞ

with k2k ¼ k20 − k23 and k2⊥ ¼ k21 þ k22.
By applying the elementary properties of the algebra of

Dirac matrices, we obtain (see details in Appendix B)
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eiτðk
2
k−k

2
⊥
tanðeBτÞ
eBτ −m2þiϵÞ

×
!
4m cosðeBτÞ − 2=kk cosðeBτÞ

− i sinðeBτÞγ1γ2=kk −
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cosðeBτÞ

"
: ð6Þ

Inserting Eqs. (2) and (6) into Eq. (1), the global
exponential factor becomes

e½ifxððp−kÞ
2þiϵÞþτðk2k−k

2
⊥
tanðeBτÞ
eBτ −m2þiϵÞg&

¼ e
½ifðxþτÞl2k−ðxþ

tanðeBτÞ
eB Þl2⊥þxp2− x2

xþτp
2
kþ

x2

xþtanðeBτÞ
eB

p2
⊥−m

2τþiϵg&
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where we defined the shifted, internal momentum variables

lμk ¼ kμk −
x

xþ τ
pμ
k ð8Þ

lμ⊥ ¼ kμ⊥ −
x

xþ tanðeBτÞ
eB

pμ
⊥ ð9Þ

After integrating over the internal momenta, using the
simple identities

Z
d2l⊥
ð2πÞ2

e−iðxþ
tanðeBτÞ

eB Þl2⊥ ¼ 1

ð2πÞ2
−iπ
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Z
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Z
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Z
d2lk
ð2πÞ2

lμke
iðxþτÞl2k ¼ 0; ð13Þ

we obtain the expression

Σðp;BÞ ¼ 2e2

ð4πÞ2
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∞
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ðxþ τÞðxþ tanðeBτÞ
eB Þ

×
#
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xp⊥
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$
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2
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xþtanðeBτÞ
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−τm2þiϵÞ
: ð14Þ

Introducing the change of variables

τ¼ sð1−yÞ
m2

; x¼ sy
m2

; B¼ jeBj
m2

; ρ2⊥;k¼
p2
⊥;k

m2
; ð15Þ

with the corresponding Jacobian

∂ðτ; xÞ
∂ðs; yÞ ¼

%%%%
1 − y −s
y s

%%%% ¼ s; ð16Þ

we obtain that the self-energy is expressed by

Σðp;BÞ ¼ 2me2

ð4πÞ2

Z
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0

ds
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Z
1

0
dy½ðAÞ þ ðBÞ − ðCÞ&

× eisðφðy;ρ;BÞþiϵÞ; ð17Þ

where we defined the phase

φðy; ρ; BÞ ¼ yρ2 − y2ρ2k þ
y2 cosðBsð1 − yÞÞρ2⊥

y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ
Bs

− ð1 − yÞ; ð18Þ

as well as the terms that appear in the integrand

ðAÞ ¼
ð2 − y=ρkÞ cosðBsð1 − yÞÞ

y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ
Bs
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y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ
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× iγ1γ2signðeBÞ=ρk: ð21Þ

III. FIXING THE COUNTERTERMS
IN THE B= 0 LIMIT

Equation (17) corresponds to the unrenormalized self-
energy for arbitrary magnetic field intensities. We impose
the renormalization conditions such that m corresponds to
the physical mass at B ¼ 0, i.e.,
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Fermion
propagator

gμν⊥ ¼ diagð0;−1;−1; 0Þ: ð4bÞ

Therefore, we have the basic relations

=k ¼ =kk þ =k⊥ ð5aÞ

and

k2 ¼ k2k − k2⊥; ð5bÞ

with k2k ¼ k20 − k23 and k2⊥ ¼ k21 þ k22.
By applying the elementary properties of the algebra of
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Integrating out the internal k-momenta, we obtain the self-energy in terms of Schwinger parameters x, !
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gμν⊥ ¼ diagð0;−1;−1; 0Þ: ð4bÞ
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and
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with the corresponding Jacobian
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gμν⊥ ¼ diagð0;−1;−1; 0Þ: ð4bÞ

Therefore, we have the basic relations

=k ¼ =kk þ =k⊥ ð5aÞ

and

k2 ¼ k2k − k2⊥; ð5bÞ

with k2k ¼ k20 − k23 and k2⊥ ¼ k21 þ k22.
By applying the elementary properties of the algebra of

Dirac matrices, we obtain (see details in Appendix B)
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Inserting Eqs. (2) and (6) into Eq. (1), the global
exponential factor becomes
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gμν⊥ ¼ diagð0;−1;−1; 0Þ: ð4bÞ

Therefore, we have the basic relations

=k ¼ =kk þ =k⊥ ð5aÞ

and

k2 ¼ k2k − k2⊥; ð5bÞ

with k2k ¼ k20 − k23 and k2⊥ ¼ k21 þ k22.
By applying the elementary properties of the algebra of

Dirac matrices, we obtain (see details in Appendix B)
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Inserting Eqs. (2) and (6) into Eq. (1), the global
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Introducing the change of variables

τ¼ sð1−yÞ
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; x¼ sy
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; B¼ jeBj
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; ρ2⊥;k¼
p2
⊥;k

m2
; ð15Þ

with the corresponding Jacobian

∂ðτ; xÞ
∂ðs; yÞ ¼

%%%%
1 − y −s
y s

%%%% ¼ s; ð16Þ

we obtain that the self-energy is expressed by
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∞
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III. FIXING THE COUNTERTERMS
IN THE B= 0 LIMIT

Equation (17) corresponds to the unrenormalized self-
energy for arbitrary magnetic field intensities. We impose
the renormalization conditions such that m corresponds to
the physical mass at B ¼ 0, i.e.,
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gμν⊥ ¼ diagð0;−1;−1; 0Þ: ð4bÞ
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energy for arbitrary magnetic field intensities. We impose
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gμν⊥ ¼ diagð0;−1;−1; 0Þ: ð4bÞ

Therefore, we have the basic relations

=k ¼ =kk þ =k⊥ ð5aÞ

and

k2 ¼ k2k − k2⊥; ð5bÞ

with k2k ¼ k20 − k23 and k2⊥ ¼ k21 þ k22.
By applying the elementary properties of the algebra of

Dirac matrices, we obtain (see details in Appendix B)
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Inserting Eqs. (2) and (6) into Eq. (1), the global
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with the corresponding Jacobian
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∂ðs; yÞ ¼
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we obtain that the self-energy is expressed by
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IN THE B= 0 LIMIT

Equation (17) corresponds to the unrenormalized self-
energy for arbitrary magnetic field intensities. We impose
the renormalization conditions such that m corresponds to
the physical mass at B ¼ 0, i.e.,
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Magnetic field-dependent
phase



Renormalization conditions and counterterms

Σrenðp; 0Þjp¼m ¼ 0; ð22Þ

and the corresponding condition for the wave function
renormalization factor

∂
∂pΣrenðp; 0Þ

!!!
p¼m

¼ 0: ð23Þ

Each of these conditions will determine a counterterm to
be added to the integrand in Eq. (17). Note that the
expressions for the counterterms are given by imposing
conditions over the canonical momentum p instead of the
kinematical one =Π. Nevertheless, both prescriptions are
identical, given that =Π → pwhen B → 0, and hence, for the
purpose of fixing the appropriate counterterms, the renorm-
alization conditions can be equivalently expressed in terms
of the canonical momentum. Of course, the coincidence
between prescriptions comes form the fact that the potential
Aμ in the minimal coupling (Πμ ¼ pμ − eAμ) vanishes at
zero magnetic field in Mikowski space. However, this is not
the more general case: in curved spaces, the appearance of a
pseudomagnetic field is possible, which arises from cur-
vature effects (see for example Ref. [15]).
Coming back to the counterterms calculation, let us start

with the phase defined in Eq. (18), by obtaining the limit at
B ¼ 0, namely,

lim
B→0

φðy; ρ; BÞ≡ φðy; ρ; 0Þ

¼ yρ2 − y2ðρ2k − ρ2⊥Þ − ð1 − yÞ

¼ ð1 − yÞðyρ2 − 1Þ
¼ ð1 − yÞyð=ρ2 − 1Þ − ð1 − yÞ2: ð24Þ

For the terms in the integrand

lim
B→0

ðAÞ ¼ 2 − y=ρk

lim
B→0

ðBÞ ¼ −y=ρ⊥

lim
B→0

ðCÞ ¼ 0: ð25Þ

Therefore, using =ρ ¼ =ρk þ =ρ⊥, we have for the self-
energy at B ¼ 0

Σrenðp; 0Þ ¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ

× ½ð2 − y=ρÞeisyð1−yÞð=ρ2−1Þ þ c:t:&; ð26Þ

where “c.t.” represents the counterterms to be added to
satisfy Eqs. (22) and (23), respectively. In terms of the
dimensionless variable =ρ ¼ p=m, the condition of Eq. (22)
becomes

Σrenðp; 0Þjp¼m ¼ Σrenðp; 0Þjρ¼1 ¼ 0; ð27Þ

and hence we conclude that the corresponding counter-
term is

c:t:1 ¼ −ð2 − yÞ ð28Þ

On the other hand, for the condition Eq. (23) we consider
the first derivative of the (unrenormalized) self-energy on
shell

∂
∂pΣðp;mÞ

!!!!
p¼m

¼ 1

m
∂
∂=ρΣðp;mÞ

!!!!
ρ¼1

¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ
"
−
y
m
eisyð1−yÞð=ρ

2−1Þ þ ð2 − y=ρÞ2isyð1 − yÞ=ρeisyð1−yÞð=ρ2−1Þ
#

ρ¼1

¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ
"
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
#
: ð29Þ

Thus, the second counterterm is

c:t:2 ¼ −ð=ρ − 1Þ
$
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
%
: ð30Þ

In summary, including both counterterms the renormalized self-energy at B ¼ 0 is given by the expression

Σrenðp; 0Þ ¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ
"
ð2 − y=ρÞeisðφðy;ρ;0Þþð1−yÞ2Þ − ð2 − yÞ

−ð=ρ − 1Þ
$
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
%#

: ð31Þ

AYALA, CASTAÑO-YEPES, LOEWE, and MUÑOZ PHYS. REV. D 104, 016006 (2021)

016006-4
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expressions for the counterterms are given by imposing
conditions over the canonical momentum p instead of the
kinematical one =Π. Nevertheless, both prescriptions are
identical, given that =Π → pwhen B → 0, and hence, for the
purpose of fixing the appropriate counterterms, the renorm-
alization conditions can be equivalently expressed in terms
of the canonical momentum. Of course, the coincidence
between prescriptions comes form the fact that the potential
Aμ in the minimal coupling (Πμ ¼ pμ − eAμ) vanishes at
zero magnetic field in Mikowski space. However, this is not
the more general case: in curved spaces, the appearance of a
pseudomagnetic field is possible, which arises from cur-
vature effects (see for example Ref. [15]).
Coming back to the counterterms calculation, let us start

with the phase defined in Eq. (18), by obtaining the limit at
B ¼ 0, namely,

lim
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Therefore, using =ρ ¼ =ρk þ =ρ⊥, we have for the self-
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and hence we conclude that the corresponding counter-
term is
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∂pΣðp;mÞ

!!!!
p¼m

¼ 1

m
∂
∂=ρΣðp;mÞ

!!!!
ρ¼1

¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ
"
−
y
m
eisyð1−yÞð=ρ

2−1Þ þ ð2 − y=ρÞ2isyð1 − yÞ=ρeisyð1−yÞð=ρ2−1Þ
#

ρ¼1

¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ
"
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
#
: ð29Þ

Thus, the second counterterm is

c:t:2 ¼ −ð=ρ − 1Þ
$
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
%
: ð30Þ

In summary, including both counterterms the renormalized self-energy at B ¼ 0 is given by the expression

Σrenðp; 0Þ ¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ
"
ð2 − y=ρÞeisðφðy;ρ;0Þþð1−yÞ2Þ − ð2 − yÞ

−ð=ρ − 1Þ
$
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
%#

: ð31Þ
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The renormalization conditions are imposed such that we recover the “free” fermion mass in the limit B -> 0

Σrenðp; 0Þjp¼m ¼ 0; ð22Þ

and the corresponding condition for the wave function
renormalization factor

∂
∂pΣrenðp; 0Þ

!!!
p¼m

¼ 0: ð23Þ

Each of these conditions will determine a counterterm to
be added to the integrand in Eq. (17). Note that the
expressions for the counterterms are given by imposing
conditions over the canonical momentum p instead of the
kinematical one =Π. Nevertheless, both prescriptions are
identical, given that =Π → pwhen B → 0, and hence, for the
purpose of fixing the appropriate counterterms, the renorm-
alization conditions can be equivalently expressed in terms
of the canonical momentum. Of course, the coincidence
between prescriptions comes form the fact that the potential
Aμ in the minimal coupling (Πμ ¼ pμ − eAμ) vanishes at
zero magnetic field in Mikowski space. However, this is not
the more general case: in curved spaces, the appearance of a
pseudomagnetic field is possible, which arises from cur-
vature effects (see for example Ref. [15]).
Coming back to the counterterms calculation, let us start

with the phase defined in Eq. (18), by obtaining the limit at
B ¼ 0, namely,

lim
B→0

φðy; ρ; BÞ≡ φðy; ρ; 0Þ

¼ yρ2 − y2ðρ2k − ρ2⊥Þ − ð1 − yÞ

¼ ð1 − yÞðyρ2 − 1Þ
¼ ð1 − yÞyð=ρ2 − 1Þ − ð1 − yÞ2: ð24Þ

For the terms in the integrand

lim
B→0

ðAÞ ¼ 2 − y=ρk

lim
B→0

ðBÞ ¼ −y=ρ⊥

lim
B→0

ðCÞ ¼ 0: ð25Þ

Therefore, using =ρ ¼ =ρk þ =ρ⊥, we have for the self-
energy at B ¼ 0

Σrenðp; 0Þ ¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ

× ½ð2 − y=ρÞeisyð1−yÞð=ρ2−1Þ þ c:t:&; ð26Þ

where “c.t.” represents the counterterms to be added to
satisfy Eqs. (22) and (23), respectively. In terms of the
dimensionless variable =ρ ¼ p=m, the condition of Eq. (22)
becomes

Σrenðp; 0Þjp¼m ¼ Σrenðp; 0Þjρ¼1 ¼ 0; ð27Þ

and hence we conclude that the corresponding counter-
term is

c:t:1 ¼ −ð2 − yÞ ð28Þ

On the other hand, for the condition Eq. (23) we consider
the first derivative of the (unrenormalized) self-energy on
shell

∂
∂pΣðp;mÞ

!!!!
p¼m

¼ 1

m
∂
∂=ρΣðp;mÞ

!!!!
ρ¼1
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ð4πÞ2
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0

ds
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0
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2−1Þ þ ð2 − y=ρÞ2isyð1 − yÞ=ρeisyð1−yÞð=ρ2−1Þ
#
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ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ
"
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
#
: ð29Þ

Thus, the second counterterm is

c:t:2 ¼ −ð=ρ − 1Þ
$
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
%
: ð30Þ

In summary, including both counterterms the renormalized self-energy at B ¼ 0 is given by the expression

Σrenðp; 0Þ ¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ
"
ð2 − y=ρÞeisðφðy;ρ;0Þþð1−yÞ2Þ − ð2 − yÞ

−ð=ρ − 1Þ
$
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
%#

: ð31Þ
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Σrenðp; 0Þjp¼m ¼ 0; ð22Þ

and the corresponding condition for the wave function
renormalization factor

∂
∂pΣrenðp; 0Þ

!!!
p¼m

¼ 0: ð23Þ

Each of these conditions will determine a counterterm to
be added to the integrand in Eq. (17). Note that the
expressions for the counterterms are given by imposing
conditions over the canonical momentum p instead of the
kinematical one =Π. Nevertheless, both prescriptions are
identical, given that =Π → pwhen B → 0, and hence, for the
purpose of fixing the appropriate counterterms, the renorm-
alization conditions can be equivalently expressed in terms
of the canonical momentum. Of course, the coincidence
between prescriptions comes form the fact that the potential
Aμ in the minimal coupling (Πμ ¼ pμ − eAμ) vanishes at
zero magnetic field in Mikowski space. However, this is not
the more general case: in curved spaces, the appearance of a
pseudomagnetic field is possible, which arises from cur-
vature effects (see for example Ref. [15]).
Coming back to the counterterms calculation, let us start

with the phase defined in Eq. (18), by obtaining the limit at
B ¼ 0, namely,

lim
B→0

φðy; ρ; BÞ≡ φðy; ρ; 0Þ

¼ yρ2 − y2ðρ2k − ρ2⊥Þ − ð1 − yÞ

¼ ð1 − yÞðyρ2 − 1Þ
¼ ð1 − yÞyð=ρ2 − 1Þ − ð1 − yÞ2: ð24Þ

For the terms in the integrand

lim
B→0

ðAÞ ¼ 2 − y=ρk

lim
B→0

ðBÞ ¼ −y=ρ⊥

lim
B→0

ðCÞ ¼ 0: ð25Þ

Therefore, using =ρ ¼ =ρk þ =ρ⊥, we have for the self-
energy at B ¼ 0

Σrenðp; 0Þ ¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ

× ½ð2 − y=ρÞeisyð1−yÞð=ρ2−1Þ þ c:t:&; ð26Þ

where “c.t.” represents the counterterms to be added to
satisfy Eqs. (22) and (23), respectively. In terms of the
dimensionless variable =ρ ¼ p=m, the condition of Eq. (22)
becomes

Σrenðp; 0Þjp¼m ¼ Σrenðp; 0Þjρ¼1 ¼ 0; ð27Þ

and hence we conclude that the corresponding counter-
term is

c:t:1 ¼ −ð2 − yÞ ð28Þ

On the other hand, for the condition Eq. (23) we consider
the first derivative of the (unrenormalized) self-energy on
shell

∂
∂pΣðp;mÞ

!!!!
p¼m

¼ 1

m
∂
∂=ρΣðp;mÞ

!!!!
ρ¼1

¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ
"
−
y
m
eisyð1−yÞð=ρ

2−1Þ þ ð2 − y=ρÞ2isyð1 − yÞ=ρeisyð1−yÞð=ρ2−1Þ
#

ρ¼1

¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ
"
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
#
: ð29Þ

Thus, the second counterterm is

c:t:2 ¼ −ð=ρ − 1Þ
$
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
%
: ð30Þ

In summary, including both counterterms the renormalized self-energy at B ¼ 0 is given by the expression

Σrenðp; 0Þ ¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ
"
ð2 − y=ρÞeisðφðy;ρ;0Þþð1−yÞ2Þ − ð2 − yÞ

−ð=ρ − 1Þ
$
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
%#

: ð31Þ
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Σrenðp; 0Þjp¼m ¼ 0; ð22Þ

and the corresponding condition for the wave function
renormalization factor

∂
∂pΣrenðp; 0Þ

!!!
p¼m

¼ 0: ð23Þ

Each of these conditions will determine a counterterm to
be added to the integrand in Eq. (17). Note that the
expressions for the counterterms are given by imposing
conditions over the canonical momentum p instead of the
kinematical one =Π. Nevertheless, both prescriptions are
identical, given that =Π → pwhen B → 0, and hence, for the
purpose of fixing the appropriate counterterms, the renorm-
alization conditions can be equivalently expressed in terms
of the canonical momentum. Of course, the coincidence
between prescriptions comes form the fact that the potential
Aμ in the minimal coupling (Πμ ¼ pμ − eAμ) vanishes at
zero magnetic field in Mikowski space. However, this is not
the more general case: in curved spaces, the appearance of a
pseudomagnetic field is possible, which arises from cur-
vature effects (see for example Ref. [15]).
Coming back to the counterterms calculation, let us start

with the phase defined in Eq. (18), by obtaining the limit at
B ¼ 0, namely,

lim
B→0

φðy; ρ; BÞ≡ φðy; ρ; 0Þ

¼ yρ2 − y2ðρ2k − ρ2⊥Þ − ð1 − yÞ

¼ ð1 − yÞðyρ2 − 1Þ
¼ ð1 − yÞyð=ρ2 − 1Þ − ð1 − yÞ2: ð24Þ

For the terms in the integrand

lim
B→0

ðAÞ ¼ 2 − y=ρk

lim
B→0

ðBÞ ¼ −y=ρ⊥

lim
B→0

ðCÞ ¼ 0: ð25Þ

Therefore, using =ρ ¼ =ρk þ =ρ⊥, we have for the self-
energy at B ¼ 0

Σrenðp; 0Þ ¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ

× ½ð2 − y=ρÞeisyð1−yÞð=ρ2−1Þ þ c:t:&; ð26Þ

where “c.t.” represents the counterterms to be added to
satisfy Eqs. (22) and (23), respectively. In terms of the
dimensionless variable =ρ ¼ p=m, the condition of Eq. (22)
becomes

Σrenðp; 0Þjp¼m ¼ Σrenðp; 0Þjρ¼1 ¼ 0; ð27Þ

and hence we conclude that the corresponding counter-
term is

c:t:1 ¼ −ð2 − yÞ ð28Þ

On the other hand, for the condition Eq. (23) we consider
the first derivative of the (unrenormalized) self-energy on
shell

∂
∂pΣðp;mÞ

!!!!
p¼m

¼ 1

m
∂
∂=ρΣðp;mÞ

!!!!
ρ¼1

¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ
"
−
y
m
eisyð1−yÞð=ρ

2−1Þ þ ð2 − y=ρÞ2isyð1 − yÞ=ρeisyð1−yÞð=ρ2−1Þ
#

ρ¼1

¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ
"
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
#
: ð29Þ

Thus, the second counterterm is

c:t:2 ¼ −ð=ρ − 1Þ
$
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
%
: ð30Þ

In summary, including both counterterms the renormalized self-energy at B ¼ 0 is given by the expression

Σrenðp; 0Þ ¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ
"
ð2 − y=ρÞeisðφðy;ρ;0Þþð1−yÞ2Þ − ð2 − yÞ

−ð=ρ − 1Þ
$
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
%#

: ð31Þ
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Σrenðp; 0Þjp¼m ¼ 0; ð22Þ

and the corresponding condition for the wave function
renormalization factor

∂
∂pΣrenðp; 0Þ

!!!
p¼m

¼ 0: ð23Þ

Each of these conditions will determine a counterterm to
be added to the integrand in Eq. (17). Note that the
expressions for the counterterms are given by imposing
conditions over the canonical momentum p instead of the
kinematical one =Π. Nevertheless, both prescriptions are
identical, given that =Π → pwhen B → 0, and hence, for the
purpose of fixing the appropriate counterterms, the renorm-
alization conditions can be equivalently expressed in terms
of the canonical momentum. Of course, the coincidence
between prescriptions comes form the fact that the potential
Aμ in the minimal coupling (Πμ ¼ pμ − eAμ) vanishes at
zero magnetic field in Mikowski space. However, this is not
the more general case: in curved spaces, the appearance of a
pseudomagnetic field is possible, which arises from cur-
vature effects (see for example Ref. [15]).
Coming back to the counterterms calculation, let us start

with the phase defined in Eq. (18), by obtaining the limit at
B ¼ 0, namely,

lim
B→0

φðy; ρ; BÞ≡ φðy; ρ; 0Þ

¼ yρ2 − y2ðρ2k − ρ2⊥Þ − ð1 − yÞ

¼ ð1 − yÞðyρ2 − 1Þ
¼ ð1 − yÞyð=ρ2 − 1Þ − ð1 − yÞ2: ð24Þ

For the terms in the integrand

lim
B→0

ðAÞ ¼ 2 − y=ρk

lim
B→0

ðBÞ ¼ −y=ρ⊥

lim
B→0

ðCÞ ¼ 0: ð25Þ

Therefore, using =ρ ¼ =ρk þ =ρ⊥, we have for the self-
energy at B ¼ 0

Σrenðp; 0Þ ¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ

× ½ð2 − y=ρÞeisyð1−yÞð=ρ2−1Þ þ c:t:&; ð26Þ

where “c.t.” represents the counterterms to be added to
satisfy Eqs. (22) and (23), respectively. In terms of the
dimensionless variable =ρ ¼ p=m, the condition of Eq. (22)
becomes

Σrenðp; 0Þjp¼m ¼ Σrenðp; 0Þjρ¼1 ¼ 0; ð27Þ

and hence we conclude that the corresponding counter-
term is

c:t:1 ¼ −ð2 − yÞ ð28Þ

On the other hand, for the condition Eq. (23) we consider
the first derivative of the (unrenormalized) self-energy on
shell

∂
∂pΣðp;mÞ

!!!!
p¼m

¼ 1

m
∂
∂=ρΣðp;mÞ

!!!!
ρ¼1
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ds
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0
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ds
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2þiϵÞ
"
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
#
: ð29Þ

Thus, the second counterterm is

c:t:2 ¼ −ð=ρ − 1Þ
$
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
%
: ð30Þ

In summary, including both counterterms the renormalized self-energy at B ¼ 0 is given by the expression

Σrenðp; 0Þ ¼ 2me2

ð4πÞ2
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∞

0

ds
s

Z
1

0
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(I) (II)

Σrenðp; 0Þjp¼m ¼ 0; ð22Þ

and the corresponding condition for the wave function
renormalization factor

∂
∂pΣrenðp; 0Þ

!!!
p¼m

¼ 0: ð23Þ

Each of these conditions will determine a counterterm to
be added to the integrand in Eq. (17). Note that the
expressions for the counterterms are given by imposing
conditions over the canonical momentum p instead of the
kinematical one =Π. Nevertheless, both prescriptions are
identical, given that =Π → pwhen B → 0, and hence, for the
purpose of fixing the appropriate counterterms, the renorm-
alization conditions can be equivalently expressed in terms
of the canonical momentum. Of course, the coincidence
between prescriptions comes form the fact that the potential
Aμ in the minimal coupling (Πμ ¼ pμ − eAμ) vanishes at
zero magnetic field in Mikowski space. However, this is not
the more general case: in curved spaces, the appearance of a
pseudomagnetic field is possible, which arises from cur-
vature effects (see for example Ref. [15]).
Coming back to the counterterms calculation, let us start

with the phase defined in Eq. (18), by obtaining the limit at
B ¼ 0, namely,

lim
B→0

φðy; ρ; BÞ≡ φðy; ρ; 0Þ

¼ yρ2 − y2ðρ2k − ρ2⊥Þ − ð1 − yÞ

¼ ð1 − yÞðyρ2 − 1Þ
¼ ð1 − yÞyð=ρ2 − 1Þ − ð1 − yÞ2: ð24Þ

For the terms in the integrand

lim
B→0

ðAÞ ¼ 2 − y=ρk

lim
B→0

ðBÞ ¼ −y=ρ⊥

lim
B→0

ðCÞ ¼ 0: ð25Þ

Therefore, using =ρ ¼ =ρk þ =ρ⊥, we have for the self-
energy at B ¼ 0

Σrenðp; 0Þ ¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ

× ½ð2 − y=ρÞeisyð1−yÞð=ρ2−1Þ þ c:t:&; ð26Þ

where “c.t.” represents the counterterms to be added to
satisfy Eqs. (22) and (23), respectively. In terms of the
dimensionless variable =ρ ¼ p=m, the condition of Eq. (22)
becomes

Σrenðp; 0Þjp¼m ¼ Σrenðp; 0Þjρ¼1 ¼ 0; ð27Þ

and hence we conclude that the corresponding counter-
term is

c:t:1 ¼ −ð2 − yÞ ð28Þ

On the other hand, for the condition Eq. (23) we consider
the first derivative of the (unrenormalized) self-energy on
shell

∂
∂pΣðp;mÞ

!!!!
p¼m

¼ 1

m
∂
∂=ρΣðp;mÞ

!!!!
ρ¼1
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ds
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0
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0
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"
−
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m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
#
: ð29Þ

Thus, the second counterterm is

c:t:2 ¼ −ð=ρ − 1Þ
$
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
%
: ð30Þ

In summary, including both counterterms the renormalized self-energy at B ¼ 0 is given by the expression

Σrenðp; 0Þ ¼ 2me2
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s
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1

0
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Σrenðp; 0Þjp¼m ¼ 0; ð22Þ

and the corresponding condition for the wave function
renormalization factor

∂
∂pΣrenðp; 0Þ

!!!
p¼m

¼ 0: ð23Þ

Each of these conditions will determine a counterterm to
be added to the integrand in Eq. (17). Note that the
expressions for the counterterms are given by imposing
conditions over the canonical momentum p instead of the
kinematical one =Π. Nevertheless, both prescriptions are
identical, given that =Π → pwhen B → 0, and hence, for the
purpose of fixing the appropriate counterterms, the renorm-
alization conditions can be equivalently expressed in terms
of the canonical momentum. Of course, the coincidence
between prescriptions comes form the fact that the potential
Aμ in the minimal coupling (Πμ ¼ pμ − eAμ) vanishes at
zero magnetic field in Mikowski space. However, this is not
the more general case: in curved spaces, the appearance of a
pseudomagnetic field is possible, which arises from cur-
vature effects (see for example Ref. [15]).
Coming back to the counterterms calculation, let us start

with the phase defined in Eq. (18), by obtaining the limit at
B ¼ 0, namely,

lim
B→0

φðy; ρ; BÞ≡ φðy; ρ; 0Þ

¼ yρ2 − y2ðρ2k − ρ2⊥Þ − ð1 − yÞ

¼ ð1 − yÞðyρ2 − 1Þ
¼ ð1 − yÞyð=ρ2 − 1Þ − ð1 − yÞ2: ð24Þ

For the terms in the integrand

lim
B→0

ðAÞ ¼ 2 − y=ρk

lim
B→0

ðBÞ ¼ −y=ρ⊥

lim
B→0

ðCÞ ¼ 0: ð25Þ

Therefore, using =ρ ¼ =ρk þ =ρ⊥, we have for the self-
energy at B ¼ 0

Σrenðp; 0Þ ¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ

× ½ð2 − y=ρÞeisyð1−yÞð=ρ2−1Þ þ c:t:&; ð26Þ

where “c.t.” represents the counterterms to be added to
satisfy Eqs. (22) and (23), respectively. In terms of the
dimensionless variable =ρ ¼ p=m, the condition of Eq. (22)
becomes

Σrenðp; 0Þjp¼m ¼ Σrenðp; 0Þjρ¼1 ¼ 0; ð27Þ

and hence we conclude that the corresponding counter-
term is

c:t:1 ¼ −ð2 − yÞ ð28Þ

On the other hand, for the condition Eq. (23) we consider
the first derivative of the (unrenormalized) self-energy on
shell

∂
∂pΣðp;mÞ

!!!!
p¼m

¼ 1

m
∂
∂=ρΣðp;mÞ

!!!!
ρ¼1

¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ
"
−
y
m
eisyð1−yÞð=ρ

2−1Þ þ ð2 − y=ρÞ2isyð1 − yÞ=ρeisyð1−yÞð=ρ2−1Þ
#

ρ¼1

¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ
"
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
#
: ð29Þ

Thus, the second counterterm is

c:t:2 ¼ −ð=ρ − 1Þ
$
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
%
: ð30Þ

In summary, including both counterterms the renormalized self-energy at B ¼ 0 is given by the expression

Σrenðp; 0Þ ¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ
"
ð2 − y=ρÞeisðφðy;ρ;0Þþð1−yÞ2Þ − ð2 − yÞ

−ð=ρ − 1Þ
$
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
%#

: ð31Þ
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We thus determine the corresponding counterterms required to impose such conditions



IV. RENORMALIZED SELF-ENERGY AND MASS
RENORMALIZATION AT FINITE B

From the definition of the counterterms in the previous
section, in particular Eq. (31), we have that the renormal-
ized self-energy for any finite strength of the magnetic field
is given by

Σrenðp; BÞ ¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ

×
!
ððAÞ þ ðBÞ − ðCÞÞeisðφðy;ρ;BÞþð1−yÞ2Þ

− ð2 − yÞ − ð=ρ − 1Þ

×
"
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
#$

; ð32Þ

where the phase φðy; ρ; BÞ was defined in Eq. (18), while
the tensor coefficents (A), (B), and (C) are given by
Eqs. (19)–(21). It is straightforward to verify that, by
construction, the renormalized self-energy Eq. (32) satisfies
the renormalization conditions, Eqs. (22) and (23), in the
limit B → 0, as they should. The mass shift for a finite
magnetic field strength is thus defined by

δmB ¼ mB −m ¼ Σrenðp;BÞjpk¼m

¼ Σrenðp; BÞjρk¼1; ð33Þ

and, by construction, it clearly satisfies

lim
B→0

δmB ¼ 0: ð34Þ

Fixing the conditions =ρk ¼ 1 and =ρ⊥ ¼ 0 amounts to
finding the particle’s energy in the lowest energy state,
namely, p0 ¼ mB, which indicates that the three-vector
components of the four momentum are equal to zero. Since
p0 comes in combination with p3 to form pk and this
variable decouples from p⊥, it is natural to first take p⊥ ¼
0 to later take p3 equal to zero. Then, as stated in Eq. (33),
we obtain the explicit integral expression for the magnetic
mass shift operator

δmB ¼ 2me2

ð4πÞ2

Z
1

0
dy

Z
∞

0

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
!

ð2 − yÞ cosðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

− ð2 − yÞ

−
y sinðBsð1 − yÞÞiγ1γ2signðeBÞ
y cosðBsð1 − yÞÞ − sinðBsð1−yÞÞ

Bs

$
: ð35Þ

We notice that the physical origin of the third term
in Eq. (35) comes from the electromagnetic coupling
e
2 σ

μνFμν ¼ eBiγ1γ2, that determines a different value of

the self-energy, and hence of the mass, for each spin
component parallel or anti-parallel to the external magnetic
field, respectively. In Appendix F, we compare our result in
Eq. (35) with Ref. [8].
It is convenient to express the operator in terms of the

projectors

Ôð%Þ ¼ 1

2
ð1% iγ1γ2signðeBÞÞ; ð36Þ

such that we have

δmB ¼ ÔðþÞδmðþÞ
B þ Ôð−Þδmð−Þ

B : ð37Þ

Here, the magnetic mass shift components are given by

δmð%Þ
B ¼ 2me2

ð4πÞ2

Z
1

0
dy

Z
∞

0

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
!

ð2 − yÞ cosðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

− ð2 − yÞ

∓ y sinðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

$
: ð38Þ

Notice that the presence of the counterterm makes the
integrand to identically vanish in the limit s → 0. Similarly,
in the limit y → 0, the integrand is finite. Therefore, for
large magnetic fields, B ≫ 1, it is convenient to split the
integration domain ðy; sÞ ∈ ½0; 1' × ½0;∞' into three sepa-
rate regions ðR1;R2;R3Þ, as depicted in Fig. 1, as follows

FIG. 1. The three integration regions in the domain
ðy; sÞ ∈ ½0; 1' × ½0;∞', as described in the text.
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IV. RENORMALIZED SELF-ENERGY AND MASS
RENORMALIZATION AT FINITE B

From the definition of the counterterms in the previous
section, in particular Eq. (31), we have that the renormal-
ized self-energy for any finite strength of the magnetic field
is given by

Σrenðp; BÞ ¼ 2me2

ð4πÞ2
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0

ds
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0
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2þiϵÞ

×
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ððAÞ þ ðBÞ − ðCÞÞeisðφðy;ρ;BÞþð1−yÞ2Þ

− ð2 − yÞ − ð=ρ − 1Þ

×
"
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
#$

; ð32Þ

where the phase φðy; ρ; BÞ was defined in Eq. (18), while
the tensor coefficents (A), (B), and (C) are given by
Eqs. (19)–(21). It is straightforward to verify that, by
construction, the renormalized self-energy Eq. (32) satisfies
the renormalization conditions, Eqs. (22) and (23), in the
limit B → 0, as they should. The mass shift for a finite
magnetic field strength is thus defined by

δmB ¼ mB −m ¼ Σrenðp;BÞjpk¼m

¼ Σrenðp; BÞjρk¼1; ð33Þ

and, by construction, it clearly satisfies

lim
B→0

δmB ¼ 0: ð34Þ

Fixing the conditions =ρk ¼ 1 and =ρ⊥ ¼ 0 amounts to
finding the particle’s energy in the lowest energy state,
namely, p0 ¼ mB, which indicates that the three-vector
components of the four momentum are equal to zero. Since
p0 comes in combination with p3 to form pk and this
variable decouples from p⊥, it is natural to first take p⊥ ¼
0 to later take p3 equal to zero. Then, as stated in Eq. (33),
we obtain the explicit integral expression for the magnetic
mass shift operator

δmB ¼ 2me2

ð4πÞ2

Z
1

0
dy

Z
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0

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
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ð2 − yÞ cosðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ
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− ð2 − yÞ

−
y sinðBsð1 − yÞÞiγ1γ2signðeBÞ
y cosðBsð1 − yÞÞ − sinðBsð1−yÞÞ

Bs

$
: ð35Þ

We notice that the physical origin of the third term
in Eq. (35) comes from the electromagnetic coupling
e
2 σ

μνFμν ¼ eBiγ1γ2, that determines a different value of

the self-energy, and hence of the mass, for each spin
component parallel or anti-parallel to the external magnetic
field, respectively. In Appendix F, we compare our result in
Eq. (35) with Ref. [8].
It is convenient to express the operator in terms of the

projectors

Ôð%Þ ¼ 1

2
ð1% iγ1γ2signðeBÞÞ; ð36Þ

such that we have

δmB ¼ ÔðþÞδmðþÞ
B þ Ôð−Þδmð−Þ

B : ð37Þ

Here, the magnetic mass shift components are given by

δmð%Þ
B ¼ 2me2

ð4πÞ2

Z
1

0
dy

Z
∞

0

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
!

ð2 − yÞ cosðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

− ð2 − yÞ

∓ y sinðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

$
: ð38Þ

Notice that the presence of the counterterm makes the
integrand to identically vanish in the limit s → 0. Similarly,
in the limit y → 0, the integrand is finite. Therefore, for
large magnetic fields, B ≫ 1, it is convenient to split the
integration domain ðy; sÞ ∈ ½0; 1' × ½0;∞' into three sepa-
rate regions ðR1;R2;R3Þ, as depicted in Fig. 1, as follows

FIG. 1. The three integration regions in the domain
ðy; sÞ ∈ ½0; 1' × ½0;∞', as described in the text.
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IV. RENORMALIZED SELF-ENERGY AND MASS
RENORMALIZATION AT FINITE B

From the definition of the counterterms in the previous
section, in particular Eq. (31), we have that the renormal-
ized self-energy for any finite strength of the magnetic field
is given by

Σrenðp; BÞ ¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ

×
!
ððAÞ þ ðBÞ − ðCÞÞeisðφðy;ρ;BÞþð1−yÞ2Þ

− ð2 − yÞ − ð=ρ − 1Þ

×
"
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
#$

; ð32Þ

where the phase φðy; ρ; BÞ was defined in Eq. (18), while
the tensor coefficents (A), (B), and (C) are given by
Eqs. (19)–(21). It is straightforward to verify that, by
construction, the renormalized self-energy Eq. (32) satisfies
the renormalization conditions, Eqs. (22) and (23), in the
limit B → 0, as they should. The mass shift for a finite
magnetic field strength is thus defined by

δmB ¼ mB −m ¼ Σrenðp;BÞjpk¼m

¼ Σrenðp; BÞjρk¼1; ð33Þ

and, by construction, it clearly satisfies

lim
B→0

δmB ¼ 0: ð34Þ

Fixing the conditions =ρk ¼ 1 and =ρ⊥ ¼ 0 amounts to
finding the particle’s energy in the lowest energy state,
namely, p0 ¼ mB, which indicates that the three-vector
components of the four momentum are equal to zero. Since
p0 comes in combination with p3 to form pk and this
variable decouples from p⊥, it is natural to first take p⊥ ¼
0 to later take p3 equal to zero. Then, as stated in Eq. (33),
we obtain the explicit integral expression for the magnetic
mass shift operator

δmB ¼ 2me2

ð4πÞ2

Z
1

0
dy

Z
∞

0

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
!

ð2 − yÞ cosðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ
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− ð2 − yÞ

−
y sinðBsð1 − yÞÞiγ1γ2signðeBÞ
y cosðBsð1 − yÞÞ − sinðBsð1−yÞÞ

Bs

$
: ð35Þ

We notice that the physical origin of the third term
in Eq. (35) comes from the electromagnetic coupling
e
2 σ

μνFμν ¼ eBiγ1γ2, that determines a different value of

the self-energy, and hence of the mass, for each spin
component parallel or anti-parallel to the external magnetic
field, respectively. In Appendix F, we compare our result in
Eq. (35) with Ref. [8].
It is convenient to express the operator in terms of the

projectors

Ôð%Þ ¼ 1

2
ð1% iγ1γ2signðeBÞÞ; ð36Þ

such that we have

δmB ¼ ÔðþÞδmðþÞ
B þ Ôð−Þδmð−Þ

B : ð37Þ

Here, the magnetic mass shift components are given by

δmð%Þ
B ¼ 2me2

ð4πÞ2

Z
1

0
dy

Z
∞

0

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
!

ð2 − yÞ cosðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ
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− ð2 − yÞ

∓ y sinðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

$
: ð38Þ

Notice that the presence of the counterterm makes the
integrand to identically vanish in the limit s → 0. Similarly,
in the limit y → 0, the integrand is finite. Therefore, for
large magnetic fields, B ≫ 1, it is convenient to split the
integration domain ðy; sÞ ∈ ½0; 1' × ½0;∞' into three sepa-
rate regions ðR1;R2;R3Þ, as depicted in Fig. 1, as follows

FIG. 1. The three integration regions in the domain
ðy; sÞ ∈ ½0; 1' × ½0;∞', as described in the text.
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Renormalized self-energy at finite B

IV. RENORMALIZED SELF-ENERGY AND MASS
RENORMALIZATION AT FINITE B

From the definition of the counterterms in the previous
section, in particular Eq. (31), we have that the renormal-
ized self-energy for any finite strength of the magnetic field
is given by

Σrenðp; BÞ ¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ

×
!
ððAÞ þ ðBÞ − ðCÞÞeisðφðy;ρ;BÞþð1−yÞ2Þ

− ð2 − yÞ − ð=ρ − 1Þ

×
"
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
#$

; ð32Þ

where the phase φðy; ρ; BÞ was defined in Eq. (18), while
the tensor coefficents (A), (B), and (C) are given by
Eqs. (19)–(21). It is straightforward to verify that, by
construction, the renormalized self-energy Eq. (32) satisfies
the renormalization conditions, Eqs. (22) and (23), in the
limit B → 0, as they should. The mass shift for a finite
magnetic field strength is thus defined by

δmB ¼ mB −m ¼ Σrenðp;BÞjpk¼m

¼ Σrenðp; BÞjρk¼1; ð33Þ

and, by construction, it clearly satisfies

lim
B→0

δmB ¼ 0: ð34Þ

Fixing the conditions =ρk ¼ 1 and =ρ⊥ ¼ 0 amounts to
finding the particle’s energy in the lowest energy state,
namely, p0 ¼ mB, which indicates that the three-vector
components of the four momentum are equal to zero. Since
p0 comes in combination with p3 to form pk and this
variable decouples from p⊥, it is natural to first take p⊥ ¼
0 to later take p3 equal to zero. Then, as stated in Eq. (33),
we obtain the explicit integral expression for the magnetic
mass shift operator

δmB ¼ 2me2

ð4πÞ2

Z
1

0
dy

Z
∞

0

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
!

ð2 − yÞ cosðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ
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− ð2 − yÞ

−
y sinðBsð1 − yÞÞiγ1γ2signðeBÞ
y cosðBsð1 − yÞÞ − sinðBsð1−yÞÞ
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$
: ð35Þ

We notice that the physical origin of the third term
in Eq. (35) comes from the electromagnetic coupling
e
2 σ

μνFμν ¼ eBiγ1γ2, that determines a different value of

the self-energy, and hence of the mass, for each spin
component parallel or anti-parallel to the external magnetic
field, respectively. In Appendix F, we compare our result in
Eq. (35) with Ref. [8].
It is convenient to express the operator in terms of the

projectors

Ôð%Þ ¼ 1

2
ð1% iγ1γ2signðeBÞÞ; ð36Þ

such that we have

δmB ¼ ÔðþÞδmðþÞ
B þ Ôð−Þδmð−Þ

B : ð37Þ

Here, the magnetic mass shift components are given by

δmð%Þ
B ¼ 2me2

ð4πÞ2

Z
1

0
dy

Z
∞

0

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
!

ð2 − yÞ cosðBsð1 − yÞÞ
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− ð2 − yÞ

∓ y sinðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ
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$
: ð38Þ

Notice that the presence of the counterterm makes the
integrand to identically vanish in the limit s → 0. Similarly,
in the limit y → 0, the integrand is finite. Therefore, for
large magnetic fields, B ≫ 1, it is convenient to split the
integration domain ðy; sÞ ∈ ½0; 1' × ½0;∞' into three sepa-
rate regions ðR1;R2;R3Þ, as depicted in Fig. 1, as follows

FIG. 1. The three integration regions in the domain
ðy; sÞ ∈ ½0; 1' × ½0;∞', as described in the text.

FERMION MASS AND WIDTH IN QED IN A MAGNETIC FIELD PHYS. REV. D 104, 016006 (2021)

016006-5

Spin projectors

gμν⊥ ¼ diagð0;−1;−1; 0Þ: ð4bÞ

Therefore, we have the basic relations

=k ¼ =kk þ =k⊥ ð5aÞ

and

k2 ¼ k2k − k2⊥; ð5bÞ

with k2k ¼ k20 − k23 and k2⊥ ¼ k21 þ k22.
By applying the elementary properties of the algebra of

Dirac matrices, we obtain (see details in Appendix B)

γμiSFðkÞγμ ¼
Z

∞

0

dτ
cosðeBτÞ

eiτðk
2
k−k

2
⊥
tanðeBτÞ
eBτ −m2þiϵÞ

×
!
4m cosðeBτÞ − 2=kk cosðeBτÞ

− i sinðeBτÞγ1γ2=kk −
2=k⊥

cosðeBτÞ

"
: ð6Þ

Inserting Eqs. (2) and (6) into Eq. (1), the global
exponential factor becomes

e½ifxððp−kÞ
2þiϵÞþτðk2k−k

2
⊥
tanðeBτÞ
eBτ −m2þiϵÞg&

¼ e
½ifðxþτÞl2k−ðxþ

tanðeBτÞ
eB Þl2⊥þxp2− x2

xþτp
2
kþ

x2

xþtanðeBτÞ
eB

p2
⊥−m

2τþiϵg&
; ð7Þ

where we defined the shifted, internal momentum variables

lμk ¼ kμk −
x

xþ τ
pμ
k ð8Þ

lμ⊥ ¼ kμ⊥ −
x

xþ tanðeBτÞ
eB

pμ
⊥ ð9Þ

After integrating over the internal momenta, using the
simple identities

Z
d2l⊥
ð2πÞ2

e−iðxþ
tanðeBτÞ

eB Þl2⊥ ¼ 1

ð2πÞ2
−iπ

xþ tanðeBτÞ
eB

; ð10Þ

Z
d2l⊥
ð2πÞ2

lμ⊥e
−iðxþtanðeBτÞ

eB Þl2⊥ ¼ 0; ð11Þ

Z
d2lk
ð2πÞ2

eiðxþτÞl2k ¼ 1

ð2πÞ2
π

ðxþ τÞ
; ð12Þ

Z
d2lk
ð2πÞ2

lμke
iðxþτÞl2k ¼ 0; ð13Þ

we obtain the expression

Σðp;BÞ ¼ 2e2

ð4πÞ2

Z
∞

0

Z
∞

0

dxdτ

ðxþ τÞðxþ tanðeBτÞ
eB Þ

×
#
2m − x

xþ τ
pk −

xp⊥
ðxþ tanðeBτÞ

eB Þ½cosðeBτÞ&2

−
x tanðeBτÞ

xþ τ
iγ1γ2pk

$

× e
iðxp2− x2

xþτp
2
kþ

x2p2⊥
xþtanðeBτÞ

eB

−τm2þiϵÞ
: ð14Þ

Introducing the change of variables

τ¼ sð1−yÞ
m2

; x¼ sy
m2

; B¼ jeBj
m2

; ρ2⊥;k¼
p2
⊥;k

m2
; ð15Þ

with the corresponding Jacobian

∂ðτ; xÞ
∂ðs; yÞ ¼

%%%%
1 − y −s
y s

%%%% ¼ s; ð16Þ

we obtain that the self-energy is expressed by

Σðp;BÞ ¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dy½ðAÞ þ ðBÞ − ðCÞ&

× eisðφðy;ρ;BÞþiϵÞ; ð17Þ

where we defined the phase

φðy; ρ; BÞ ¼ yρ2 − y2ρ2k þ
y2 cosðBsð1 − yÞÞρ2⊥

y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ
Bs

− ð1 − yÞ; ð18Þ

as well as the terms that appear in the integrand

ðAÞ ¼
ð2 − y=ρkÞ cosðBsð1 − yÞÞ

y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ
Bs

; ð19Þ

ðBÞ ¼ −y=ρ⊥
½y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs &2
; ð20Þ

ðCÞ ¼ y sinðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

× iγ1γ2signðeBÞ=ρk: ð21Þ

III. FIXING THE COUNTERTERMS
IN THE B= 0 LIMIT

Equation (17) corresponds to the unrenormalized self-
energy for arbitrary magnetic field intensities. We impose
the renormalization conditions such that m corresponds to
the physical mass at B ¼ 0, i.e.,
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gμν⊥ ¼ diagð0;−1;−1; 0Þ: ð4bÞ

Therefore, we have the basic relations

=k ¼ =kk þ =k⊥ ð5aÞ

and

k2 ¼ k2k − k2⊥; ð5bÞ

with k2k ¼ k20 − k23 and k2⊥ ¼ k21 þ k22.
By applying the elementary properties of the algebra of

Dirac matrices, we obtain (see details in Appendix B)
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Z
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− i sinðeBτÞγ1γ2=kk −
2=k⊥

cosðeBτÞ

"
: ð6Þ

Inserting Eqs. (2) and (6) into Eq. (1), the global
exponential factor becomes
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2þiϵÞþτðk2k−k

2
⊥
tanðeBτÞ
eBτ −m2þiϵÞg&

¼ e
½ifðxþτÞl2k−ðxþ

tanðeBτÞ
eB Þl2⊥þxp2− x2

xþτp
2
kþ

x2

xþtanðeBτÞ
eB

p2
⊥−m

2τþiϵg&
; ð7Þ

where we defined the shifted, internal momentum variables

lμk ¼ kμk −
x

xþ τ
pμ
k ð8Þ

lμ⊥ ¼ kμ⊥ −
x

xþ tanðeBτÞ
eB

pμ
⊥ ð9Þ

After integrating over the internal momenta, using the
simple identities

Z
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; ð10Þ

Z
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Z
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π

ðxþ τÞ
; ð12Þ

Z
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ð2πÞ2

lμke
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we obtain the expression
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Z
∞

0

Z
∞

0
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$
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xþτp
2
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x2p2⊥
xþtanðeBτÞ

eB

−τm2þiϵÞ
: ð14Þ

Introducing the change of variables

τ¼ sð1−yÞ
m2

; x¼ sy
m2

; B¼ jeBj
m2

; ρ2⊥;k¼
p2
⊥;k

m2
; ð15Þ

with the corresponding Jacobian

∂ðτ; xÞ
∂ðs; yÞ ¼

%%%%
1 − y −s
y s

%%%% ¼ s; ð16Þ

we obtain that the self-energy is expressed by

Σðp;BÞ ¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dy½ðAÞ þ ðBÞ − ðCÞ&

× eisðφðy;ρ;BÞþiϵÞ; ð17Þ

where we defined the phase

φðy; ρ; BÞ ¼ yρ2 − y2ρ2k þ
y2 cosðBsð1 − yÞÞρ2⊥

y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ
Bs

− ð1 − yÞ; ð18Þ

as well as the terms that appear in the integrand

ðAÞ ¼
ð2 − y=ρkÞ cosðBsð1 − yÞÞ

y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ
Bs

; ð19Þ

ðBÞ ¼ −y=ρ⊥
½y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs &2
; ð20Þ

ðCÞ ¼ y sinðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

× iγ1γ2signðeBÞ=ρk: ð21Þ

III. FIXING THE COUNTERTERMS
IN THE B= 0 LIMIT

Equation (17) corresponds to the unrenormalized self-
energy for arbitrary magnetic field intensities. We impose
the renormalization conditions such that m corresponds to
the physical mass at B ¼ 0, i.e.,
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This part of the selfenergy is proportional to the spin operator

e

2
�µ⌫F

µ⌫ = eB i�1�2
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IV. RENORMALIZED SELF-ENERGY AND MASS
RENORMALIZATION AT FINITE B

From the definition of the counterterms in the previous
section, in particular Eq. (31), we have that the renormal-
ized self-energy for any finite strength of the magnetic field
is given by

Σrenðp; BÞ ¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ

×
!
ððAÞ þ ðBÞ − ðCÞÞeisðφðy;ρ;BÞþð1−yÞ2Þ

− ð2 − yÞ − ð=ρ − 1Þ

×
"
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
#$

; ð32Þ

where the phase φðy; ρ; BÞ was defined in Eq. (18), while
the tensor coefficents (A), (B), and (C) are given by
Eqs. (19)–(21). It is straightforward to verify that, by
construction, the renormalized self-energy Eq. (32) satisfies
the renormalization conditions, Eqs. (22) and (23), in the
limit B → 0, as they should. The mass shift for a finite
magnetic field strength is thus defined by

δmB ¼ mB −m ¼ Σrenðp;BÞjpk¼m

¼ Σrenðp; BÞjρk¼1; ð33Þ

and, by construction, it clearly satisfies

lim
B→0

δmB ¼ 0: ð34Þ

Fixing the conditions =ρk ¼ 1 and =ρ⊥ ¼ 0 amounts to
finding the particle’s energy in the lowest energy state,
namely, p0 ¼ mB, which indicates that the three-vector
components of the four momentum are equal to zero. Since
p0 comes in combination with p3 to form pk and this
variable decouples from p⊥, it is natural to first take p⊥ ¼
0 to later take p3 equal to zero. Then, as stated in Eq. (33),
we obtain the explicit integral expression for the magnetic
mass shift operator

δmB ¼ 2me2

ð4πÞ2

Z
1

0
dy

Z
∞

0

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
!

ð2 − yÞ cosðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

− ð2 − yÞ

−
y sinðBsð1 − yÞÞiγ1γ2signðeBÞ
y cosðBsð1 − yÞÞ − sinðBsð1−yÞÞ

Bs

$
: ð35Þ

We notice that the physical origin of the third term
in Eq. (35) comes from the electromagnetic coupling
e
2 σ

μνFμν ¼ eBiγ1γ2, that determines a different value of

the self-energy, and hence of the mass, for each spin
component parallel or anti-parallel to the external magnetic
field, respectively. In Appendix F, we compare our result in
Eq. (35) with Ref. [8].
It is convenient to express the operator in terms of the

projectors

Ôð%Þ ¼ 1

2
ð1% iγ1γ2signðeBÞÞ; ð36Þ

such that we have

δmB ¼ ÔðþÞδmðþÞ
B þ Ôð−Þδmð−Þ

B : ð37Þ

Here, the magnetic mass shift components are given by

δmð%Þ
B ¼ 2me2

ð4πÞ2

Z
1

0
dy

Z
∞

0

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
!

ð2 − yÞ cosðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

− ð2 − yÞ

∓ y sinðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

$
: ð38Þ

Notice that the presence of the counterterm makes the
integrand to identically vanish in the limit s → 0. Similarly,
in the limit y → 0, the integrand is finite. Therefore, for
large magnetic fields, B ≫ 1, it is convenient to split the
integration domain ðy; sÞ ∈ ½0; 1' × ½0;∞' into three sepa-
rate regions ðR1;R2;R3Þ, as depicted in Fig. 1, as follows

FIG. 1. The three integration regions in the domain
ðy; sÞ ∈ ½0; 1' × ½0;∞', as described in the text.
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Definition of the fermion magnetic mass

The renormalization of the mass is, as usual, defined in terms of the shift of the pole of the propagator

IV. RENORMALIZED SELF-ENERGY AND MASS
RENORMALIZATION AT FINITE B

From the definition of the counterterms in the previous
section, in particular Eq. (31), we have that the renormal-
ized self-energy for any finite strength of the magnetic field
is given by

Σrenðp; BÞ ¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ

×
!
ððAÞ þ ðBÞ − ðCÞÞeisðφðy;ρ;BÞþð1−yÞ2Þ

− ð2 − yÞ − ð=ρ − 1Þ

×
"
−
y
m
þ 2is

yð1 − yÞ
m

ð2 − yÞ
#$

; ð32Þ

where the phase φðy; ρ; BÞ was defined in Eq. (18), while
the tensor coefficents (A), (B), and (C) are given by
Eqs. (19)–(21). It is straightforward to verify that, by
construction, the renormalized self-energy Eq. (32) satisfies
the renormalization conditions, Eqs. (22) and (23), in the
limit B → 0, as they should. The mass shift for a finite
magnetic field strength is thus defined by

δmB ¼ mB −m ¼ Σrenðp;BÞjpk¼m

¼ Σrenðp; BÞjρk¼1; ð33Þ

and, by construction, it clearly satisfies

lim
B→0

δmB ¼ 0: ð34Þ

Fixing the conditions =ρk ¼ 1 and =ρ⊥ ¼ 0 amounts to
finding the particle’s energy in the lowest energy state,
namely, p0 ¼ mB, which indicates that the three-vector
components of the four momentum are equal to zero. Since
p0 comes in combination with p3 to form pk and this
variable decouples from p⊥, it is natural to first take p⊥ ¼
0 to later take p3 equal to zero. Then, as stated in Eq. (33),
we obtain the explicit integral expression for the magnetic
mass shift operator

δmB ¼ 2me2

ð4πÞ2

Z
1

0
dy

Z
∞

0

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
!

ð2 − yÞ cosðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

− ð2 − yÞ

−
y sinðBsð1 − yÞÞiγ1γ2signðeBÞ
y cosðBsð1 − yÞÞ − sinðBsð1−yÞÞ

Bs

$
: ð35Þ

We notice that the physical origin of the third term
in Eq. (35) comes from the electromagnetic coupling
e
2 σ

μνFμν ¼ eBiγ1γ2, that determines a different value of

the self-energy, and hence of the mass, for each spin
component parallel or anti-parallel to the external magnetic
field, respectively. In Appendix F, we compare our result in
Eq. (35) with Ref. [8].
It is convenient to express the operator in terms of the

projectors

Ôð%Þ ¼ 1

2
ð1% iγ1γ2signðeBÞÞ; ð36Þ

such that we have

δmB ¼ ÔðþÞδmðþÞ
B þ Ôð−Þδmð−Þ

B : ð37Þ

Here, the magnetic mass shift components are given by

δmð%Þ
B ¼ 2me2

ð4πÞ2

Z
1

0
dy

Z
∞

0

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
!

ð2 − yÞ cosðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

− ð2 − yÞ

∓ y sinðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ

Bs

$
: ð38Þ

Notice that the presence of the counterterm makes the
integrand to identically vanish in the limit s → 0. Similarly,
in the limit y → 0, the integrand is finite. Therefore, for
large magnetic fields, B ≫ 1, it is convenient to split the
integration domain ðy; sÞ ∈ ½0; 1' × ½0;∞' into three sepa-
rate regions ðR1;R2;R3Þ, as depicted in Fig. 1, as follows

FIG. 1. The three integration regions in the domain
ðy; sÞ ∈ ½0; 1' × ½0;∞', as described in the text.
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This shift is strictly magnetic, 
and by construction it satisfies

IV. RENORMALIZED SELF-ENERGY AND MASS
RENORMALIZATION AT FINITE B

From the definition of the counterterms in the previous
section, in particular Eq. (31), we have that the renormal-
ized self-energy for any finite strength of the magnetic field
is given by

Σrenðp; BÞ ¼ 2me2

ð4πÞ2

Z
∞

0

ds
s

Z
1

0
dyeisð−ð1−yÞ

2þiϵÞ

×
!
ððAÞ þ ðBÞ − ðCÞÞeisðφðy;ρ;BÞþð1−yÞ2Þ

− ð2 − yÞ − ð=ρ − 1Þ

×
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−
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þ 2is

yð1 − yÞ
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ð2 − yÞ
#$

; ð32Þ

where the phase φðy; ρ; BÞ was defined in Eq. (18), while
the tensor coefficents (A), (B), and (C) are given by
Eqs. (19)–(21). It is straightforward to verify that, by
construction, the renormalized self-energy Eq. (32) satisfies
the renormalization conditions, Eqs. (22) and (23), in the
limit B → 0, as they should. The mass shift for a finite
magnetic field strength is thus defined by

δmB ¼ mB −m ¼ Σrenðp;BÞjpk¼m

¼ Σrenðp; BÞjρk¼1; ð33Þ

and, by construction, it clearly satisfies

lim
B→0

δmB ¼ 0: ð34Þ

Fixing the conditions =ρk ¼ 1 and =ρ⊥ ¼ 0 amounts to
finding the particle’s energy in the lowest energy state,
namely, p0 ¼ mB, which indicates that the three-vector
components of the four momentum are equal to zero. Since
p0 comes in combination with p3 to form pk and this
variable decouples from p⊥, it is natural to first take p⊥ ¼
0 to later take p3 equal to zero. Then, as stated in Eq. (33),
we obtain the explicit integral expression for the magnetic
mass shift operator

δmB ¼ 2me2

ð4πÞ2

Z
1

0
dy

Z
∞

0

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
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ð2 − yÞ cosðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ
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− ð2 − yÞ

−
y sinðBsð1 − yÞÞiγ1γ2signðeBÞ
y cosðBsð1 − yÞÞ − sinðBsð1−yÞÞ
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$
: ð35Þ

We notice that the physical origin of the third term
in Eq. (35) comes from the electromagnetic coupling
e
2 σ

μνFμν ¼ eBiγ1γ2, that determines a different value of

the self-energy, and hence of the mass, for each spin
component parallel or anti-parallel to the external magnetic
field, respectively. In Appendix F, we compare our result in
Eq. (35) with Ref. [8].
It is convenient to express the operator in terms of the

projectors

Ôð%Þ ¼ 1

2
ð1% iγ1γ2signðeBÞÞ; ð36Þ

such that we have

δmB ¼ ÔðþÞδmðþÞ
B þ Ôð−Þδmð−Þ

B : ð37Þ

Here, the magnetic mass shift components are given by

δmð%Þ
B ¼ 2me2

ð4πÞ2

Z
1

0
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∞

0

ds
s
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2þiϵÞ
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ð2 − yÞ cosðBsð1 − yÞÞ
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− ð2 − yÞ

∓ y sinðBsð1 − yÞÞ
y cosðBsð1 − yÞÞ þ sinðBsð1−yÞÞ
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$
: ð38Þ

Notice that the presence of the counterterm makes the
integrand to identically vanish in the limit s → 0. Similarly,
in the limit y → 0, the integrand is finite. Therefore, for
large magnetic fields, B ≫ 1, it is convenient to split the
integration domain ðy; sÞ ∈ ½0; 1' × ½0;∞' into three sepa-
rate regions ðR1;R2;R3Þ, as depicted in Fig. 1, as follows

FIG. 1. The three integration regions in the domain
ðy; sÞ ∈ ½0; 1' × ½0;∞', as described in the text.
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The presence of the spin-magnetic field interaction, expressed in terms of the projectors, determines 
a different mass shift for each spin component



IV. RENORMALIZED SELF-ENERGY AND MASS
RENORMALIZATION AT FINITE B

From the definition of the counterterms in the previous
section, in particular Eq. (31), we have that the renormal-
ized self-energy for any finite strength of the magnetic field
is given by

Σrenðp; BÞ ¼ 2me2

ð4πÞ2
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where the phase φðy; ρ; BÞ was defined in Eq. (18), while
the tensor coefficents (A), (B), and (C) are given by
Eqs. (19)–(21). It is straightforward to verify that, by
construction, the renormalized self-energy Eq. (32) satisfies
the renormalization conditions, Eqs. (22) and (23), in the
limit B → 0, as they should. The mass shift for a finite
magnetic field strength is thus defined by

δmB ¼ mB −m ¼ Σrenðp;BÞjpk¼m

¼ Σrenðp; BÞjρk¼1; ð33Þ

and, by construction, it clearly satisfies

lim
B→0

δmB ¼ 0: ð34Þ

Fixing the conditions =ρk ¼ 1 and =ρ⊥ ¼ 0 amounts to
finding the particle’s energy in the lowest energy state,
namely, p0 ¼ mB, which indicates that the three-vector
components of the four momentum are equal to zero. Since
p0 comes in combination with p3 to form pk and this
variable decouples from p⊥, it is natural to first take p⊥ ¼
0 to later take p3 equal to zero. Then, as stated in Eq. (33),
we obtain the explicit integral expression for the magnetic
mass shift operator

δmB ¼ 2me2
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We notice that the physical origin of the third term
in Eq. (35) comes from the electromagnetic coupling
e
2 σ

μνFμν ¼ eBiγ1γ2, that determines a different value of

the self-energy, and hence of the mass, for each spin
component parallel or anti-parallel to the external magnetic
field, respectively. In Appendix F, we compare our result in
Eq. (35) with Ref. [8].
It is convenient to express the operator in terms of the

projectors

Ôð%Þ ¼ 1

2
ð1% iγ1γ2signðeBÞÞ; ð36Þ

such that we have

δmB ¼ ÔðþÞδmðþÞ
B þ Ôð−Þδmð−Þ

B : ð37Þ

Here, the magnetic mass shift components are given by
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Notice that the presence of the counterterm makes the
integrand to identically vanish in the limit s → 0. Similarly,
in the limit y → 0, the integrand is finite. Therefore, for
large magnetic fields, B ≫ 1, it is convenient to split the
integration domain ðy; sÞ ∈ ½0; 1' × ½0;∞' into three sepa-
rate regions ðR1;R2;R3Þ, as depicted in Fig. 1, as follows

FIG. 1. The three integration regions in the domain
ðy; sÞ ∈ ½0; 1' × ½0;∞', as described in the text.
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IV. RENORMALIZED SELF-ENERGY AND MASS
RENORMALIZATION AT FINITE B

From the definition of the counterterms in the previous
section, in particular Eq. (31), we have that the renormal-
ized self-energy for any finite strength of the magnetic field
is given by

Σrenðp; BÞ ¼ 2me2

ð4πÞ2
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0
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0
dyeisð−ð1−yÞ
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×
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where the phase φðy; ρ; BÞ was defined in Eq. (18), while
the tensor coefficents (A), (B), and (C) are given by
Eqs. (19)–(21). It is straightforward to verify that, by
construction, the renormalized self-energy Eq. (32) satisfies
the renormalization conditions, Eqs. (22) and (23), in the
limit B → 0, as they should. The mass shift for a finite
magnetic field strength is thus defined by

δmB ¼ mB −m ¼ Σrenðp;BÞjpk¼m

¼ Σrenðp; BÞjρk¼1; ð33Þ

and, by construction, it clearly satisfies

lim
B→0

δmB ¼ 0: ð34Þ

Fixing the conditions =ρk ¼ 1 and =ρ⊥ ¼ 0 amounts to
finding the particle’s energy in the lowest energy state,
namely, p0 ¼ mB, which indicates that the three-vector
components of the four momentum are equal to zero. Since
p0 comes in combination with p3 to form pk and this
variable decouples from p⊥, it is natural to first take p⊥ ¼
0 to later take p3 equal to zero. Then, as stated in Eq. (33),
we obtain the explicit integral expression for the magnetic
mass shift operator
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We notice that the physical origin of the third term
in Eq. (35) comes from the electromagnetic coupling
e
2 σ

μνFμν ¼ eBiγ1γ2, that determines a different value of

the self-energy, and hence of the mass, for each spin
component parallel or anti-parallel to the external magnetic
field, respectively. In Appendix F, we compare our result in
Eq. (35) with Ref. [8].
It is convenient to express the operator in terms of the

projectors

Ôð%Þ ¼ 1

2
ð1% iγ1γ2signðeBÞÞ; ð36Þ

such that we have

δmB ¼ ÔðþÞδmðþÞ
B þ Ôð−Þδmð−Þ
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Here, the magnetic mass shift components are given by
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Notice that the presence of the counterterm makes the
integrand to identically vanish in the limit s → 0. Similarly,
in the limit y → 0, the integrand is finite. Therefore, for
large magnetic fields, B ≫ 1, it is convenient to split the
integration domain ðy; sÞ ∈ ½0; 1' × ½0;∞' into three sepa-
rate regions ðR1;R2;R3Þ, as depicted in Fig. 1, as follows

FIG. 1. The three integration regions in the domain
ðy; sÞ ∈ ½0; 1' × ½0;∞', as described in the text.
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IV. RENORMALIZED SELF-ENERGY AND MASS
RENORMALIZATION AT FINITE B

From the definition of the counterterms in the previous
section, in particular Eq. (31), we have that the renormal-
ized self-energy for any finite strength of the magnetic field
is given by
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the tensor coefficents (A), (B), and (C) are given by
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p0 comes in combination with p3 to form pk and this
variable decouples from p⊥, it is natural to first take p⊥ ¼
0 to later take p3 equal to zero. Then, as stated in Eq. (33),
we obtain the explicit integral expression for the magnetic
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We notice that the physical origin of the third term
in Eq. (35) comes from the electromagnetic coupling
e
2 σ

μνFμν ¼ eBiγ1γ2, that determines a different value of

the self-energy, and hence of the mass, for each spin
component parallel or anti-parallel to the external magnetic
field, respectively. In Appendix F, we compare our result in
Eq. (35) with Ref. [8].
It is convenient to express the operator in terms of the
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Notice that the presence of the counterterm makes the
integrand to identically vanish in the limit s → 0. Similarly,
in the limit y → 0, the integrand is finite. Therefore, for
large magnetic fields, B ≫ 1, it is convenient to split the
integration domain ðy; sÞ ∈ ½0; 1' × ½0;∞' into three sepa-
rate regions ðR1;R2;R3Þ, as depicted in Fig. 1, as follows

FIG. 1. The three integration regions in the domain
ðy; sÞ ∈ ½0; 1' × ½0;∞', as described in the text.

FERMION MASS AND WIDTH IN QED IN A MAGNETIC FIELD PHYS. REV. D 104, 016006 (2021)

016006-5

IV. RENORMALIZED SELF-ENERGY AND MASS
RENORMALIZATION AT FINITE B

From the definition of the counterterms in the previous
section, in particular Eq. (31), we have that the renormal-
ized self-energy for any finite strength of the magnetic field
is given by
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where the phase φðy; ρ; BÞ was defined in Eq. (18), while
the tensor coefficents (A), (B), and (C) are given by
Eqs. (19)–(21). It is straightforward to verify that, by
construction, the renormalized self-energy Eq. (32) satisfies
the renormalization conditions, Eqs. (22) and (23), in the
limit B → 0, as they should. The mass shift for a finite
magnetic field strength is thus defined by

δmB ¼ mB −m ¼ Σrenðp;BÞjpk¼m

¼ Σrenðp; BÞjρk¼1; ð33Þ

and, by construction, it clearly satisfies

lim
B→0

δmB ¼ 0: ð34Þ

Fixing the conditions =ρk ¼ 1 and =ρ⊥ ¼ 0 amounts to
finding the particle’s energy in the lowest energy state,
namely, p0 ¼ mB, which indicates that the three-vector
components of the four momentum are equal to zero. Since
p0 comes in combination with p3 to form pk and this
variable decouples from p⊥, it is natural to first take p⊥ ¼
0 to later take p3 equal to zero. Then, as stated in Eq. (33),
we obtain the explicit integral expression for the magnetic
mass shift operator
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We notice that the physical origin of the third term
in Eq. (35) comes from the electromagnetic coupling
e
2 σ

μνFμν ¼ eBiγ1γ2, that determines a different value of

the self-energy, and hence of the mass, for each spin
component parallel or anti-parallel to the external magnetic
field, respectively. In Appendix F, we compare our result in
Eq. (35) with Ref. [8].
It is convenient to express the operator in terms of the

projectors

Ôð%Þ ¼ 1

2
ð1% iγ1γ2signðeBÞÞ; ð36Þ

such that we have

δmB ¼ ÔðþÞδmðþÞ
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Here, the magnetic mass shift components are given by
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Notice that the presence of the counterterm makes the
integrand to identically vanish in the limit s → 0. Similarly,
in the limit y → 0, the integrand is finite. Therefore, for
large magnetic fields, B ≫ 1, it is convenient to split the
integration domain ðy; sÞ ∈ ½0; 1' × ½0;∞' into three sepa-
rate regions ðR1;R2;R3Þ, as depicted in Fig. 1, as follows

FIG. 1. The three integration regions in the domain
ðy; sÞ ∈ ½0; 1' × ½0;∞', as described in the text.
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Z
1

0
dy

Z
∞

0
ds ¼

Z
1

0
dy

Z
B−1

0|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
R1

dsþ
Z

B−1

0
dy

Z
∞

B−1|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
R2

ds

þ
Z

1

B−1
dy

Z
∞

B−1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
R3

ds; ð39Þ

such that we write the mass shift components as

δmð%Þ
B ¼ δmð%Þ

B jR1
þ δmð%Þ

B jR2
þ δmð%Þ

B jR3
: ð40Þ

The integrand in the first term, where Bs < 1, is bounded
from above, and its singularity as s → 0 is removed by the
counterterm. Moreover (see Appendix C for details), its
contribution is

δmð%Þ
B jR1

¼ 2me2

ð4πÞ2

"
−

157

2016
þ 2041

56700
iB−1

∓
#
91

540
−

257

10080
iB−1

$%
þOðB−2Þ: ð41Þ

Similarly, as shown in Appendix C, the contribution
arising from the second region is (for B ≫ 1)

δmð%Þ
B jR2

∼
2me2

ð4πÞ2

&
−1 − 2B−1 lnðBÞ

þ B−1
"
2γ − 2 ln½j1 − e2ij' þ i

"
π % 1

2

%%'

þOðB−2Þ: ð42Þ

The contribution of both of these subleading kinematic
regions becomes finite and strictly real as B → ∞.
Finally, for the remaining, and hence dominant, kin-

ematic region, characterized by the condition Bs ≫ 1, since
j sinðBsð1 − yÞÞj ≤ 1, we have the inequality

((((
sinðBsð1 − yÞÞ

Bs

(((( ≤
1

Bs
≪ 1 ð43Þ

Under this assumption, the asymptotic expression for the
mass shift components in Eq. (35) is

δmð%Þ
B jR3

¼ 2me2

ð4πÞ2

Z
1

B−1
dy

Z
∞

B−1

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
#
ð2 − yÞð1 − yÞ

y
∓ tanðBsð1 − yÞÞ

$
: ð44Þ

We notice the presence of the tanðBsð1 − yÞÞ function in
the integrand of Eq. (44), which is continuous when defined
in the open interval ð− π

2 ;
π
2Þ, and extends itself periodically

along the real axis, namely, tanðxþ nπÞ ¼ tanðxÞ, pos-
sessing infinitely many poles at every odd multiple of π=2,

i.e., for x → % ð2n−1Þπ
2 , tanðxÞ → %∞. Therefore, the inte-

gral in Eq. (44) must be interpreted as a principal value and
hence, in the sense of distributions, we can use the periodic
series (see Appendix D for details)

tanðBsð1 − yÞÞ ¼ 2
X∞

n¼1

ð−1Þn−1 sinð2Bsð1 − yÞÞ

¼ i
X∞

n¼1

ð−1Þnðe2inBsð1−yÞ − e−2inBsð1−yÞÞ:

ð45Þ

Substituting Eq. (45) into Eq. (44), and using the exact
definitions (as ϵ → 0þ),

Z
∞

B−1

ds
s
eisð−ð1−yÞ

2þiϵÞ ¼ Γ
"
0; i

ð1 − yÞ2

B

%
; ð46Þ

Z
∞

1=B

ds
s
eisð−ð1−yÞð1−y%2nBÞþiϵÞ

¼ Γ
"
0; i

ð1 − yÞð1 − y% 2nBÞ
B

%
; ð47Þ

we obtain that the magnetic mass shift components are
given by

δmð%Þ
B jR3

¼ 2me2

ð4πÞ2

Z
1

B−1
dy

#
ð2 − yÞð1 − yÞ

y
Γ
"
0; i

ð1 − yÞ2

B

%

∓ i
X∞

n¼1

ð−1Þn
&
Γ
"
0; i

ð1 − yÞð1 − y − 2nBÞ
B

%

− Γ
"
0; i

ð1 − yÞð1 − yþ 2nBÞ
B

%'$
: ð48Þ

We notice that the incomplete Gamma function Γð0; zÞ
satisfies the following identity

Γð0; izÞ ¼ −γ − lnðizÞ −
X∞

k¼1

ð−izÞk

kðk!Þ
: ð49Þ

Therefore, for large B ≫ 1 we have the following
asymptotics

Γ
"
0; i

ð1 − yÞ2

B

%
¼ −γ − ln

"
i
ð1 − yÞ2

B

%
þOðB−1Þ; ð50Þ

thus leading to a double logarithmic dependence of the
mass shift operator δmB ∼ ðlnðBÞÞ2 for B ≫ 1. More
precisely, as shown in Appendix D, the integrals involved
in Eq. (48) display the following asymptotic behavior (for
B ≫ 1),
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B jR1
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B jR2
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B jR3
: ð40Þ

The integrand in the first term, where Bs < 1, is bounded
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The contribution of both of these subleading kinematic
regions becomes finite and strictly real as B → ∞.
Finally, for the remaining, and hence dominant, kin-

ematic region, characterized by the condition Bs ≫ 1, since
j sinðBsð1 − yÞÞj ≤ 1, we have the inequality
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Under this assumption, the asymptotic expression for the
mass shift components in Eq. (35) is
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We notice the presence of the tanðBsð1 − yÞÞ function in
the integrand of Eq. (44), which is continuous when defined
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gral in Eq. (44) must be interpreted as a principal value and
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We notice that the incomplete Gamma function Γð0; zÞ
satisfies the following identity

Γð0; izÞ ¼ −γ − lnðizÞ −
X∞

k¼1

ð−izÞk
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Therefore, for large B ≫ 1 we have the following
asymptotics
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thus leading to a double logarithmic dependence of the
mass shift operator δmB ∼ ðlnðBÞÞ2 for B ≫ 1. More
precisely, as shown in Appendix D, the integrals involved
in Eq. (48) display the following asymptotic behavior (for
B ≫ 1),
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Our strategy: Divide the integration domain into three separate regions
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The integrand in the first term, where Bs < 1, is bounded
from above, and its singularity as s → 0 is removed by the
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contribution is
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Similarly, as shown in Appendix C, the contribution
arising from the second region is (for B ≫ 1)
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−1 − 2B−1 lnðBÞ

þ B−1
"
2γ − 2 ln½j1 − e2ij' þ i

"
π % 1

2

%%'

þOðB−2Þ: ð42Þ

The contribution of both of these subleading kinematic
regions becomes finite and strictly real as B → ∞.
Finally, for the remaining, and hence dominant, kin-

ematic region, characterized by the condition Bs ≫ 1, since
j sinðBsð1 − yÞÞj ≤ 1, we have the inequality

((((
sinðBsð1 − yÞÞ

Bs

(((( ≤
1

Bs
≪ 1 ð43Þ

Under this assumption, the asymptotic expression for the
mass shift components in Eq. (35) is

δmð%Þ
B jR3

¼ 2me2

ð4πÞ2

Z
1

B−1
dy

Z
∞

B−1

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
#
ð2 − yÞð1 − yÞ

y
∓ tanðBsð1 − yÞÞ

$
: ð44Þ

We notice the presence of the tanðBsð1 − yÞÞ function in
the integrand of Eq. (44), which is continuous when defined
in the open interval ð− π

2 ;
π
2Þ, and extends itself periodically

along the real axis, namely, tanðxþ nπÞ ¼ tanðxÞ, pos-
sessing infinitely many poles at every odd multiple of π=2,

i.e., for x → % ð2n−1Þπ
2 , tanðxÞ → %∞. Therefore, the inte-

gral in Eq. (44) must be interpreted as a principal value and
hence, in the sense of distributions, we can use the periodic
series (see Appendix D for details)

tanðBsð1 − yÞÞ ¼ 2
X∞

n¼1

ð−1Þn−1 sinð2Bsð1 − yÞÞ

¼ i
X∞

n¼1

ð−1Þnðe2inBsð1−yÞ − e−2inBsð1−yÞÞ:

ð45Þ

Substituting Eq. (45) into Eq. (44), and using the exact
definitions (as ϵ → 0þ),

Z
∞

B−1

ds
s
eisð−ð1−yÞ

2þiϵÞ ¼ Γ
"
0; i

ð1 − yÞ2

B

%
; ð46Þ

Z
∞

1=B

ds
s
eisð−ð1−yÞð1−y%2nBÞþiϵÞ

¼ Γ
"
0; i

ð1 − yÞð1 − y% 2nBÞ
B

%
; ð47Þ

we obtain that the magnetic mass shift components are
given by

δmð%Þ
B jR3

¼ 2me2

ð4πÞ2
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y
Γ
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B
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∓ i
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&
Γ
"
0; i

ð1 − yÞð1 − y − 2nBÞ
B

%

− Γ
"
0; i

ð1 − yÞð1 − yþ 2nBÞ
B

%'$
: ð48Þ

We notice that the incomplete Gamma function Γð0; zÞ
satisfies the following identity

Γð0; izÞ ¼ −γ − lnðizÞ −
X∞

k¼1

ð−izÞk

kðk!Þ
: ð49Þ

Therefore, for large B ≫ 1 we have the following
asymptotics

Γ
"
0; i

ð1 − yÞ2

B

%
¼ −γ − ln

"
i
ð1 − yÞ2

B

%
þOðB−1Þ; ð50Þ

thus leading to a double logarithmic dependence of the
mass shift operator δmB ∼ ðlnðBÞÞ2 for B ≫ 1. More
precisely, as shown in Appendix D, the integrals involved
in Eq. (48) display the following asymptotic behavior (for
B ≫ 1),
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We are interested in the high magnetic field regime where
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such that we write the mass shift components as

δmð%Þ
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B jR3
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The integrand in the first term, where Bs < 1, is bounded
from above, and its singularity as s → 0 is removed by the
counterterm. Moreover (see Appendix C for details), its
contribution is
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Similarly, as shown in Appendix C, the contribution
arising from the second region is (for B ≫ 1)
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The contribution of both of these subleading kinematic
regions becomes finite and strictly real as B → ∞.
Finally, for the remaining, and hence dominant, kin-

ematic region, characterized by the condition Bs ≫ 1, since
j sinðBsð1 − yÞÞj ≤ 1, we have the inequality

((((
sinðBsð1 − yÞÞ

Bs

(((( ≤
1

Bs
≪ 1 ð43Þ

Under this assumption, the asymptotic expression for the
mass shift components in Eq. (35) is
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ð4πÞ2
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y
∓ tanðBsð1 − yÞÞ
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We notice the presence of the tanðBsð1 − yÞÞ function in
the integrand of Eq. (44), which is continuous when defined
in the open interval ð− π

2 ;
π
2Þ, and extends itself periodically

along the real axis, namely, tanðxþ nπÞ ¼ tanðxÞ, pos-
sessing infinitely many poles at every odd multiple of π=2,

i.e., for x → % ð2n−1Þπ
2 , tanðxÞ → %∞. Therefore, the inte-

gral in Eq. (44) must be interpreted as a principal value and
hence, in the sense of distributions, we can use the periodic
series (see Appendix D for details)

tanðBsð1 − yÞÞ ¼ 2
X∞

n¼1

ð−1Þn−1 sinð2Bsð1 − yÞÞ

¼ i
X∞

n¼1

ð−1Þnðe2inBsð1−yÞ − e−2inBsð1−yÞÞ:

ð45Þ

Substituting Eq. (45) into Eq. (44), and using the exact
definitions (as ϵ → 0þ),

Z
∞

B−1

ds
s
eisð−ð1−yÞ

2þiϵÞ ¼ Γ
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0; i
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∞
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ds
s
eisð−ð1−yÞð1−y%2nBÞþiϵÞ

¼ Γ
"
0; i

ð1 − yÞð1 − y% 2nBÞ
B
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we obtain that the magnetic mass shift components are
given by

δmð%Þ
B jR3

¼ 2me2

ð4πÞ2
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We notice that the incomplete Gamma function Γð0; zÞ
satisfies the following identity

Γð0; izÞ ¼ −γ − lnðizÞ −
X∞

k¼1

ð−izÞk

kðk!Þ
: ð49Þ

Therefore, for large B ≫ 1 we have the following
asymptotics
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"
0; i

ð1 − yÞ2

B
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¼ −γ − ln
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i
ð1 − yÞ2

B

%
þOðB−1Þ; ð50Þ

thus leading to a double logarithmic dependence of the
mass shift operator δmB ∼ ðlnðBÞÞ2 for B ≫ 1. More
precisely, as shown in Appendix D, the integrals involved
in Eq. (48) display the following asymptotic behavior (for
B ≫ 1),
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such that we write the mass shift components as

δmð%Þ
B ¼ δmð%Þ

B jR1
þ δmð%Þ

B jR2
þ δmð%Þ

B jR3
: ð40Þ

The integrand in the first term, where Bs < 1, is bounded
from above, and its singularity as s → 0 is removed by the
counterterm. Moreover (see Appendix C for details), its
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Similarly, as shown in Appendix C, the contribution
arising from the second region is (for B ≫ 1)

δmð%Þ
B jR2

∼
2me2

ð4πÞ2

&
−1 − 2B−1 lnðBÞ

þ B−1
"
2γ − 2 ln½j1 − e2ij' þ i

"
π % 1

2
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þOðB−2Þ: ð42Þ

The contribution of both of these subleading kinematic
regions becomes finite and strictly real as B → ∞.
Finally, for the remaining, and hence dominant, kin-

ematic region, characterized by the condition Bs ≫ 1, since
j sinðBsð1 − yÞÞj ≤ 1, we have the inequality

((((
sinðBsð1 − yÞÞ

Bs

(((( ≤
1

Bs
≪ 1 ð43Þ

Under this assumption, the asymptotic expression for the
mass shift components in Eq. (35) is

δmð%Þ
B jR3

¼ 2me2

ð4πÞ2

Z
1

B−1
dy

Z
∞

B−1

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
#
ð2 − yÞð1 − yÞ

y
∓ tanðBsð1 − yÞÞ

$
: ð44Þ

We notice the presence of the tanðBsð1 − yÞÞ function in
the integrand of Eq. (44), which is continuous when defined
in the open interval ð− π

2 ;
π
2Þ, and extends itself periodically

along the real axis, namely, tanðxþ nπÞ ¼ tanðxÞ, pos-
sessing infinitely many poles at every odd multiple of π=2,

i.e., for x → % ð2n−1Þπ
2 , tanðxÞ → %∞. Therefore, the inte-

gral in Eq. (44) must be interpreted as a principal value and
hence, in the sense of distributions, we can use the periodic
series (see Appendix D for details)

tanðBsð1 − yÞÞ ¼ 2
X∞

n¼1

ð−1Þn−1 sinð2Bsð1 − yÞÞ

¼ i
X∞

n¼1

ð−1Þnðe2inBsð1−yÞ − e−2inBsð1−yÞÞ:

ð45Þ

Substituting Eq. (45) into Eq. (44), and using the exact
definitions (as ϵ → 0þ),

Z
∞

B−1

ds
s
eisð−ð1−yÞ

2þiϵÞ ¼ Γ
"
0; i

ð1 − yÞ2

B

%
; ð46Þ

Z
∞

1=B

ds
s
eisð−ð1−yÞð1−y%2nBÞþiϵÞ

¼ Γ
"
0; i

ð1 − yÞð1 − y% 2nBÞ
B

%
; ð47Þ

we obtain that the magnetic mass shift components are
given by

δmð%Þ
B jR3

¼ 2me2

ð4πÞ2

Z
1

B−1
dy

#
ð2 − yÞð1 − yÞ

y
Γ
"
0; i

ð1 − yÞ2

B

%

∓ i
X∞

n¼1

ð−1Þn
&
Γ
"
0; i

ð1 − yÞð1 − y − 2nBÞ
B

%

− Γ
"
0; i

ð1 − yÞð1 − yþ 2nBÞ
B

%'$
: ð48Þ

We notice that the incomplete Gamma function Γð0; zÞ
satisfies the following identity

Γð0; izÞ ¼ −γ − lnðizÞ −
X∞

k¼1

ð−izÞk

kðk!Þ
: ð49Þ

Therefore, for large B ≫ 1 we have the following
asymptotics

Γ
"
0; i

ð1 − yÞ2

B

%
¼ −γ − ln

"
i
ð1 − yÞ2

B

%
þOðB−1Þ; ð50Þ

thus leading to a double logarithmic dependence of the
mass shift operator δmB ∼ ðlnðBÞÞ2 for B ≫ 1. More
precisely, as shown in Appendix D, the integrals involved
in Eq. (48) display the following asymptotic behavior (for
B ≫ 1),
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such that we write the mass shift components as

δmð%Þ
B ¼ δmð%Þ

B jR1
þ δmð%Þ

B jR2
þ δmð%Þ

B jR3
: ð40Þ

The integrand in the first term, where Bs < 1, is bounded
from above, and its singularity as s → 0 is removed by the
counterterm. Moreover (see Appendix C for details), its
contribution is
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Similarly, as shown in Appendix C, the contribution
arising from the second region is (for B ≫ 1)

δmð%Þ
B jR2

∼
2me2

ð4πÞ2

&
−1 − 2B−1 lnðBÞ

þ B−1
"
2γ − 2 ln½j1 − e2ij' þ i

"
π % 1
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þOðB−2Þ: ð42Þ

The contribution of both of these subleading kinematic
regions becomes finite and strictly real as B → ∞.
Finally, for the remaining, and hence dominant, kin-

ematic region, characterized by the condition Bs ≫ 1, since
j sinðBsð1 − yÞÞj ≤ 1, we have the inequality

((((
sinðBsð1 − yÞÞ

Bs

(((( ≤
1

Bs
≪ 1 ð43Þ

Under this assumption, the asymptotic expression for the
mass shift components in Eq. (35) is

δmð%Þ
B jR3

¼ 2me2

ð4πÞ2

Z
1

B−1
dy

Z
∞

B−1

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
#
ð2 − yÞð1 − yÞ

y
∓ tanðBsð1 − yÞÞ

$
: ð44Þ

We notice the presence of the tanðBsð1 − yÞÞ function in
the integrand of Eq. (44), which is continuous when defined
in the open interval ð− π

2 ;
π
2Þ, and extends itself periodically

along the real axis, namely, tanðxþ nπÞ ¼ tanðxÞ, pos-
sessing infinitely many poles at every odd multiple of π=2,

i.e., for x → % ð2n−1Þπ
2 , tanðxÞ → %∞. Therefore, the inte-

gral in Eq. (44) must be interpreted as a principal value and
hence, in the sense of distributions, we can use the periodic
series (see Appendix D for details)

tanðBsð1 − yÞÞ ¼ 2
X∞

n¼1

ð−1Þn−1 sinð2Bsð1 − yÞÞ

¼ i
X∞

n¼1

ð−1Þnðe2inBsð1−yÞ − e−2inBsð1−yÞÞ:

ð45Þ

Substituting Eq. (45) into Eq. (44), and using the exact
definitions (as ϵ → 0þ),

Z
∞

B−1

ds
s
eisð−ð1−yÞ

2þiϵÞ ¼ Γ
"
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1=B

ds
s
eisð−ð1−yÞð1−y%2nBÞþiϵÞ

¼ Γ
"
0; i

ð1 − yÞð1 − y% 2nBÞ
B
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we obtain that the magnetic mass shift components are
given by

δmð%Þ
B jR3

¼ 2me2

ð4πÞ2
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We notice that the incomplete Gamma function Γð0; zÞ
satisfies the following identity

Γð0; izÞ ¼ −γ − lnðizÞ −
X∞

k¼1

ð−izÞk

kðk!Þ
: ð49Þ

Therefore, for large B ≫ 1 we have the following
asymptotics
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¼ −γ − ln
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i
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%
þOðB−1Þ; ð50Þ

thus leading to a double logarithmic dependence of the
mass shift operator δmB ∼ ðlnðBÞÞ2 for B ≫ 1. More
precisely, as shown in Appendix D, the integrals involved
in Eq. (48) display the following asymptotic behavior (for
B ≫ 1),
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such that we write the mass shift components as
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B ¼ δmð%Þ
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þ δmð%Þ

B jR2
þ δmð%Þ
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: ð40Þ

The integrand in the first term, where Bs < 1, is bounded
from above, and its singularity as s → 0 is removed by the
counterterm. Moreover (see Appendix C for details), its
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Similarly, as shown in Appendix C, the contribution
arising from the second region is (for B ≫ 1)

δmð%Þ
B jR2

∼
2me2

ð4πÞ2
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"
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The contribution of both of these subleading kinematic
regions becomes finite and strictly real as B → ∞.
Finally, for the remaining, and hence dominant, kin-

ematic region, characterized by the condition Bs ≫ 1, since
j sinðBsð1 − yÞÞj ≤ 1, we have the inequality
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sinðBsð1 − yÞÞ

Bs
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1

Bs
≪ 1 ð43Þ

Under this assumption, the asymptotic expression for the
mass shift components in Eq. (35) is
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We notice the presence of the tanðBsð1 − yÞÞ function in
the integrand of Eq. (44), which is continuous when defined
in the open interval ð− π

2 ;
π
2Þ, and extends itself periodically

along the real axis, namely, tanðxþ nπÞ ¼ tanðxÞ, pos-
sessing infinitely many poles at every odd multiple of π=2,

i.e., for x → % ð2n−1Þπ
2 , tanðxÞ → %∞. Therefore, the inte-

gral in Eq. (44) must be interpreted as a principal value and
hence, in the sense of distributions, we can use the periodic
series (see Appendix D for details)
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Substituting Eq. (45) into Eq. (44), and using the exact
definitions (as ϵ → 0þ),
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we obtain that the magnetic mass shift components are
given by
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We notice that the incomplete Gamma function Γð0; zÞ
satisfies the following identity

Γð0; izÞ ¼ −γ − lnðizÞ −
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Therefore, for large B ≫ 1 we have the following
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thus leading to a double logarithmic dependence of the
mass shift operator δmB ∼ ðlnðBÞÞ2 for B ≫ 1. More
precisely, as shown in Appendix D, the integrals involved
in Eq. (48) display the following asymptotic behavior (for
B ≫ 1),
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Similarly, as shown in Appendix C, the contribution
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The contribution of both of these subleading kinematic
regions becomes finite and strictly real as B → ∞.
Finally, for the remaining, and hence dominant, kin-

ematic region, characterized by the condition Bs ≫ 1, since
j sinðBsð1 − yÞÞj ≤ 1, we have the inequality
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Under this assumption, the asymptotic expression for the
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We notice the presence of the tanðBsð1 − yÞÞ function in
the integrand of Eq. (44), which is continuous when defined
in the open interval ð− π

2 ;
π
2Þ, and extends itself periodically

along the real axis, namely, tanðxþ nπÞ ¼ tanðxÞ, pos-
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i.e., for x → % ð2n−1Þπ
2 , tanðxÞ → %∞. Therefore, the inte-

gral in Eq. (44) must be interpreted as a principal value and
hence, in the sense of distributions, we can use the periodic
series (see Appendix D for details)
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X∞

k¼1

ð−izÞk

kðk!Þ
: ð49Þ

Therefore, for large B ≫ 1 we have the following
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thus leading to a double logarithmic dependence of the
mass shift operator δmB ∼ ðlnðBÞÞ2 for B ≫ 1. More
precisely, as shown in Appendix D, the integrals involved
in Eq. (48) display the following asymptotic behavior (for
B ≫ 1),
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The contribution of both of these subleading kinematic
regions becomes finite and strictly real as B → ∞.
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ematic region, characterized by the condition Bs ≫ 1, since
j sinðBsð1 − yÞÞj ≤ 1, we have the inequality
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Under this assumption, the asymptotic expression for the
mass shift components in Eq. (35) is
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the integrand of Eq. (44), which is continuous when defined
in the open interval ð− π

2 ;
π
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along the real axis, namely, tanðxþ nπÞ ¼ tanðxÞ, pos-
sessing infinitely many poles at every odd multiple of π=2,

i.e., for x → % ð2n−1Þπ
2 , tanðxÞ → %∞. Therefore, the inte-

gral in Eq. (44) must be interpreted as a principal value and
hence, in the sense of distributions, we can use the periodic
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tanðBsð1 − yÞÞ ¼ 2
X∞

n¼1

ð−1Þn−1 sinð2Bsð1 − yÞÞ

¼ i
X∞

n¼1

ð−1Þnðe2inBsð1−yÞ − e−2inBsð1−yÞÞ:

ð45Þ

Substituting Eq. (45) into Eq. (44), and using the exact
definitions (as ϵ → 0þ),

Z
∞

B−1

ds
s
eisð−ð1−yÞ

2þiϵÞ ¼ Γ
"
0; i

ð1 − yÞ2

B

%
; ð46Þ

Z
∞

1=B

ds
s
eisð−ð1−yÞð1−y%2nBÞþiϵÞ

¼ Γ
"
0; i

ð1 − yÞð1 − y% 2nBÞ
B

%
; ð47Þ
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given by

δmð%Þ
B jR3

¼ 2me2

ð4πÞ2

Z
1

B−1
dy

#
ð2 − yÞð1 − yÞ

y
Γ
"
0; i

ð1 − yÞ2

B

%

∓ i
X∞

n¼1

ð−1Þn
&
Γ
"
0; i

ð1 − yÞð1 − y − 2nBÞ
B

%

− Γ
"
0; i

ð1 − yÞð1 − yþ 2nBÞ
B

%'$
: ð48Þ

We notice that the incomplete Gamma function Γð0; zÞ
satisfies the following identity

Γð0; izÞ ¼ −γ − lnðizÞ −
X∞

k¼1

ð−izÞk

kðk!Þ
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Therefore, for large B ≫ 1 we have the following
asymptotics
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thus leading to a double logarithmic dependence of the
mass shift operator δmB ∼ ðlnðBÞÞ2 for B ≫ 1. More
precisely, as shown in Appendix D, the integrals involved
in Eq. (48) display the following asymptotic behavior (for
B ≫ 1),
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from above, and its singularity as s → 0 is removed by the
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Similarly, as shown in Appendix C, the contribution
arising from the second region is (for B ≫ 1)
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The contribution of both of these subleading kinematic
regions becomes finite and strictly real as B → ∞.
Finally, for the remaining, and hence dominant, kin-

ematic region, characterized by the condition Bs ≫ 1, since
j sinðBsð1 − yÞÞj ≤ 1, we have the inequality
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Bs

(((( ≤
1

Bs
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Under this assumption, the asymptotic expression for the
mass shift components in Eq. (35) is
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We notice the presence of the tanðBsð1 − yÞÞ function in
the integrand of Eq. (44), which is continuous when defined
in the open interval ð− π

2 ;
π
2Þ, and extends itself periodically

along the real axis, namely, tanðxþ nπÞ ¼ tanðxÞ, pos-
sessing infinitely many poles at every odd multiple of π=2,

i.e., for x → % ð2n−1Þπ
2 , tanðxÞ → %∞. Therefore, the inte-

gral in Eq. (44) must be interpreted as a principal value and
hence, in the sense of distributions, we can use the periodic
series (see Appendix D for details)
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given by
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We notice that the incomplete Gamma function Γð0; zÞ
satisfies the following identity

Γð0; izÞ ¼ −γ − lnðizÞ −
X∞

k¼1

ð−izÞk
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Therefore, for large B ≫ 1 we have the following
asymptotics
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thus leading to a double logarithmic dependence of the
mass shift operator δmB ∼ ðlnðBÞÞ2 for B ≫ 1. More
precisely, as shown in Appendix D, the integrals involved
in Eq. (48) display the following asymptotic behavior (for
B ≫ 1),
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The contribution of both of these subleading kinematic
regions becomes finite and strictly real as B → ∞.
Finally, for the remaining, and hence dominant, kin-

ematic region, characterized by the condition Bs ≫ 1, since
j sinðBsð1 − yÞÞj ≤ 1, we have the inequality
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Under this assumption, the asymptotic expression for the
mass shift components in Eq. (35) is
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in the open interval ð− π
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satisfies the following identity

Γð0; izÞ ¼ −γ − lnðizÞ −
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Therefore, for large B ≫ 1 we have the following
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thus leading to a double logarithmic dependence of the
mass shift operator δmB ∼ ðlnðBÞÞ2 for B ≫ 1. More
precisely, as shown in Appendix D, the integrals involved
in Eq. (48) display the following asymptotic behavior (for
B ≫ 1),
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The contribution arising from Region 1 

The contribution arising from Region 2 

The (dominant) contribution arising from Region 3, needs to be further analyzed… 
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þ 2041

56700
iB−1

∓
#
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−
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10080
iB−1

$%
þOðB−2Þ: ð41Þ

Similarly, as shown in Appendix C, the contribution
arising from the second region is (for B ≫ 1)

δmð%Þ
B jR2

∼
2me2

ð4πÞ2

&
−1 − 2B−1 lnðBÞ

þ B−1
"
2γ − 2 ln½j1 − e2ij' þ i

"
π % 1

2

%%'

þOðB−2Þ: ð42Þ

The contribution of both of these subleading kinematic
regions becomes finite and strictly real as B → ∞.
Finally, for the remaining, and hence dominant, kin-

ematic region, characterized by the condition Bs ≫ 1, since
j sinðBsð1 − yÞÞj ≤ 1, we have the inequality

((((
sinðBsð1 − yÞÞ

Bs

(((( ≤
1

Bs
≪ 1 ð43Þ

Under this assumption, the asymptotic expression for the
mass shift components in Eq. (35) is

δmð%Þ
B jR3

¼ 2me2

ð4πÞ2

Z
1

B−1
dy

Z
∞

B−1

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
#
ð2 − yÞð1 − yÞ

y
∓ tanðBsð1 − yÞÞ

$
: ð44Þ

We notice the presence of the tanðBsð1 − yÞÞ function in
the integrand of Eq. (44), which is continuous when defined
in the open interval ð− π

2 ;
π
2Þ, and extends itself periodically

along the real axis, namely, tanðxþ nπÞ ¼ tanðxÞ, pos-
sessing infinitely many poles at every odd multiple of π=2,

i.e., for x → % ð2n−1Þπ
2 , tanðxÞ → %∞. Therefore, the inte-

gral in Eq. (44) must be interpreted as a principal value and
hence, in the sense of distributions, we can use the periodic
series (see Appendix D for details)

tanðBsð1 − yÞÞ ¼ 2
X∞

n¼1

ð−1Þn−1 sinð2Bsð1 − yÞÞ

¼ i
X∞

n¼1

ð−1Þnðe2inBsð1−yÞ − e−2inBsð1−yÞÞ:

ð45Þ

Substituting Eq. (45) into Eq. (44), and using the exact
definitions (as ϵ → 0þ),

Z
∞

B−1

ds
s
eisð−ð1−yÞ

2þiϵÞ ¼ Γ
"
0; i

ð1 − yÞ2

B

%
; ð46Þ

Z
∞

1=B

ds
s
eisð−ð1−yÞð1−y%2nBÞþiϵÞ

¼ Γ
"
0; i

ð1 − yÞð1 − y% 2nBÞ
B

%
; ð47Þ

we obtain that the magnetic mass shift components are
given by

δmð%Þ
B jR3

¼ 2me2

ð4πÞ2

Z
1

B−1
dy

#
ð2 − yÞð1 − yÞ

y
Γ
"
0; i

ð1 − yÞ2

B

%

∓ i
X∞

n¼1

ð−1Þn
&
Γ
"
0; i

ð1 − yÞð1 − y − 2nBÞ
B

%

− Γ
"
0; i

ð1 − yÞð1 − yþ 2nBÞ
B

%'$
: ð48Þ

We notice that the incomplete Gamma function Γð0; zÞ
satisfies the following identity

Γð0; izÞ ¼ −γ − lnðizÞ −
X∞

k¼1

ð−izÞk

kðk!Þ
: ð49Þ

Therefore, for large B ≫ 1 we have the following
asymptotics

Γ
"
0; i

ð1 − yÞ2

B

%
¼ −γ − ln

"
i
ð1 − yÞ2

B

%
þOðB−1Þ; ð50Þ

thus leading to a double logarithmic dependence of the
mass shift operator δmB ∼ ðlnðBÞÞ2 for B ≫ 1. More
precisely, as shown in Appendix D, the integrals involved
in Eq. (48) display the following asymptotic behavior (for
B ≫ 1),
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Using again the convergent power series for the logarithm
in Eq. (D3), we have (for Imz ≤ 0)

log ðeiz − e−izÞ ¼ izþ
X∞

n¼1

ð−1Þn−1

n
ð−e−2izÞn

¼ iz −
X∞

n¼1

1

n
e−2inz: ðD7Þ

As before, setting z ¼ x ∈ R (Imz ¼ 0), inserting into
Eq. (D6) and further taking the real part, we obtain the
periodic series representation for the real cotðxÞ function

cotðxÞ ¼ 2
X∞

n¼1

sinð2nxÞ

¼ −i
X∞

n¼1

ðe2inx − e−2inxÞ: ðD8Þ

As in the former case, this series must be interpreted in
the generalized sense of distributions, and not as point-
wise converging, as follows from an identical analysis
as in Eq. (D5). This is illustrated in the lower panel
of Fig. 5.

APPENDIX E: INTEGRALS OF THE
INCOMPLETE GAMMA FUNCTIONS

Here we show the details of the calculation of the
integrals of the incomplete Gamma functions. For this
we use the exact series expansion

Γð0; izÞ ¼ −γ − lnðizÞ −
X∞

k¼1

ð−izÞk

kðk!Þ
; ðE1Þ

and integrate the three contributions separately. Therefore,
for the first integral we obtain

Z
1

B−1

dy
y
ð1− yÞð2− yÞΓ½0; iB−1ð1− yÞ2& ¼ 2½lnðBÞ&2þ γ

!
5

2
− 3B−1þ 1

2
B−2 − 2 lnðBÞ

"
−
18þ iπ

4
þ 5B−1

−
1

2
B−2− 2 ln ðið1−B−1Þ2Þ lnðBÞþ 3

#
1−B−1þ 1

6
B−2

$
ln
#
iðB− 1Þ2

B3

$

þ 4Li2ð1−B−1Þ− lnðB− 1Þþ 3

2
lnðBÞ− i

X∞

k¼1

B−kð−ið1−B−1ÞÞkþ1

ðkþ 1Þkk!

×
!

2F1ð1;2ðkþ 1Þ; 2kþ 3;1−B−1Þ− 1

2

"

¼ 2½lnðBÞ&2−
#
2γþ 5

2
þ iπ

$
lnðBÞþ ð3þ 2iÞB−1 lnðBÞþ ð30γ− 54þ 8π2þ 15iπÞ

12

−
B−1

12
ð48þ 36γþ ið18πþ 47ÞÞþOðB−2Þ: ðE2Þ

Finally, for the third type of integrals, with n ¼ 1;…;∞, we obtain from Eq. (E1)

Z
1

B−1
dyΓ½0; iB−1ð1 − yÞð1 − yþ 2nBÞ& ¼ −γ lnðBÞ −

Z
1

B−1
dy ln ½iB−1ð1 − yÞð1 − yþ 2nBÞ& − SðB; nÞ: ðE3Þ

FIG. 5. (a) Comparison between the periodic series Eq. (D4)
(truncated at 8 terms) and the function tanðxÞ. (b) Comparison
between the periodic series Eq. (D8) and the function cotðxÞ.
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An appropriate (periodic) series representation for the trigonometric tangent function

Z
1

0
dy

Z
∞

0
ds ¼

Z
1

0
dy

Z
B−1

0|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
R1

dsþ
Z

B−1

0
dy

Z
∞

B−1|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
R2

ds

þ
Z

1

B−1
dy

Z
∞

B−1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
R3

ds; ð39Þ

such that we write the mass shift components as

δmð%Þ
B ¼ δmð%Þ

B jR1
þ δmð%Þ

B jR2
þ δmð%Þ

B jR3
: ð40Þ

The integrand in the first term, where Bs < 1, is bounded
from above, and its singularity as s → 0 is removed by the
counterterm. Moreover (see Appendix C for details), its
contribution is

δmð%Þ
B jR1

¼ 2me2

ð4πÞ2

"
−

157

2016
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iB−1

∓
#
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−
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iB−1

$%
þOðB−2Þ: ð41Þ

Similarly, as shown in Appendix C, the contribution
arising from the second region is (for B ≫ 1)

δmð%Þ
B jR2

∼
2me2

ð4πÞ2

&
−1 − 2B−1 lnðBÞ

þ B−1
"
2γ − 2 ln½j1 − e2ij' þ i

"
π % 1

2

%%'

þOðB−2Þ: ð42Þ

The contribution of both of these subleading kinematic
regions becomes finite and strictly real as B → ∞.
Finally, for the remaining, and hence dominant, kin-

ematic region, characterized by the condition Bs ≫ 1, since
j sinðBsð1 − yÞÞj ≤ 1, we have the inequality

((((
sinðBsð1 − yÞÞ

Bs

(((( ≤
1

Bs
≪ 1 ð43Þ

Under this assumption, the asymptotic expression for the
mass shift components in Eq. (35) is

δmð%Þ
B jR3

¼ 2me2

ð4πÞ2

Z
1

B−1
dy

Z
∞

B−1

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
#
ð2 − yÞð1 − yÞ

y
∓ tanðBsð1 − yÞÞ

$
: ð44Þ

We notice the presence of the tanðBsð1 − yÞÞ function in
the integrand of Eq. (44), which is continuous when defined
in the open interval ð− π

2 ;
π
2Þ, and extends itself periodically

along the real axis, namely, tanðxþ nπÞ ¼ tanðxÞ, pos-
sessing infinitely many poles at every odd multiple of π=2,

i.e., for x → % ð2n−1Þπ
2 , tanðxÞ → %∞. Therefore, the inte-

gral in Eq. (44) must be interpreted as a principal value and
hence, in the sense of distributions, we can use the periodic
series (see Appendix D for details)

tanðBsð1 − yÞÞ ¼ 2
X∞

n¼1

ð−1Þn−1 sinð2Bsð1 − yÞÞ

¼ i
X∞

n¼1

ð−1Þnðe2inBsð1−yÞ − e−2inBsð1−yÞÞ:

ð45Þ

Substituting Eq. (45) into Eq. (44), and using the exact
definitions (as ϵ → 0þ),

Z
∞

B−1

ds
s
eisð−ð1−yÞ

2þiϵÞ ¼ Γ
"
0; i

ð1 − yÞ2

B

%
; ð46Þ

Z
∞

1=B

ds
s
eisð−ð1−yÞð1−y%2nBÞþiϵÞ

¼ Γ
"
0; i

ð1 − yÞð1 − y% 2nBÞ
B

%
; ð47Þ

we obtain that the magnetic mass shift components are
given by

δmð%Þ
B jR3

¼ 2me2

ð4πÞ2

Z
1

B−1
dy

#
ð2 − yÞð1 − yÞ

y
Γ
"
0; i

ð1 − yÞ2

B

%

∓ i
X∞

n¼1

ð−1Þn
&
Γ
"
0; i

ð1 − yÞð1 − y − 2nBÞ
B

%

− Γ
"
0; i

ð1 − yÞð1 − yþ 2nBÞ
B

%'$
: ð48Þ

We notice that the incomplete Gamma function Γð0; zÞ
satisfies the following identity

Γð0; izÞ ¼ −γ − lnðizÞ −
X∞

k¼1

ð−izÞk

kðk!Þ
: ð49Þ

Therefore, for large B ≫ 1 we have the following
asymptotics

Γ
"
0; i

ð1 − yÞ2

B

%
¼ −γ − ln

"
i
ð1 − yÞ2

B

%
þOðB−1Þ; ð50Þ

thus leading to a double logarithmic dependence of the
mass shift operator δmB ∼ ðlnðBÞÞ2 for B ≫ 1. More
precisely, as shown in Appendix D, the integrals involved
in Eq. (48) display the following asymptotic behavior (for
B ≫ 1),
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Integrate term by term…

The LLL (n=0)

Higher LLs (n>0)

Z
1

0
dy

Z
∞

0
ds ¼

Z
1

0
dy

Z
B−1

0|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
R1

dsþ
Z

B−1

0
dy

Z
∞

B−1|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
R2

ds

þ
Z

1

B−1
dy

Z
∞

B−1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
R3

ds; ð39Þ

such that we write the mass shift components as

δmð%Þ
B ¼ δmð%Þ

B jR1
þ δmð%Þ

B jR2
þ δmð%Þ

B jR3
: ð40Þ

The integrand in the first term, where Bs < 1, is bounded
from above, and its singularity as s → 0 is removed by the
counterterm. Moreover (see Appendix C for details), its
contribution is

δmð%Þ
B jR1

¼ 2me2

ð4πÞ2

"
−

157
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þ 2041

56700
iB−1

∓
#
91

540
−

257

10080
iB−1

$%
þOðB−2Þ: ð41Þ

Similarly, as shown in Appendix C, the contribution
arising from the second region is (for B ≫ 1)

δmð%Þ
B jR2

∼
2me2

ð4πÞ2

&
−1 − 2B−1 lnðBÞ

þ B−1
"
2γ − 2 ln½j1 − e2ij' þ i

"
π % 1

2

%%'

þOðB−2Þ: ð42Þ

The contribution of both of these subleading kinematic
regions becomes finite and strictly real as B → ∞.
Finally, for the remaining, and hence dominant, kin-

ematic region, characterized by the condition Bs ≫ 1, since
j sinðBsð1 − yÞÞj ≤ 1, we have the inequality

((((
sinðBsð1 − yÞÞ

Bs

(((( ≤
1

Bs
≪ 1 ð43Þ

Under this assumption, the asymptotic expression for the
mass shift components in Eq. (35) is

δmð%Þ
B jR3

¼ 2me2

ð4πÞ2

Z
1

B−1
dy

Z
∞

B−1

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
#
ð2 − yÞð1 − yÞ

y
∓ tanðBsð1 − yÞÞ

$
: ð44Þ

We notice the presence of the tanðBsð1 − yÞÞ function in
the integrand of Eq. (44), which is continuous when defined
in the open interval ð− π

2 ;
π
2Þ, and extends itself periodically

along the real axis, namely, tanðxþ nπÞ ¼ tanðxÞ, pos-
sessing infinitely many poles at every odd multiple of π=2,

i.e., for x → % ð2n−1Þπ
2 , tanðxÞ → %∞. Therefore, the inte-

gral in Eq. (44) must be interpreted as a principal value and
hence, in the sense of distributions, we can use the periodic
series (see Appendix D for details)

tanðBsð1 − yÞÞ ¼ 2
X∞

n¼1

ð−1Þn−1 sinð2Bsð1 − yÞÞ

¼ i
X∞

n¼1

ð−1Þnðe2inBsð1−yÞ − e−2inBsð1−yÞÞ:

ð45Þ

Substituting Eq. (45) into Eq. (44), and using the exact
definitions (as ϵ → 0þ),

Z
∞

B−1

ds
s
eisð−ð1−yÞ

2þiϵÞ ¼ Γ
"
0; i

ð1 − yÞ2

B

%
; ð46Þ

Z
∞

1=B

ds
s
eisð−ð1−yÞð1−y%2nBÞþiϵÞ

¼ Γ
"
0; i

ð1 − yÞð1 − y% 2nBÞ
B

%
; ð47Þ

we obtain that the magnetic mass shift components are
given by

δmð%Þ
B jR3

¼ 2me2

ð4πÞ2

Z
1

B−1
dy

#
ð2 − yÞð1 − yÞ

y
Γ
"
0; i

ð1 − yÞ2

B

%

∓ i
X∞

n¼1

ð−1Þn
&
Γ
"
0; i

ð1 − yÞð1 − y − 2nBÞ
B

%

− Γ
"
0; i

ð1 − yÞð1 − yþ 2nBÞ
B

%'$
: ð48Þ

We notice that the incomplete Gamma function Γð0; zÞ
satisfies the following identity

Γð0; izÞ ¼ −γ − lnðizÞ −
X∞

k¼1

ð−izÞk

kðk!Þ
: ð49Þ

Therefore, for large B ≫ 1 we have the following
asymptotics

Γ
"
0; i

ð1 − yÞ2

B

%
¼ −γ − ln

"
i
ð1 − yÞ2

B

%
þOðB−1Þ; ð50Þ

thus leading to a double logarithmic dependence of the
mass shift operator δmB ∼ ðlnðBÞÞ2 for B ≫ 1. More
precisely, as shown in Appendix D, the integrals involved
in Eq. (48) display the following asymptotic behavior (for
B ≫ 1),
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Z
1

0
dy

Z
∞

0
ds ¼

Z
1

0
dy

Z
B−1

0|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
R1

dsþ
Z

B−1

0
dy

Z
∞

B−1|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
R2

ds

þ
Z

1

B−1
dy

Z
∞

B−1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
R3

ds; ð39Þ

such that we write the mass shift components as

δmð%Þ
B ¼ δmð%Þ

B jR1
þ δmð%Þ

B jR2
þ δmð%Þ

B jR3
: ð40Þ

The integrand in the first term, where Bs < 1, is bounded
from above, and its singularity as s → 0 is removed by the
counterterm. Moreover (see Appendix C for details), its
contribution is

δmð%Þ
B jR1

¼ 2me2

ð4πÞ2

"
−
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þ 2041

56700
iB−1

∓
#
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−
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10080
iB−1

$%
þOðB−2Þ: ð41Þ

Similarly, as shown in Appendix C, the contribution
arising from the second region is (for B ≫ 1)

δmð%Þ
B jR2

∼
2me2

ð4πÞ2

&
−1 − 2B−1 lnðBÞ

þ B−1
"
2γ − 2 ln½j1 − e2ij' þ i

"
π % 1

2

%%'

þOðB−2Þ: ð42Þ

The contribution of both of these subleading kinematic
regions becomes finite and strictly real as B → ∞.
Finally, for the remaining, and hence dominant, kin-

ematic region, characterized by the condition Bs ≫ 1, since
j sinðBsð1 − yÞÞj ≤ 1, we have the inequality

((((
sinðBsð1 − yÞÞ

Bs

(((( ≤
1

Bs
≪ 1 ð43Þ

Under this assumption, the asymptotic expression for the
mass shift components in Eq. (35) is

δmð%Þ
B jR3

¼ 2me2

ð4πÞ2

Z
1

B−1
dy

Z
∞

B−1

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
#
ð2 − yÞð1 − yÞ

y
∓ tanðBsð1 − yÞÞ

$
: ð44Þ

We notice the presence of the tanðBsð1 − yÞÞ function in
the integrand of Eq. (44), which is continuous when defined
in the open interval ð− π

2 ;
π
2Þ, and extends itself periodically

along the real axis, namely, tanðxþ nπÞ ¼ tanðxÞ, pos-
sessing infinitely many poles at every odd multiple of π=2,

i.e., for x → % ð2n−1Þπ
2 , tanðxÞ → %∞. Therefore, the inte-

gral in Eq. (44) must be interpreted as a principal value and
hence, in the sense of distributions, we can use the periodic
series (see Appendix D for details)

tanðBsð1 − yÞÞ ¼ 2
X∞

n¼1

ð−1Þn−1 sinð2Bsð1 − yÞÞ

¼ i
X∞

n¼1

ð−1Þnðe2inBsð1−yÞ − e−2inBsð1−yÞÞ:

ð45Þ

Substituting Eq. (45) into Eq. (44), and using the exact
definitions (as ϵ → 0þ),

Z
∞

B−1

ds
s
eisð−ð1−yÞ

2þiϵÞ ¼ Γ
"
0; i

ð1 − yÞ2

B

%
; ð46Þ

Z
∞

1=B

ds
s
eisð−ð1−yÞð1−y%2nBÞþiϵÞ

¼ Γ
"
0; i

ð1 − yÞð1 − y% 2nBÞ
B

%
; ð47Þ

we obtain that the magnetic mass shift components are
given by

δmð%Þ
B jR3

¼ 2me2

ð4πÞ2

Z
1

B−1
dy

#
ð2 − yÞð1 − yÞ

y
Γ
"
0; i

ð1 − yÞ2

B

%

∓ i
X∞

n¼1

ð−1Þn
&
Γ
"
0; i

ð1 − yÞð1 − y − 2nBÞ
B

%

− Γ
"
0; i

ð1 − yÞð1 − yþ 2nBÞ
B

%'$
: ð48Þ

We notice that the incomplete Gamma function Γð0; zÞ
satisfies the following identity

Γð0; izÞ ¼ −γ − lnðizÞ −
X∞

k¼1

ð−izÞk

kðk!Þ
: ð49Þ

Therefore, for large B ≫ 1 we have the following
asymptotics

Γ
"
0; i

ð1 − yÞ2

B

%
¼ −γ − ln

"
i
ð1 − yÞ2

B

%
þOðB−1Þ; ð50Þ

thus leading to a double logarithmic dependence of the
mass shift operator δmB ∼ ðlnðBÞÞ2 for B ≫ 1. More
precisely, as shown in Appendix D, the integrals involved
in Eq. (48) display the following asymptotic behavior (for
B ≫ 1),
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Z
1

0
dy

Z
∞

0
ds ¼

Z
1

0
dy

Z
B−1

0|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
R1

dsþ
Z

B−1

0
dy

Z
∞

B−1|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
R2

ds

þ
Z

1

B−1
dy

Z
∞

B−1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
R3

ds; ð39Þ

such that we write the mass shift components as

δmð%Þ
B ¼ δmð%Þ

B jR1
þ δmð%Þ

B jR2
þ δmð%Þ

B jR3
: ð40Þ

The integrand in the first term, where Bs < 1, is bounded
from above, and its singularity as s → 0 is removed by the
counterterm. Moreover (see Appendix C for details), its
contribution is

δmð%Þ
B jR1

¼ 2me2

ð4πÞ2

"
−

157
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þ 2041

56700
iB−1

∓
#
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−
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10080
iB−1

$%
þOðB−2Þ: ð41Þ

Similarly, as shown in Appendix C, the contribution
arising from the second region is (for B ≫ 1)

δmð%Þ
B jR2

∼
2me2

ð4πÞ2

&
−1 − 2B−1 lnðBÞ

þ B−1
"
2γ − 2 ln½j1 − e2ij' þ i

"
π % 1

2

%%'

þOðB−2Þ: ð42Þ

The contribution of both of these subleading kinematic
regions becomes finite and strictly real as B → ∞.
Finally, for the remaining, and hence dominant, kin-

ematic region, characterized by the condition Bs ≫ 1, since
j sinðBsð1 − yÞÞj ≤ 1, we have the inequality

((((
sinðBsð1 − yÞÞ

Bs

(((( ≤
1

Bs
≪ 1 ð43Þ

Under this assumption, the asymptotic expression for the
mass shift components in Eq. (35) is

δmð%Þ
B jR3

¼ 2me2

ð4πÞ2

Z
1

B−1
dy

Z
∞

B−1

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
#
ð2 − yÞð1 − yÞ

y
∓ tanðBsð1 − yÞÞ

$
: ð44Þ

We notice the presence of the tanðBsð1 − yÞÞ function in
the integrand of Eq. (44), which is continuous when defined
in the open interval ð− π

2 ;
π
2Þ, and extends itself periodically

along the real axis, namely, tanðxþ nπÞ ¼ tanðxÞ, pos-
sessing infinitely many poles at every odd multiple of π=2,

i.e., for x → % ð2n−1Þπ
2 , tanðxÞ → %∞. Therefore, the inte-

gral in Eq. (44) must be interpreted as a principal value and
hence, in the sense of distributions, we can use the periodic
series (see Appendix D for details)

tanðBsð1 − yÞÞ ¼ 2
X∞

n¼1

ð−1Þn−1 sinð2Bsð1 − yÞÞ

¼ i
X∞

n¼1

ð−1Þnðe2inBsð1−yÞ − e−2inBsð1−yÞÞ:

ð45Þ

Substituting Eq. (45) into Eq. (44), and using the exact
definitions (as ϵ → 0þ),

Z
∞

B−1

ds
s
eisð−ð1−yÞ

2þiϵÞ ¼ Γ
"
0; i

ð1 − yÞ2

B

%
; ð46Þ

Z
∞

1=B

ds
s
eisð−ð1−yÞð1−y%2nBÞþiϵÞ

¼ Γ
"
0; i

ð1 − yÞð1 − y% 2nBÞ
B

%
; ð47Þ

we obtain that the magnetic mass shift components are
given by

δmð%Þ
B jR3

¼ 2me2

ð4πÞ2

Z
1

B−1
dy

#
ð2 − yÞð1 − yÞ

y
Γ
"
0; i

ð1 − yÞ2

B

%

∓ i
X∞

n¼1

ð−1Þn
&
Γ
"
0; i

ð1 − yÞð1 − y − 2nBÞ
B

%

− Γ
"
0; i

ð1 − yÞð1 − yþ 2nBÞ
B

%'$
: ð48Þ

We notice that the incomplete Gamma function Γð0; zÞ
satisfies the following identity

Γð0; izÞ ¼ −γ − lnðizÞ −
X∞

k¼1

ð−izÞk

kðk!Þ
: ð49Þ

Therefore, for large B ≫ 1 we have the following
asymptotics

Γ
"
0; i

ð1 − yÞ2

B

%
¼ −γ − ln

"
i
ð1 − yÞ2

B

%
þOðB−1Þ; ð50Þ

thus leading to a double logarithmic dependence of the
mass shift operator δmB ∼ ðlnðBÞÞ2 for B ≫ 1. More
precisely, as shown in Appendix D, the integrals involved
in Eq. (48) display the following asymptotic behavior (for
B ≫ 1),
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The contribution of both of these subleading kinematic
regions becomes finite and strictly real as B → ∞.
Finally, for the remaining, and hence dominant, kin-

ematic region, characterized by the condition Bs ≫ 1, since
j sinðBsð1 − yÞÞj ≤ 1, we have the inequality
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≪ 1 ð43Þ

Under this assumption, the asymptotic expression for the
mass shift components in Eq. (35) is
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We notice the presence of the tanðBsð1 − yÞÞ function in
the integrand of Eq. (44), which is continuous when defined
in the open interval ð− π
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2Þ, and extends itself periodically

along the real axis, namely, tanðxþ nπÞ ¼ tanðxÞ, pos-
sessing infinitely many poles at every odd multiple of π=2,

i.e., for x → % ð2n−1Þπ
2 , tanðxÞ → %∞. Therefore, the inte-

gral in Eq. (44) must be interpreted as a principal value and
hence, in the sense of distributions, we can use the periodic
series (see Appendix D for details)
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we obtain that the magnetic mass shift components are
given by
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We notice that the incomplete Gamma function Γð0; zÞ
satisfies the following identity

Γð0; izÞ ¼ −γ − lnðizÞ −
X∞

k¼1

ð−izÞk

kðk!Þ
: ð49Þ

Therefore, for large B ≫ 1 we have the following
asymptotics
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¼ −γ − ln
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%
þOðB−1Þ; ð50Þ

thus leading to a double logarithmic dependence of the
mass shift operator δmB ∼ ðlnðBÞÞ2 for B ≫ 1. More
precisely, as shown in Appendix D, the integrals involved
in Eq. (48) display the following asymptotic behavior (for
B ≫ 1),
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such that we write the mass shift components as

δmð%Þ
B ¼ δmð%Þ

B jR1
þ δmð%Þ

B jR2
þ δmð%Þ
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The integrand in the first term, where Bs < 1, is bounded
from above, and its singularity as s → 0 is removed by the
counterterm. Moreover (see Appendix C for details), its
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Similarly, as shown in Appendix C, the contribution
arising from the second region is (for B ≫ 1)

δmð%Þ
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∼
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ð4πÞ2
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−1 − 2B−1 lnðBÞ
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The contribution of both of these subleading kinematic
regions becomes finite and strictly real as B → ∞.
Finally, for the remaining, and hence dominant, kin-

ematic region, characterized by the condition Bs ≫ 1, since
j sinðBsð1 − yÞÞj ≤ 1, we have the inequality

((((
sinðBsð1 − yÞÞ

Bs

(((( ≤
1

Bs
≪ 1 ð43Þ

Under this assumption, the asymptotic expression for the
mass shift components in Eq. (35) is
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ð4πÞ2
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∞

B−1
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s
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2þiϵÞ

×
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ð2 − yÞð1 − yÞ

y
∓ tanðBsð1 − yÞÞ

$
: ð44Þ

We notice the presence of the tanðBsð1 − yÞÞ function in
the integrand of Eq. (44), which is continuous when defined
in the open interval ð− π

2 ;
π
2Þ, and extends itself periodically

along the real axis, namely, tanðxþ nπÞ ¼ tanðxÞ, pos-
sessing infinitely many poles at every odd multiple of π=2,

i.e., for x → % ð2n−1Þπ
2 , tanðxÞ → %∞. Therefore, the inte-

gral in Eq. (44) must be interpreted as a principal value and
hence, in the sense of distributions, we can use the periodic
series (see Appendix D for details)

tanðBsð1 − yÞÞ ¼ 2
X∞

n¼1

ð−1Þn−1 sinð2Bsð1 − yÞÞ

¼ i
X∞

n¼1

ð−1Þnðe2inBsð1−yÞ − e−2inBsð1−yÞÞ:

ð45Þ

Substituting Eq. (45) into Eq. (44), and using the exact
definitions (as ϵ → 0þ),

Z
∞

B−1

ds
s
eisð−ð1−yÞ

2þiϵÞ ¼ Γ
"
0; i

ð1 − yÞ2

B

%
; ð46Þ

Z
∞

1=B

ds
s
eisð−ð1−yÞð1−y%2nBÞþiϵÞ

¼ Γ
"
0; i

ð1 − yÞð1 − y% 2nBÞ
B

%
; ð47Þ

we obtain that the magnetic mass shift components are
given by

δmð%Þ
B jR3

¼ 2me2

ð4πÞ2

Z
1

B−1
dy

#
ð2 − yÞð1 − yÞ

y
Γ
"
0; i

ð1 − yÞ2

B

%

∓ i
X∞

n¼1

ð−1Þn
&
Γ
"
0; i

ð1 − yÞð1 − y − 2nBÞ
B

%

− Γ
"
0; i

ð1 − yÞð1 − yþ 2nBÞ
B
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: ð48Þ

We notice that the incomplete Gamma function Γð0; zÞ
satisfies the following identity

Γð0; izÞ ¼ −γ − lnðizÞ −
X∞

k¼1

ð−izÞk

kðk!Þ
: ð49Þ

Therefore, for large B ≫ 1 we have the following
asymptotics

Γ
"
0; i

ð1 − yÞ2

B

%
¼ −γ − ln

"
i
ð1 − yÞ2

B

%
þOðB−1Þ; ð50Þ

thus leading to a double logarithmic dependence of the
mass shift operator δmB ∼ ðlnðBÞÞ2 for B ≫ 1. More
precisely, as shown in Appendix D, the integrals involved
in Eq. (48) display the following asymptotic behavior (for
B ≫ 1),
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The integral expression for the magnetic mass correction becomes

Z
1

B−1

dy
y
ð1 − yÞð2 − yÞΓ½0; iB−1ð1 − yÞ2$

¼ 2½lnðBÞ$2 −
!
2γ þ 5

2
þ iπ

"
lnðBÞ þOðB0Þ; ð51Þ

and the infinite sum over Landau levels in Eq. (48), as
shown in Appendix E, is given by

' i
X∞

n¼1

Z
1

B−1
dyfΓ½0; iB−1ð1 − yÞð1 − y − 2nBÞ$

−Γ½0; iB−1ð1 − yÞð1 − yþ 2nBÞ$g

¼ ∓0.421794ð1 − B−1Þ ∓ lnð2Þ ' ið1 − B−1Þ lnð2Þ
2

þOðB−2Þ: ð52Þ

Therefore, the dominant contribution to the magnetic
mass shift components is, after Eq. (48) (for B ≫ 1)

δmð'Þ
B jR3

¼ 2me2

ð4πÞ2

#
2½lnðBÞ$2 −

$
2γ þ 5

2
þ iπ

%
lnðBÞ

&

þOðB0Þ: ð53Þ

Note that the above result is the same when only the LLL
is taken into account. Moreover, given that Eq. (53) is
independent of the sign of the projection, we rename it
as δmBjR3

.

V. ANALYSIS OF THE RESULTS

In order to interpret the results obtained, let us write the
inverse propagator in momentum space and at finite
magnetic field in the form

½−iSFðpÞ$−1 ¼ p −m − Σðp; BÞ

¼ ðÔðþÞ þ Ôð−ÞÞðp −mÞ − ÔðþÞΣðþÞðp;BÞ

− Ôð−ÞΣð−Þðp; BÞ

¼ ÔðþÞ½−iΔðþÞ
F ðpÞ$−1 þ Ôð−Þ½−iΔð−Þ

F ðpÞ$−1

ð54Þ

where the Feynman propagators for each spin projection
(') parallel to the magnetic field direction are thus given by

Δð'Þ
F ðpÞ ¼ i

p −m − Σð'Þðp;BÞ þ iϵ
: ð55Þ

As obtained after the explicit calculations in the
previous section, the pole in each of these propagators
contains an imaginary part, whose magnitude scales as
ImΣð'Þðm;BÞ ∼ − lnðBÞ, while the real part scales as

ReΣð'Þðm;BÞ ∼ ½lnðBÞ$2, and hence the latter becomes
dominant at large magnetic fields, B ≫ 1. Therefore, the
physical mass is determined by the real part,

mð'Þ
B ¼ mþ ReΣð'Þðm;BÞ; ð56Þ

while the imaginary part determines an spectral width,
since near the pole

Δð'Þ
F ðpÞ ∼ i

p −mð'Þ
B − iImΣð'Þðm;BÞ þ iϵ

∼ i
pþmð'Þ

B þ iImΣð'Þðm;BÞ
p2 − ðmð'Þ

B Þ2 − 2imð'Þ
B ImΣð'Þðm;BÞ

: ð57Þ

Figures 2 and 3 show the behavior of the real and
imaginary parts for both projections (') of the mass-shift
given in Eq. (40), compared with the dominant δmBjR3

.
All the contributions are normalized to the quantity

FIG. 2. (a) Real and (b) imaginary parts for both projections (')
of the mass-shift given in Eq. (40), compared with the dominant
δmBjR3

contribution.
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From the series representation of the incomplete Gamma function, the LLL (n = 0) contribution yields
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and the infinite sum over Landau levels in Eq. (48), as
shown in Appendix E, is given by
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Therefore, the dominant contribution to the magnetic
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Note that the above result is the same when only the LLL
is taken into account. Moreover, given that Eq. (53) is
independent of the sign of the projection, we rename it
as δmBjR3

.

V. ANALYSIS OF THE RESULTS

In order to interpret the results obtained, let us write the
inverse propagator in momentum space and at finite
magnetic field in the form

½−iSFðpÞ$−1 ¼ p −m − Σðp; BÞ

¼ ðÔðþÞ þ Ôð−ÞÞðp −mÞ − ÔðþÞΣðþÞðp;BÞ
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where the Feynman propagators for each spin projection
(') parallel to the magnetic field direction are thus given by

Δð'Þ
F ðpÞ ¼ i

p −m − Σð'Þðp;BÞ þ iϵ
: ð55Þ

As obtained after the explicit calculations in the
previous section, the pole in each of these propagators
contains an imaginary part, whose magnitude scales as
ImΣð'Þðm;BÞ ∼ − lnðBÞ, while the real part scales as

ReΣð'Þðm;BÞ ∼ ½lnðBÞ$2, and hence the latter becomes
dominant at large magnetic fields, B ≫ 1. Therefore, the
physical mass is determined by the real part,

mð'Þ
B ¼ mþ ReΣð'Þðm;BÞ; ð56Þ

while the imaginary part determines an spectral width,
since near the pole

Δð'Þ
F ðpÞ ∼ i

p −mð'Þ
B − iImΣð'Þðm;BÞ þ iϵ

∼ i
pþmð'Þ

B þ iImΣð'Þðm;BÞ
p2 − ðmð'Þ

B Þ2 − 2imð'Þ
B ImΣð'Þðm;BÞ

: ð57Þ

Figures 2 and 3 show the behavior of the real and
imaginary parts for both projections (') of the mass-shift
given in Eq. (40), compared with the dominant δmBjR3

.
All the contributions are normalized to the quantity

FIG. 2. (a) Real and (b) imaginary parts for both projections (')
of the mass-shift given in Eq. (40), compared with the dominant
δmBjR3

contribution.
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lnðBÞ þOðB0Þ; ð51Þ
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2
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Therefore, the magnetic mass correction at the leading order is



Real and imaginary parts for both spin projections

Z
1

0
dy

Z
∞

0
ds ¼

Z
1

0
dy

Z
B−1

0|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
R1

dsþ
Z

B−1

0
dy

Z
∞

B−1|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
R2

ds

þ
Z

1

B−1
dy

Z
∞

B−1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
R3

ds; ð39Þ

such that we write the mass shift components as

δmð%Þ
B ¼ δmð%Þ

B jR1
þ δmð%Þ

B jR2
þ δmð%Þ

B jR3
: ð40Þ

The integrand in the first term, where Bs < 1, is bounded
from above, and its singularity as s → 0 is removed by the
counterterm. Moreover (see Appendix C for details), its
contribution is

δmð%Þ
B jR1

¼ 2me2

ð4πÞ2

"
−

157

2016
þ 2041

56700
iB−1

∓
#
91

540
−

257

10080
iB−1

$%
þOðB−2Þ: ð41Þ

Similarly, as shown in Appendix C, the contribution
arising from the second region is (for B ≫ 1)

δmð%Þ
B jR2

∼
2me2

ð4πÞ2

&
−1 − 2B−1 lnðBÞ

þ B−1
"
2γ − 2 ln½j1 − e2ij' þ i

"
π % 1

2

%%'

þOðB−2Þ: ð42Þ

The contribution of both of these subleading kinematic
regions becomes finite and strictly real as B → ∞.
Finally, for the remaining, and hence dominant, kin-

ematic region, characterized by the condition Bs ≫ 1, since
j sinðBsð1 − yÞÞj ≤ 1, we have the inequality

((((
sinðBsð1 − yÞÞ

Bs

(((( ≤
1

Bs
≪ 1 ð43Þ

Under this assumption, the asymptotic expression for the
mass shift components in Eq. (35) is

δmð%Þ
B jR3

¼ 2me2

ð4πÞ2

Z
1

B−1
dy

Z
∞

B−1

ds
s
eisð−ð1−yÞ

2þiϵÞ

×
#
ð2 − yÞð1 − yÞ

y
∓ tanðBsð1 − yÞÞ

$
: ð44Þ

We notice the presence of the tanðBsð1 − yÞÞ function in
the integrand of Eq. (44), which is continuous when defined
in the open interval ð− π

2 ;
π
2Þ, and extends itself periodically

along the real axis, namely, tanðxþ nπÞ ¼ tanðxÞ, pos-
sessing infinitely many poles at every odd multiple of π=2,

i.e., for x → % ð2n−1Þπ
2 , tanðxÞ → %∞. Therefore, the inte-

gral in Eq. (44) must be interpreted as a principal value and
hence, in the sense of distributions, we can use the periodic
series (see Appendix D for details)

tanðBsð1 − yÞÞ ¼ 2
X∞

n¼1

ð−1Þn−1 sinð2Bsð1 − yÞÞ

¼ i
X∞

n¼1

ð−1Þnðe2inBsð1−yÞ − e−2inBsð1−yÞÞ:

ð45Þ

Substituting Eq. (45) into Eq. (44), and using the exact
definitions (as ϵ → 0þ),

Z
∞

B−1

ds
s
eisð−ð1−yÞ

2þiϵÞ ¼ Γ
"
0; i

ð1 − yÞ2

B

%
; ð46Þ

Z
∞

1=B

ds
s
eisð−ð1−yÞð1−y%2nBÞþiϵÞ

¼ Γ
"
0; i

ð1 − yÞð1 − y% 2nBÞ
B

%
; ð47Þ

we obtain that the magnetic mass shift components are
given by

δmð%Þ
B jR3

¼ 2me2

ð4πÞ2

Z
1

B−1
dy

#
ð2 − yÞð1 − yÞ

y
Γ
"
0; i

ð1 − yÞ2

B

%

∓ i
X∞

n¼1

ð−1Þn
&
Γ
"
0; i

ð1 − yÞð1 − y − 2nBÞ
B

%

− Γ
"
0; i

ð1 − yÞð1 − yþ 2nBÞ
B

%'$
: ð48Þ

We notice that the incomplete Gamma function Γð0; zÞ
satisfies the following identity

Γð0; izÞ ¼ −γ − lnðizÞ −
X∞

k¼1

ð−izÞk

kðk!Þ
: ð49Þ

Therefore, for large B ≫ 1 we have the following
asymptotics

Γ
"
0; i

ð1 − yÞ2

B

%
¼ −γ − ln

"
i
ð1 − yÞ2

B

%
þOðB−1Þ; ð50Þ

thus leading to a double logarithmic dependence of the
mass shift operator δmB ∼ ðlnðBÞÞ2 for B ≫ 1. More
precisely, as shown in Appendix D, the integrals involved
in Eq. (48) display the following asymptotic behavior (for
B ≫ 1),
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Cm ¼ 2me2=ð4πÞ2. Figure 2 shows the case for a moderate
range of the field strength in units of the fermion mass
whereas Fig. 3 is for the case of a larger range of field
strengths. It is important to mention, that our approximation
is valid in the region where lnB ≥ 1, therefore, the results
have B ∼ 10 as a lower limit. Notice that as the field
strength increases, both the real and the imaginary parts are
better described by the dominant contribution which in turn
comes from the LLL or δmBjR3

.
The appearance of an imaginary part is an interesting and

expected feature, which has a direct physical picture: An
electron not yet affected by the magnetic field (correspond-
ing to the external leg in the self-energy diagram) enters a
region where the magnetic field forces it to occupy a
Landau level and thus (in classical terms), an orbit around
the field lines. The emission of photons comes from the fact
that the fermion need to preserve its energy and momentum
(a syncroton-like process). At lowest order, this is repre-
sented by the emission of one photon, but as we shall see,
when the Landau levels are close to each other, the process

is better represented by a distribution of Landau levels that
can possibly be occupied and thus the need of the spectral
function representation. In that spirit, note that the real and
imaginary parts combined define a Breit-Wigner resonance
Γð$Þ ¼ −2ImΣð$Þðm;BÞ, whose relative width

Γð$Þ

mð$Þ
B

¼ −
2ImΣð$Þðm;BÞ

mð$Þ
B

∼
lnðBÞ
½lnðBÞ&2

∼ ½lnðBÞ&−1 ð58Þ

decreases to zero at a rate ½lnðBÞ&−1 as the magnetic field
grows large (B → ∞). This effect can be highlighted
analyzing the spectral density, which is, as usual, calculated
from the imaginary part of the scalar denominator in the
Feynman propagator. For a well-defined single-particle
state with mass mð$Þ

B , we would have (as ϵ → 0þ)

ρ̃ðp2Þ ¼ −
1

π
Im

!
1

p2 − ðmð$Þ
B Þ2 þ iϵ

"

¼ ϵ=π

ðp2 − ðmð$Þ
B Þ2Þ2 þ ϵ2

⟶
ϵ→0þ

δ½p2 − ðmð$Þ
B Þ2&: ð59Þ

In the present case, however, due to the presence of a
finite imaginary part in the pole, a similar calculation leads
to a spectral density of the form

ρ̃ðp2Þ ¼ −
1

π
Im

!
1

p2 − ðmð$Þ
B Þ2 þ imð$Þ

B Γð$Þ þ iϵ

"

¼ ϵ=π þmð$Þ
B Γð$Þ=π

ðp2 − ðmð$Þ
B Þ2Þ2 þ ðmð$Þ

B Γð$Þ þ ϵÞ2

∼
mð$Þ

B Γð$Þ=π

ðp2 − ðmð$Þ
B Þ2Þ2 þ ½mð$Þ

B Γð$Þ&2
; ð60Þ

that clearly shows a smeared, roughly Lorentzian distribu-
tion, representing a quasicontinuum of unstable energy
states. While the dominant contribution at very large values
of the magnetic field can be easily traced back to the LLL,
the smearing is related to the probability to populate the
higher Landau levels, with a relative width Γð$Þ=mð$Þ

B ∼
½lnðBÞ&−1 that decays to zero as B → ∞, and hence in this
limit all the spectral weight is concentrated on the stable
LLL. Figure 4 shows the spectral densities as functions of
the momentum squared scaled by the fermion mass
squared, for two values of the magnetic field B ¼ 102

(a) and B ¼ 103 (b). Notice that as the field strength
increases, the peaks for both modes approach each other
and at the same time, the Lorentzian distribution narrows.

FIG. 3. (a) Real and (b) imaginary parts for both projections ($)
of the mass-shift given in Eq. (40), compared with the dominant
δmBjR3

contribution.
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dy
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ð1 − yÞð2 − yÞΓ½0; iB−1ð1 − yÞ2$

¼ 2½lnðBÞ$2 −
!
2γ þ 5

2
þ iπ

"
lnðBÞ þOðB0Þ; ð51Þ

and the infinite sum over Landau levels in Eq. (48), as
shown in Appendix E, is given by

' i
X∞
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Z
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B−1
dyfΓ½0; iB−1ð1 − yÞð1 − y − 2nBÞ$
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þOðB0Þ: ð53Þ

Note that the above result is the same when only the LLL
is taken into account. Moreover, given that Eq. (53) is
independent of the sign of the projection, we rename it
as δmBjR3

.
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In order to interpret the results obtained, let us write the
inverse propagator in momentum space and at finite
magnetic field in the form
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F ðpÞ$−1 þ Ôð−Þ½−iΔð−Þ

F ðpÞ$−1

ð54Þ

where the Feynman propagators for each spin projection
(') parallel to the magnetic field direction are thus given by
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: ð55Þ

As obtained after the explicit calculations in the
previous section, the pole in each of these propagators
contains an imaginary part, whose magnitude scales as
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The dressed fermion propagator
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¼ ÔðþÞ½−iΔðþÞ
F ðpÞ$−1 þ Ôð−Þ½−iΔð−Þ
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The physical mass is renormalized
by the real part of the selfenergy

Re⌃(±)(m,B) ⇠ ↵m
⇥
ln

�
|eB|/m2

�⇤2
<latexit sha1_base64="EiAxJMN7qrewujDeRCbyXO4PQpA="></latexit>

What is the role of the imaginary part? Im⌃(±)(m,B) ⇠ �↵m ln
�
|eB|/m2

�
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Note that the above result is the same when only the LLL
is taken into account. Moreover, given that Eq. (53) is
independent of the sign of the projection, we rename it
as δmBjR3

.

V. ANALYSIS OF THE RESULTS

In order to interpret the results obtained, let us write the
inverse propagator in momentum space and at finite
magnetic field in the form

½−iSFðpÞ$−1 ¼ p −m − Σðp; BÞ
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where the Feynman propagators for each spin projection
(') parallel to the magnetic field direction are thus given by
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As obtained after the explicit calculations in the
previous section, the pole in each of these propagators
contains an imaginary part, whose magnitude scales as
ImΣð'Þðm;BÞ ∼ − lnðBÞ, while the real part scales as

ReΣð'Þðm;BÞ ∼ ½lnðBÞ$2, and hence the latter becomes
dominant at large magnetic fields, B ≫ 1. Therefore, the
physical mass is determined by the real part,
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while the imaginary part determines an spectral width,
since near the pole
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Figures 2 and 3 show the behavior of the real and
imaginary parts for both projections (') of the mass-shift
given in Eq. (40), compared with the dominant δmBjR3

.
All the contributions are normalized to the quantity
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Cm ¼ 2me2=ð4πÞ2. Figure 2 shows the case for a moderate
range of the field strength in units of the fermion mass
whereas Fig. 3 is for the case of a larger range of field
strengths. It is important to mention, that our approximation
is valid in the region where lnB ≥ 1, therefore, the results
have B ∼ 10 as a lower limit. Notice that as the field
strength increases, both the real and the imaginary parts are
better described by the dominant contribution which in turn
comes from the LLL or δmBjR3

.
The appearance of an imaginary part is an interesting and

expected feature, which has a direct physical picture: An
electron not yet affected by the magnetic field (correspond-
ing to the external leg in the self-energy diagram) enters a
region where the magnetic field forces it to occupy a
Landau level and thus (in classical terms), an orbit around
the field lines. The emission of photons comes from the fact
that the fermion need to preserve its energy and momentum
(a syncroton-like process). At lowest order, this is repre-
sented by the emission of one photon, but as we shall see,
when the Landau levels are close to each other, the process

is better represented by a distribution of Landau levels that
can possibly be occupied and thus the need of the spectral
function representation. In that spirit, note that the real and
imaginary parts combined define a Breit-Wigner resonance
Γð$Þ ¼ −2ImΣð$Þðm;BÞ, whose relative width

Γð$Þ

mð$Þ
B

¼ −
2ImΣð$Þðm;BÞ

mð$Þ
B

∼
lnðBÞ
½lnðBÞ&2

∼ ½lnðBÞ&−1 ð58Þ

decreases to zero at a rate ½lnðBÞ&−1 as the magnetic field
grows large (B → ∞). This effect can be highlighted
analyzing the spectral density, which is, as usual, calculated
from the imaginary part of the scalar denominator in the
Feynman propagator. For a well-defined single-particle
state with mass mð$Þ

B , we would have (as ϵ → 0þ)

ρ̃ðp2Þ ¼ −
1

π
Im

!
1

p2 − ðmð$Þ
B Þ2 þ iϵ

"

¼ ϵ=π

ðp2 − ðmð$Þ
B Þ2Þ2 þ ϵ2

⟶
ϵ→0þ

δ½p2 − ðmð$Þ
B Þ2&: ð59Þ

In the present case, however, due to the presence of a
finite imaginary part in the pole, a similar calculation leads
to a spectral density of the form

ρ̃ðp2Þ ¼ −
1

π
Im

!
1

p2 − ðmð$Þ
B Þ2 þ imð$Þ

B Γð$Þ þ iϵ

"

¼ ϵ=π þmð$Þ
B Γð$Þ=π

ðp2 − ðmð$Þ
B Þ2Þ2 þ ðmð$Þ

B Γð$Þ þ ϵÞ2

∼
mð$Þ

B Γð$Þ=π

ðp2 − ðmð$Þ
B Þ2Þ2 þ ½mð$Þ

B Γð$Þ&2
; ð60Þ

that clearly shows a smeared, roughly Lorentzian distribu-
tion, representing a quasicontinuum of unstable energy
states. While the dominant contribution at very large values
of the magnetic field can be easily traced back to the LLL,
the smearing is related to the probability to populate the
higher Landau levels, with a relative width Γð$Þ=mð$Þ

B ∼
½lnðBÞ&−1 that decays to zero as B → ∞, and hence in this
limit all the spectral weight is concentrated on the stable
LLL. Figure 4 shows the spectral densities as functions of
the momentum squared scaled by the fermion mass
squared, for two values of the magnetic field B ¼ 102

(a) and B ¼ 103 (b). Notice that as the field strength
increases, the peaks for both modes approach each other
and at the same time, the Lorentzian distribution narrows.

FIG. 3. (a) Real and (b) imaginary parts for both projections ($)
of the mass-shift given in Eq. (40), compared with the dominant
δmBjR3

contribution.
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Spectral density is a Lorentzian
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limit all the spectral weight is concentrated on the stable
LLL. Figure 4 shows the spectral densities as functions of
the momentum squared scaled by the fermion mass
squared, for two values of the magnetic field B ¼ 102

(a) and B ¼ 103 (b). Notice that as the field strength
increases, the peaks for both modes approach each other
and at the same time, the Lorentzian distribution narrows.

FIG. 3. (a) Real and (b) imaginary parts for both projections ($)
of the mass-shift given in Eq. (40), compared with the dominant
δmBjR3

contribution.
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Relative spectral width of the resonance
decays to zero as |eB|

m2
= B ! 1
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VI. CONCLUSIONS

In summary, we have studied the fermion self-energy in
QED in the presence of a magnetic field. After carrying out
the renormalization procedure we have shown that in the
large field limit, when accounting for subleading contribu-
tions associated to Landau levels other than the LLL, the
mass function develops also an imaginary part. From this
imaginary part it is possible to define a spectral density
describing the spread of the mass function in momentum
which is centered at the magnetic-field modified mass. The
width of this distribution becomes small as the field intensity
increases in such away that for asymptotic values of the field,
when the separation between Landau levels becomes also
large, themass function describes a stable particle occupying
only theLLL. For large but finitevalues of themagnetic field,
the spectral density represents the finite probability for the
fermion to occupy Landau levels other than the LLL.
The present calculation has potential applications.

Recent works consider dilepton production from a single

photon in a strong magnetic field, giving rise to vacuum
dichroism, i.e., the spectrum becomes anisotropic with
respect to the magnetic field direction, depending also on
the photon polarization. [16]. There, the usual QED vertex
is considered when the outgoing fermions are dressed by
corrections due to the external magnetic field. Nevertheless,
self-energy correction for these outgoing fermions is not
taken into account, which would soft the spiky structure of
the spectrum through the imaginary part that we report. On
the other hand, in the field of condensed matter systems, the
vacuum-polarization diagram plays an important role in the
optical conductivity and transparency in graphene [17,18].
Normally, the fermion propagators are dressed by external
field corrections but the inclusion of quantum self-energy
corrections for the fermion propagators, as we have done in
this paper, have not been considered. Certainly it would be
interesting to explore the relevance of this correction for the
optical transparency of graphene in the presence of an
external magnetic field.
Finally, it is important to mention the range of validity of

our approach, in terms of the magnetic field strength. As
discussed in the main text, we focus on the region where
lnB ≥ 1 so that B ∼ 10 is a lower limit of validity, and no
restrictions over the upper limit were done. However, notice
that, when the real part of the magnetic field-dependent
coefficient that multiplies the mass, η, that represents the
dimensionless mass correction, becomes of orderOð1Þ, it is
important to resum all the leading double logarithmic
corrections. As it is discussed in Ref. [13] when the
resummation becomes singular at some value of η, this
signals the breakdown of perturbation theory and the
transition to the nonperturbative regime is heralded. In that
regime, the coupling may also receive important magnetic
field corrections which certainly deserve a thorough inves-
tigation but are outside the scope of the present work.
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APPENDIX A: GAUGING AWAY THE
PHASE FACTOR

It is well known that in the presence of an external
magnetic field, charged particle propagators can develop a
phase factor Φðx; x0Þ. In particular, the fermion propagator
Sfðx; x0Þ including the phase factor, is given by

FIG. 4. Spectral density from Eq. (61) for (a) B ¼ 10 and
(b) B ¼ 100 as a function of the momentum squared. The solid
line represents the contribution of δmðþÞ

B whereas the dashed line
is the contribution of δmð−Þ

B .
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Conclusions

• We revisited the problem of the fermion mass renormalization due to a “classical” magnetic field
background in QED

• We find that the self-energy depends on the spin polarization (Zeeman-like coupling)

• The self-energy displays both a real and an imaginary part, that for large fields

• The renormalized mass depends on the spin polarization, and is determined by the real part of the
self-energy

• The imaginary part develops a spectral broadening due to the contribution of all the Landau levels in 
a Lorentzian distribution

• As the magnetic field grows very large, the relative spectral width decreases and the Lorentzian
converges to a delta function, with a definite mass arising from the lowest Landau level n = 0

Re⌃(±)(m,B) ⇠ ↵m
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