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Introduction

• Ultrafast laser-driven electron emission from metal 
nanostructures is able to produce ultrashort coherent 
electron bunches 

• It is critical to many areas
– Free electron lasers (FELs)
– Compact laser dielectric acceleration
– Picosecond cathodoluminescence
– Femtosecond electron diffraction 

• It would enable exciting technological development
– Four-dimensional (4D) time-resolved electron microscopy 

spectroscopy, and holography
– Single-electron sources
– Carrier envelope phase detection
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Ultrafast and Nanoscale Diodes
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Laser Induced Electron Emission

H. Yanagisawa, et. al. PRL 103, 257603 (2009) 4



Existing Analytical Models for Electron 
Emission due to Laser Field Only

• Perturbative theory, usually done with strong 
field approximation 

• Floquet method, with zero dc bias 

5

Yalunin, S. V., Gulde, M. & Ropers, C., Phys. Rev. B 84, 195426 (2011).

G. Ferrini, F. Banfi, C. Giannetti, and F. Parmigiani, Nucl. Instrum. Methods 
Phys. Res., Sect. A 601, 123 (2009).

H. R. Reiss, Phys. Rev. A 22, 1786 (1980).
D. M. Volkov, Z. Phys. 94, 250 (1935).
Bormann, R., Gulde, M., Weismann, A., Yalunin, S. V. & Ropers, C. Phys. Rev. Lett.

105, 147601 (2010).



We have discovered an exact solution* to the time-
dependent Schrödinger equation, for arbitrary

values of dc bias, laser field and frequency, and 
metal work function and Fermi level.
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*Peng Zhang and Y. Y. Lau, Sci. Rep., 6, 19894 (2016).
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Exact Solution to Time-Dependent 
Schrödinger Equation




   
 

0 0 1

0,                      0;
( , ) cos ,

                   0

x
x t V eF x eF x t

x

Time varying potential barrier 

2 2

2
( , ) ( , ) ( , ) ( , )

2
x t x ti x t x t
t m x

   
   

 




ψ(x,t) : complex electron wave function

Static bias F0 + Laser field F1
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x ≥ 0 (Vacuum Region)
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• The transfer to sub-bands is made possible by 
multiphoton absorption (n > 0) or multiphoton 
emission (n < 0). 

௡ܩ ,ݔ ݐ ൌ ݅ܣ ,௡ܧ ,ݔ cos߱ݐ െ ,௡ܧሺ݅ܤ݅ ,ݔ cos߱ݐሻ	

• Periodic function with period of 2ߨ/߱ (Fourier Series)

• Superposition of plane waves with energies of ladder 
states with space of ԰߱ coupled to ߳

Using Truscott’s coordinates transformation*

*Truscott, W. S. Phys. Rev. Lett. 70, 1900 (1993).



Total Time Averaged Emission Current

• Dominant emission n-photon process changes with F1
• Recovers Laser only case (Yalunin et al) for F0 = 0 and FN law for F1 = 0

FN lawYalunin, et al, 
PRB 84,
195426 (2011)

Laser wavelength
ߣ ൌ 800 nm

Work function
ܹ ൌ 5.1	eV

Fermi energy
ிܧ ൌ 5.53 eV

2
1 nF

F0 - DC field
F1 - Laser field
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Time averaged emission current spectrum
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• More channels open up as either dc bias F0 or laser strength F1 increases
• n for maximum emission increases (decreases) as F1(F0) increases



Time-Dependent Emission Current

Laser wavelength
ߣ ൌ 800 nm

Work function
ܹ ൌ 5.1	eV

Fermi energy
ிܧ ൌ 5.53 eV

Intense current modulation may be possible even with a 
low intensity laser, by merely increasing the dc bias.

F0 = 1 V/nm F0 = 5 V/nm F0 = 10 V/nm
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Laser intensity I = 1.33×1011 W/cm2 (F1 = 1V/nm)
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Comparison with Experiments
Electron energy spectra 

Experiment Our Theory

Piglosiewicz, B. et al. Nat. 
Photonics 8, 37–42 (2014).

Emission current vs. DC bias   

Experiment 

DC electric field [V/nm]
Ropers, et al., 
Phys. Rev. Lett.
98, 043907 (2007).
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Two-Color Coherent Control of Femtosecond Above-Threshold
Photoemission from a Tungsten Nanotip
Förster, M. et al., Phys. Rev. Lett. 117, 217601 (2016) 

Fundamental 
femtosecond 
laser ሺ߱ሻ

Second 
harmonic 
femtosecond 
laser ሺ2߱ሻ

Two-Color Laser Induced Ultrafast Electron Emission



Φ ,ݔ ݐ ൌ ቊ	 	0, ݔ																																																																																								 ൏ 0	
ிܧ ൅ܹ െ ݔ଴ܨ݁ െ ݏ݋ܿݔଵܨ݁ ݐ߱ െ ݏ݋ܿݔଶܨ݁ ݐ߱ߚ ൅ ߠ , ݔ ൒ 0

Two-Color Laser Induced Ultrafast Electron Emission

ி: Fermi energyܧ
ܹ: work function
ଵ: fundamental laser fieldܨ
ଶ: harmonic laser fieldܨ
harmonic order :ߚ
phase difference :ߠ
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Electron wave functions:

Time-dependent Schrödinger equation:

߰ଶ ,ݔ ݐ

ൌ ෍ exp െ ݐߝ݅ ԰⁄ െ ݅n߱ݐ
ஶ

௡ୀିஶ
௡ܶሾ݅ܣ െߟ௡ 					

െ ݅ܤ݅ െߟ௡ ሿ exp ൥െ
݅݁ଶܨ଴
԰݉

ଵܨ sin ݐ߱
߱ଷ ൅

ଶܨ sin ݐ߱ߚ
ଷ߱ଷߚ ൅

݅݁
԰

ଵܨ sin ݐ߱
߱ ൅

ଶܨ sin ݐ߱ߚ
߱ߚ ݔ

൅
݅݁ଶ

8԰݉
ଵଶܨ sin ݐ2߱

߱ଷ ൅
ଶଶܨ sin ݐ߱ߚ2

ଷ߱ଷߚ െ
݅݁ଶܨଵܨଶ
2԰݉߱ߚଶ

sin ߚ െ 1 ݐ߱
ߚ െ 1 ߱ െ

sin ߚ ൅ 1 ݐ߱
ߚ ൅ 1 ߱ ൩ , 										x ൒ 0			

߰ଵ ,ݔ ݐ ൌ exp െ ݐߝ݅ ԰⁄ ൅ ݅
ߝ2݉
԰ଶ ݔ ൅ ෍ ܴ௡ exp െ݅

ߝ ൅ ݊԰߱
԰ ݐ െ ݅

2݉ ߝ ൅ ݊԰߱
԰ଶ ݔ , ݔ ൏ 0

ஶ

௡ୀିஶ

Time-average emission current density:
ܬ ,ݔ ݐ ൌ ሺ݅԰/2݉ሻሺ߰߰ߘ∗ െ ሻ߰ߘ∗߰

Two-Color Laser Induced Ultrafast Electron Emission
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(a) (b)

Two-color laser electric fields: 

F1 (at frequency ω) + F2 (at frequency 2ω). 

W = 5.1eV, 

EF = 5.53 eV, 

Fundamental laser 
wavelength 

λ = 800nm.

Two-Color Laser Induced Ultrafast Electron Emission
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F1 (at frequency ω) + F2 (at frequency 2ω)

Two-Color Laser Induced Ultrafast Electron Emission

Total time-averaged emission 
current density oscillates as 
a sinusoidal function of ߠ.

Ref. 8

Förster, M. et al., Phys. Rev. Lett. 117, 217601 (2016).

Γ ൌ
ݓ ௠௔௫ െ ݓ ௠௜௡
ݓ ௠௔௫ ൅ ݓ ௠௜௡

Our Calculation: 93.9%
Experiment: 94%

Phase delay ߨ/ߠ
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Current modulation depth

ଵܨ ൌ 1.6 V/nm, ܨଶ ൌ 0.22 V/nm
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1D model!



Conclusion
• Analytical solution is found for highly nonlinear laser induced 

electron emission, by solving time-dependent Schrodinger 
equation exactly.

• A single formulation covers various emission mechanisms 
(multiphoton, optical strong field, and dc field emission. 

• Intense current modulation may be possible even with a low 
intensity laser, by merely increasing the applied dc bias. 

• Our two-color laser model demonstrates great tunability on 
the photoelectron spectrum and current modulation depth, via 
the control of the phase delay and relative intensity. 

We gratefully acknowledge the support of this 
work by AFOSR YIP Award No. FA9550-18-1-0061.


