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Hadronic Tensor in Euclidean Path-Integral Formalism

• Deep inelastic scattering 

In Minkowski space

 Euclidean path-integral
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Inverse Laplace transform

Wμν in Euclidean Space



Numerical Challenge of an Inverse Problem 

Improved Maximum Entropy method

Backus-Gilbert method

Fitting with a prescribed functional form for 

the spectral distribution.

Compton Amplitude approach
4

Corresponding Laplace transform 

Entails an inverse problem which maps the hadonic tensor in 

Euclidean time to the spectral function in Minkowski space.
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

• Bjorken limits

 Parton degrees of freedom: valence, connected sea and 
disconnected sea
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Gottfried Sum Rule Violation

NMC:

two flavor traces (            )       one flavor trace (            )

K.F. Liu and S.J. Dong, PRL 72, 1790 (1994)
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SG (0,1;4 GeV2 ) = 0.240 ± 0.016 (5s  from GSR)
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Properties of this separation

• No renormalization (finite normalization with local current)

• Gauge invariant

• Topologically distinct as far as the quark lines are 
concerned

• W1(x, Q2) and W2(x, Q2) are frame independent.

• Small x behavior of CS and DS are different.

• Short distance expansion (Taylor expansion)         OPE

qV ,  qCS  ,  qCS ~x®0   x-aR (x-1/2 )

qDS  ,  qDS ~x®0   x-1
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:

How to Extract Connected Sea Partons ?

CT10 lattice expt

K.F. Liu, W.C. Chang, H.Y. Cheng, 
J.C. Peng, PRL 109, 252002 (2012)

Q2=2.5 GeV2
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qV ,  qCS  ,  qCS ~x®0   x-aR (x-1/2 )

qDS  ,  qDS ~x®0   x-1
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Photo-proton Inclusive X-section
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e+e- ®r Frank X. Lee

spectral function
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Compton Amplitude Approach 

• A. J. Chambers et al. (QCDSF), PRL 118, 24001 (2017)

• OPEw/oOPE

– In Minkowski space, the Compton amplitude is

– and 

– In the Euclidean space
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OPE 

• After OPE and relating the matrix elements to 
the moments of the structure function, it is 
shown (R. Devenish and A. Cooper-Sarkar) that 

• Note, this is carried out in Minkowski space.  
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Nf =2+1
323 x 64 DWF lattice
a = 0.06 fm, 
mπ=370 MeV
Clover valence

The elastic peak is 
~ 100%

Jian Liang
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Nf =2+1
323 x 64 DWF lattice
a = 0.06 fm, mπ=370 MeV
Clover valence

The elastic peak is 
~ 70%
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X. Ji, PRL, 110, 262002 (2013)Large Momentum Approach



20

Quasi-PDF
• Comment by G.C. Rossi and M. Testa (1706.04428) 

– Mixing of lower dimension operators in the trace term in OPE leads 
to 1/(Pza)2 divergences which need to be subtracted.

• Renormalization of the non-local operator 

– T. Ishikawa, Y.Q. Ma, J.W. Qiu, S. Yoshida, PRD, 1609.02018;  X.Ji, Z.H. Zhang, and 
Y. Zhao, PRL, 1706.08962; J. Green, K. Jansen, and F. Steffens, 1707.07152.

• Fourier transform of the unrenormalized operator which 
contains the self-energy of the Wilson line
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Quasi-PDF

• Renormalization of quasi-distribution (LaMET) 

– Unlike global fitting with limited x data at each Q2, the 
inversion is not a problem here.  

– The connected insertion has no mixing from the glue and 
disconnected insertions (M. Deka et al., 1312.4816)
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C. Alexandrou, et al.,
1803.02685

J.W. Chen et al. (LP3), 
1803.04393

• Useful and meaningful to separately look at 

		
u(x),	u

CS
(x)=-u(-x),	d(x),	d

CS
(x)=-d(-x)	(N.B.	x	>	0)	



23

Inclusive B meson semileptonic decay

• Shape function including

– U. Aglietti et al., hep-ph/9804416

– S. Hashimoto, 1703.01881

		B®D(D* )ln
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Summary

• Quasi-PDF has made a great progress in just a few 
years. 

• Hadronic tensor is being studied with various inversion 
algorithms. It can address the elastic scattering as well 
as deep inelastic scattering structure functions.

• It would be useful to compare different approaches to 
PDF which are subjected to different systematics as a 
cross check for validity and reliability of lattice methods.


