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A percent-level determination of  the nucleon axial coupling from QCD 

experiment factor of 6 more precise
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PDG 
gA = 1.2723(23)

The success of this result was enabled through a few features of the calculation: 
an improved strategy that can exploit exponentially more precise data at early time 
and has demonstrable control of excited state contributions  
an action with improved stochastic behavior, a very mild continuum extrapolation, 
highly suppressed chiral symmetry breaking 
access to a set of ensembles (MILC) that allowed for control over all standard lattice 
systematics (physical pion mass, continuum and infinite volume limits) 
ludicrously fast GPU code (Quda)
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Phys. Rev. D96 (2017)

An Improved Computational Strategy

Take the Feynman-Hellmann (FH) Theorem as a starting point: 
conceptually very simple and straightforward 
applying the FH Theorem to the effective mass directly leads to the method we use 

relates matrix elements to functional derivatives of the partition function 

reduces the dependence on two time variables (operator insertion time, 𝜏, and 
source/sink separation time, t) to a single variable, t 
allows for demonstrable control of excited state systematics, reduced sensitivity 
to correlated fluctuations & the extraction of the signal early in Euclidean time 
(exponentially smaller relative noise)

@�En = hn|H�|ni
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Consider a two point correlation function in the presence of some source

|�i ⌘ �-vacuum

|⌦i ⌘ lim
�!0

|�i
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Motivated by the Feynman-Hellman Theorem, we derive an improved method for computing ma-
trix elements of external currents utilizing only two-point correlation functions. The contamination
from excited states is shown to be Euclidean-time dependent allowing for a significantly improved
ability to reliably determine and control the systematics. We demonstrate the utility of our method
with a calculation of the nucleon axial-charge, performed at a single lattice spacing and a moderate
unphysical pion mass. The Feynman-Hellman Theorem can be derived from the long Euclidean-time
limit of correlation functions determined with functional derivatives of the partition function. This
elucidates the generic applicability of our new method: one can determine matrix elements of any
external current by computing only two-point correlation functions, including non-zero momentum
transfer and flavor-changing matrix elements.

Introduction:

The Feynman-Hellman Theorem and QFT: The
Feynman-Hellman Theorem (FHT) in quantum mechan-
ics relates matrix elements to variations in the spectrum:

@En

@�
= hn|H�|ni (1)

where the Hamiltonian is given by H = H0 + �H�. This
simple relation is easily derived at first order in pertur-
bation theory but is applicable more generally. The FHT
is often invoked in lattice QCD calculations to determine
the scalar quark matrix elements in the nucleon

mq
@mN

@mq

����
mq=mphy

q

= hN |mq q̄q|Ni , (2)

for both the light (q = {u, d}) and strange (q = s) quark
matrix elements.

The important observation about the FHT is that it
relates a three-point correlation function to a change in
a two-point correlation function due to some perturb-
ing source. The lattice calculation of three point func-
tions, particularly those involving nucleons and other
baryons, are particularly challenging for a number of rea-
sons, while there are now many highly advanced methods
developed for computing two-point correlation functions
and the spectrum. The calculation of three point func-
tions are stochastically noisy and often su↵er from con-
tamination from excited states. Controlling these sys-
tematics requires a significant increase in the numerical
cost of the calculations making full calculations often pro-
hibitively expensive. If we can invoke the FHT to com-
pute matrix elements using only two-point correlation
functions, then we can apply our sophisticated meth-
ods for spectroscopy to these important non-perturbative
quantities with reduced systematics.

The FHT has already been utilized to compute certain
matrix elements of the nucleon cite[Adelaidians]

Can we provide more insight on the connection be-
tween the FHT and QFT?

A New Method: Consider a two point correlation func-
tion computed in the presence of some external source

C�(t) = h�|Ô(t)Ô†(0)|�i
=

1

Z�

Z
DUµe

�S�S�O(t)O†(0) (3)

with

S� = �

Z
d4xj(x) (4)

with j(x) some bi-linear current density. The derivative
of the correlation function is related to the matrix ele-
ments of the current

�@C�

@�
=

@�Z�

Z�
C�(t)+

1

Z�

Z
D�e�S�S�

Z
d4x0j(x0)O(t)O†(0)

(5)
The first term is proportional vacuum matrix element of
the current and vanishes unless the current has vacuum
quantum numbers. The second term involves an integral
over the the matrix elements and we have

�@C�(t)

@�

����
�=0

= �
Z

d4x0h0|j(x0)|0iC�(t)

+

Z
dt0h0|T{O(t)J(t0)O†(0)}|0i (6)

where we have defined J(t) =
R
d3xj(t, ~x). We see ex-

plicitly now that the second term contains the matrix
element we are interested in, summed over all time in-
sertions. For 0 < t0 < t, this is in fact the quantity

j(x) = some bi-linear current density

e.g. �j(x) = q̄(x)mqq(x)

A New Method for Computing Matrix Elements
(Inspired by the Feynman-Hellman Theorem)

Paulo Bedaque,1, ⇤ Chris Bouchard,2, † Kostas Orginos,2, 3, ‡ and André Walker-Loud2, 3, 4, §
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We can differentiate the correlation function with respect to 𝝺 (this can 
be built from a sum of functional derivatives over all spacetime)
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functions, then we can apply our sophisticated meth-
ods for spectroscopy to these important non-perturbative
quantities with reduced systematics.

The FHT has already been utilized to compute certain
matrix elements of the nucleon cite[Adelaidians]

Can we provide more insight on the connection be-
tween the FHT and QFT?

A New Method: Consider a two point correlation func-
tion computed in the presence of some external source

C�(t) = h�|Ô(t)Ô†(0)|�i
=

1

Z�

Z
D�e�S�S�O(t)O†(0) (3)

with

S� = �

Z
d4xj(x) (4)

with j(x) some bi-linear current density. The derivative
of the correlation function is related to the matrix ele-
ments of the current

�@C�

@�
=

@�Z�

Z�
C�(t) +

1

Z�

Z
D�e�S�S�

Z
d4x0j(x0) O(t)O†(0)

(5)

The first term is proportional vacuum matrix element of
the current and vanishes unless the current has vacuum
quantum numbers. The second term involves an integral
over the the matrix elements and we have

�@C�(t)

@�

����
�=0

= � C�(t)

Z
d4x0h⌦|j(x0)|⌦i

+

Z
dt0h⌦|T{O(t)J(t0)O†(0)}|⌦i (6)

where we have defined J(t) =
R
d3xj(t, ~x). We see ex-

plicitly now that the second term contains the matrix
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The FHT relates matrix elements to the spectrum.  Can we find 
something similar in QFT?

Let us try the first obvious thing, take a derivative of the effective 
mass:

2

element we are interested in, summed over all time in-
sertions. For 0 < t0 < t, this is in fact the quantity
R(t) defined in the summation method summed over all

time insertions and the other time regions will contribute
systematic contaminations.

Z
dt0h⌦|T{O(t)J(t0)O†(0)}|⌦i =

Z
1

t
dt0h⌦|J(t0)O(t)O†(0)|⌦i

+

Z t

0
dt0h⌦|O(t)J(t0)O†(0)|⌦i

+

Z t

�1

dt0h⌦|O(t)O†(0)J(t0)|⌦i (7)

The FHT relates matrix elements to derivatives of the
spectrum. The e↵ective mass is a derived quantity which
asymptotes to the ground state mass in the long Eu-
clidean time limit,

meff (t, ⌧) =
1

⌧
ln

✓
C(t)

C(t+ ⌧)

◆
�!
t!1

1

⌧
ln(eE0⌧ ) (8)

Consider the derivative of the e↵ective mass in the pres-
ence of the external current

@meff
� (t, ⌧)

@�

����
�=0

=
1

⌧

�@�C�(t+ ⌧)

C(t+ ⌧)
� �@�C�(t)

C(t)

�
(9)

From Eq. (6), we observe the term proportional to the
vacuum matrix element exactly cancels in the di↵erence
in Eq. (9) even for scalar currents, leaving us with terms
only proportional to the matrix elements of interest

@meff
� (t, ⌧)

@�

����
�=0

=
1

⌧

Z
dt0

 h0|T{O(t+ ⌧)J(t0)O†(⌧)}|0i
C(t+ ⌧)

� h0|T{O(t)J(t0)O†(0)}|0i
C(t)

�

=
R(t+ ⌧)�R(t)

⌧
(10)

where

R(t) =

R
dt0h0|T{O(t)J(t0)O(0)}|0i

C(t)
(11)
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Motivated by the Feynman-Hellman Theorem, we derive an improved method for computing ma-
trix elements of external currents utilizing only two-point correlation functions. The contamination
from excited states is shown to be Euclidean-time dependent allowing for a significantly improved
ability to reliably determine and control the systematics. We demonstrate the utility of our method
with a calculation of the nucleon axial-charge, performed at a single lattice spacing and a moderate
unphysical pion mass. The Feynman-Hellman Theorem can be derived from the long Euclidean-time
limit of correlation functions determined with functional derivatives of the partition function. This
elucidates the generic applicability of our new method: one can determine matrix elements of any
external current by computing only two-point correlation functions, including non-zero momentum
transfer and flavor-changing matrix elements.

Introduction:

The Feynman-Hellman Theorem and QFT: The
Feynman-Hellman Theorem (FHT) in quantum mechan-
ics relates matrix elements to variations in the spectrum:

@En

@�
= hn|H�|ni (1)

where the Hamiltonian is given by H = H0 + �H�. This
simple relation is easily derived at first order in pertur-
bation theory but is applicable more generally. The FHT
is often invoked in lattice QCD calculations to determine
the scalar quark matrix elements in the nucleon

mq
@mN

@mq

����
mq=mphy

q

= hN |mq q̄q|Ni , (2)

for both the light (q = {u, d}) and strange (q = s) quark
matrix elements.

The important observation about the FHT is that it
relates a three-point correlation function to a change in
a two-point correlation function due to some perturb-
ing source. The lattice calculation of three point func-
tions, particularly those involving nucleons and other
baryons, are particularly challenging for a number of rea-
sons, while there are now many highly advanced methods
developed for computing two-point correlation functions
and the spectrum. The calculation of three point func-
tions are stochastically noisy and often su↵er from con-
tamination from excited states. Controlling these sys-
tematics requires a significant increase in the numerical
cost of the calculations making full calculations often pro-
hibitively expensive. If we can invoke the FHT to com-
pute matrix elements using only two-point correlation
functions, then we can apply our sophisticated meth-
ods for spectroscopy to these important non-perturbative
quantities with reduced systematics.

The FHT has already been utilized to compute certain
matrix elements of the nucleon cite[Adelaidians]

Can we provide more insight on the connection be-
tween the FHT and QFT?

A New Method: Consider a two point correlation func-
tion computed in the presence of some external source

C�(t) = h�|Ô(t)Ô†(0)|�i
=

1

Z�

Z
D�e�S�S�O(t)O†(0) (3)

with

S� = �

Z
d4xj(x) (4)

with j(x) some bi-linear current density. The derivative
of the correlation function is related to the matrix ele-
ments of the current
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=

@�Z�

Z�
C�(t) +

1

Z�

Z
D�e�S�S�

Z
d4x0j(x0) O(t)O†(0)

(5)

The first term is proportional vacuum matrix element of
the current and vanishes unless the current has vacuum
quantum numbers. The second term involves an integral
over the the matrix elements and we have
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+
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dt0h⌦|T{O(t)J(t0)O†(0)}|⌦i (6)

where we have defined J(t) =
R
d3xj(t, ~x). We see ex-

plicitly now that the second term contains the matrix
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element we are interested in, summed over all time in-
sertions. For 0 < t0 < t, this is in fact the quantity
R(t) defined in the summation method summed over all

time insertions and the other time regions will contribute
systematic contaminations.
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+

Z t
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dt0h⌦|O(t)O†(0)J(t0)|⌦i (7)

The FHT relates matrix elements to derivatives of the
spectrum. The e↵ective mass is a derived quantity which
asymptotes to the ground state mass in the long Eu-
clidean time limit,

meff (t, ⌧) =
1

⌧
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C(t+ ⌧)

◆
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t!1
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⌧
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Consider the derivative of the e↵ective mass in the pres-
ence of the external current
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From Eq. (6), we observe the term proportional to the
vacuum matrix element exactly cancels in the di↵erence
in Eq. (9) even for scalar currents, leaving us with terms
only proportional to the matrix elements of interest
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FIG. 8. The 2-state fit to the unrenormalized axial charge gu�d
A data for the seven ensembles at di↵erent values of the lattice

spacing and pion mass. The grey error band and the solid line within it is the tsep ! 1 estimate obtained using the 2-state
fit. The result of the fit for each individual tsep is shown by a solid line with the same color as the data points. Note that the
data with tsep = 16 in the two a06 ensembles are not used in the fit.

up to n excited states are included in the fit Ansatz). Our
additional tests on the a06 ensembles discussed in Sec. VI
show that increasing the smearing size � over the range
simulated reduces A1/A0 and the excited-state contami-
nation, most notably in the axial and scalar charges. On
the other hand, beyond a certain size �, the statistical
errors based on a given number of gauge configurations
start to increase. Also, when calculating the form fac-
tors, one expects the optimal � to decrease with increas-
ing momentum. Thus, one has to compromise between
obtaining a good statistical signal and reducing excited-
state contamination in both the charges and the form
factors, when all these quantities are being calculated
with a single choice of the smearing parameters.

The data in Tables III and IV show an increase in the
ratio A1/A0 as the lattice spacing is decreased. This
suggests that the smearing parameter � (see Table II)

should have been scaled with the lattice spacing a. The
dependence of the ratio on the two choices of tmin used
in the fits (estimates in Table III versus Table IV) and
between the HP and AMA estimates for each choice is
much smaller. Based on these trends and additional tests
discussed in Sec. VI, a better choice for the smearing pa-
rameters when calculating the matrix elements at zero-
momentum transfer is estimated to be {5, 70}, {7, 120}
and {9, 200} for the a = 0.12, 0.09 and 0.06 fm ensem-
bles, respectively. In physical units, a rule-of-thumb es-
timate for tuning the smearing size is �a ⇡ 0.55 fm.

To extract the three matrix elements h0|O�|0i,
h1|O�|0i and h1|O�|1i, for each operator O� = OA,S,T,V ,
from the 3-point functions, we make one overall fit using
the data at all values of the operator insertion time ⌧ and
the various source-sink separations tsep using Eq (10).
From such fits we extract the tsep ! 1 estimates un-

PNDME arXiv:1606.07049



9

arXiv:1612.06963An Improved Computational Strategy
standard method

fixed source-sink separation time

tsep 0

O(tO)
<latexit sha1_base64="64Byp1A1+yuZv50WhtYtpJTV+3c=">AAACD3icbVDLSsNAFJ3UV62vqEtdBItQQUoigrorunFnBWMLbQiTyaQdOpmEmUmhhGz8BL/Cra5ciVs/wYX/4iTNorYeGDhzzr3ce48XUyKkaX5rlaXlldW16nptY3Nre0ff3XsUUcIRtlFEI971oMCUMGxLIinuxhzD0KO4441ucr8zxlyQiD3ISYydEA4YCQiCUkmuftgPoRwiSNO7rCHddOabnbh63WyaBYxFYpWkDkq0Xf2n70coCTGTiEIhepYZSyeFXBJEcVbrJwLHEI3gAPcUZTDE4tQfk1gU1EmLgzLjWJm+EURcPSaNQp1tTmEoxCT0VGW+r5j3cvE/r5fI4NJJCYsTiRmaDgoSasjIyNMxfMIxknSiCEScqLUNNIQcIqkyrKk8rPnrF4l91rxqWvfn9dZ1GUwVHIAj0AAWuAAtcAvawAYIPIEX8AretGftXfvQPqelFa3s2Qd/oH39AprWnVU=</latexit><latexit sha1_base64="64Byp1A1+yuZv50WhtYtpJTV+3c=">AAACD3icbVDLSsNAFJ3UV62vqEtdBItQQUoigrorunFnBWMLbQiTyaQdOpmEmUmhhGz8BL/Cra5ciVs/wYX/4iTNorYeGDhzzr3ce48XUyKkaX5rlaXlldW16nptY3Nre0ff3XsUUcIRtlFEI971oMCUMGxLIinuxhzD0KO4441ucr8zxlyQiD3ISYydEA4YCQiCUkmuftgPoRwiSNO7rCHddOabnbh63WyaBYxFYpWkDkq0Xf2n70coCTGTiEIhepYZSyeFXBJEcVbrJwLHEI3gAPcUZTDE4tQfk1gU1EmLgzLjWJm+EURcPSaNQp1tTmEoxCT0VGW+r5j3cvE/r5fI4NJJCYsTiRmaDgoSasjIyNMxfMIxknSiCEScqLUNNIQcIqkyrKk8rPnrF4l91rxqWvfn9dZ1GUwVHIAj0AAWuAAtcAvawAYIPIEX8AretGftXfvQPqelFa3s2Qd/oH39AprWnVU=</latexit><latexit sha1_base64="64Byp1A1+yuZv50WhtYtpJTV+3c=">AAACD3icbVDLSsNAFJ3UV62vqEtdBItQQUoigrorunFnBWMLbQiTyaQdOpmEmUmhhGz8BL/Cra5ciVs/wYX/4iTNorYeGDhzzr3ce48XUyKkaX5rlaXlldW16nptY3Nre0ff3XsUUcIRtlFEI971oMCUMGxLIinuxhzD0KO4441ucr8zxlyQiD3ISYydEA4YCQiCUkmuftgPoRwiSNO7rCHddOabnbh63WyaBYxFYpWkDkq0Xf2n70coCTGTiEIhepYZSyeFXBJEcVbrJwLHEI3gAPcUZTDE4tQfk1gU1EmLgzLjWJm+EURcPSaNQp1tTmEoxCT0VGW+r5j3cvE/r5fI4NJJCYsTiRmaDgoSasjIyNMxfMIxknSiCEScqLUNNIQcIqkyrKk8rPnrF4l91rxqWvfn9dZ1GUwVHIAj0AAWuAAtcAvawAYIPIEX8AretGftXfvQPqelFa3s2Qd/oH39AprWnVU=</latexit><latexit sha1_base64="64Byp1A1+yuZv50WhtYtpJTV+3c=">AAACD3icbVDLSsNAFJ3UV62vqEtdBItQQUoigrorunFnBWMLbQiTyaQdOpmEmUmhhGz8BL/Cra5ciVs/wYX/4iTNorYeGDhzzr3ce48XUyKkaX5rlaXlldW16nptY3Nre0ff3XsUUcIRtlFEI971oMCUMGxLIinuxhzD0KO4441ucr8zxlyQiD3ISYydEA4YCQiCUkmuftgPoRwiSNO7rCHddOabnbh63WyaBYxFYpWkDkq0Xf2n70coCTGTiEIhepYZSyeFXBJEcVbrJwLHEI3gAPcUZTDE4tQfk1gU1EmLgzLjWJm+EURcPSaNQp1tTmEoxCT0VGW+r5j3cvE/r5fI4NJJCYsTiRmaDgoSasjIyNMxfMIxknSiCEScqLUNNIQcIqkyrKk8rPnrF4l91rxqWvfn9dZ1GUwVHIAj0AAWuAAtcAvawAYIPIEX8AretGftXfvQPqelFa3s2Qd/oH39AprWnVU=</latexit>

13

1.10

1.15

1.20

1.25

1.30

-4 -2  0  2  4

g Au
-d

τ - tsep/2

a12m310 AMA

Extrap
tsep=8

tsep=10
tsep=12 1.10

1.15

1.20

1.25

1.30

-6 -4 -2  0  2  4  6

g Au
-d

τ - tsep/2

Extrap
tsep=10

tsep=12
tsep=14

a09m310

1.10

1.15

1.20

1.25

1.30

-8 -6 -4 -2  0  2  4  6  8

g Au
-d

τ - tsep/2

Extrap
tsep=16
tsep=20

tsep=22
tsep=24

a06m310 AMA

1.10

1.15

1.20

1.25

1.30

-4 -2  0  2  4

g Au
-d

τ - tsep/2

Extrap
tsep=8

tsep=10

tsep=12
tsep=14

a12m220L AMA

1.10

1.15

1.20

1.25

1.30

-6 -4 -2  0  2  4  6

g Au
-d

τ - tsep/2

Extrap
tsep=10

tsep=12
tsep=14

a09m220

1.10

1.15

1.20

1.25

1.30

-8 -6 -4 -2  0  2  4  6  8

g Au
-d

τ - tsep/2

Extrap
tsep=16
tsep=20

tsep=22
tsep=24

a06m220 AMA

1.10

1.15

1.20

1.25

1.30

-6 -4 -2  0  2  4  6

g Au
-d

τ - tsep/2

a09m130 AMA

Extrap
tsep=10

tsep=12
tsep=14

FIG. 8. The 2-state fit to the unrenormalized axial charge gu�d
A data for the seven ensembles at di↵erent values of the lattice

spacing and pion mass. The grey error band and the solid line within it is the tsep ! 1 estimate obtained using the 2-state
fit. The result of the fit for each individual tsep is shown by a solid line with the same color as the data points. Note that the
data with tsep = 16 in the two a06 ensembles are not used in the fit.

up to n excited states are included in the fit Ansatz). Our
additional tests on the a06 ensembles discussed in Sec. VI
show that increasing the smearing size � over the range
simulated reduces A1/A0 and the excited-state contami-
nation, most notably in the axial and scalar charges. On
the other hand, beyond a certain size �, the statistical
errors based on a given number of gauge configurations
start to increase. Also, when calculating the form fac-
tors, one expects the optimal � to decrease with increas-
ing momentum. Thus, one has to compromise between
obtaining a good statistical signal and reducing excited-
state contamination in both the charges and the form
factors, when all these quantities are being calculated
with a single choice of the smearing parameters.

The data in Tables III and IV show an increase in the
ratio A1/A0 as the lattice spacing is decreased. This
suggests that the smearing parameter � (see Table II)

should have been scaled with the lattice spacing a. The
dependence of the ratio on the two choices of tmin used
in the fits (estimates in Table III versus Table IV) and
between the HP and AMA estimates for each choice is
much smaller. Based on these trends and additional tests
discussed in Sec. VI, a better choice for the smearing pa-
rameters when calculating the matrix elements at zero-
momentum transfer is estimated to be {5, 70}, {7, 120}
and {9, 200} for the a = 0.12, 0.09 and 0.06 fm ensem-
bles, respectively. In physical units, a rule-of-thumb es-
timate for tuning the smearing size is �a ⇡ 0.55 fm.

To extract the three matrix elements h0|O�|0i,
h1|O�|0i and h1|O�|1i, for each operator O� = OA,S,T,V ,
from the 3-point functions, we make one overall fit using
the data at all values of the operator insertion time ⌧ and
the various source-sink separations tsep using Eq (10).
From such fits we extract the tsep ! 1 estimates un-

PNDME arXiv:1606.07049

O(tO)
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element we are interested in, summed over all time in-
sertions. For 0 < t0 < t, this is in fact the quantity
R(t) defined in the summation method summed over all

time insertions and the other time regions will contribute
systematic contaminations.

Z
dt0h⌦|T{O(t)J(t0)O†(0)}|⌦i =

Z
1

t
dt0h⌦|J(t0)O(t)O†(0)|⌦i

+

Z t

0
dt0h⌦|O(t)J(t0)O†(0)|⌦i

+

Z t

�1

dt0h⌦|O(t)O†(0)J(t0)|⌦i (7)

The FHT relates matrix elements to derivatives of the
spectrum. The e↵ective mass is a derived quantity which
asymptotes to the ground state mass in the long Eu-
clidean time limit,

meff (t, ⌧) =
1

⌧
ln

✓
C(t)

C(t+ ⌧)

◆
�!
t!1

1

⌧
ln(eE0⌧ ) (8)

Consider the derivative of the e↵ective mass in the pres-
ence of the external current

@meff
� (t, ⌧)

@�

����
�=0

=
1

⌧

�@�C�(t+ ⌧)

C(t+ ⌧)
� �@�C�(t)

C(t)

�
(9)

From Eq. (6), we observe the term proportional to the
vacuum matrix element exactly cancels in the di↵erence
in Eq. (9) even for scalar currents, leaving us with terms
only proportional to the matrix elements of interest

@meff
� (t, ⌧)

@�

����
�=0

=
1

⌧

Z
dt0

 h0|T{O(t+ ⌧)J(t0)O†(⌧)}|0i
C(t+ ⌧)

� h0|T{O(t)J(t0)O†(0)}|0i
C(t)

�

=
R(t+ ⌧)�R(t)

⌧
(10)

where

R(t) =

R
dt0h0|T{O(t)J(t0)O(0)}|0i

C(t)
(11)

Relation to other methods:

derivative of e↵ective mass

Implementation:

Systematics:

An application: the nucleon axial charge:

Conclusions:
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Numerical Implementation:

the “Feynman-Hellman” propagator is given by

= SFH(y, x) =
X

z

S(y, z)�(z)S(z, x)

S(z, x) standard quark propagator off some source at x, to all z

�(z) some bi-linear operator (can be constant)
e.g.,       for the vector current�4

�(z)S(z, x) treat like a source to invert off of
NOTE: this is the same equation as appears in de Divitiis, Petronzio, Tantalo, PLB718 (2012)
can be traced back to Maiani, Martinelli, Paciello and Taglienti Nucl. Phys. B293 (1987)

arXiv:1612.06963An Improved Computational Strategy

Similar ideas in literature: 
Chambers et. al. Phys.Rev. D90 [arXiv:1405.3019]
Chambers et. al. Phys.Rev. D92 [arXiv:1508.06856]
Savage et. al. Phys.Rev.Lett. 119 [arXiv:1610.04545]

Already used for new processes!
(related to the topic of this workshop)

Orginos, Radyushkin, Karpie, Zafeiropoulos
Phys.Rev. D96 [arXiv:1706.05373]
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arXiv:1612.06963An Improved Computational Strategy
Feynman-Hellmann correlation function Fixed src-sink separation

Our Feynman-Hellmann method is similar to the Summation 
Method, in which several calculations with fixed src-sink separation 
times are performed, and the current is summed between the src 
and sink
We sacrifice the flexibility to do any current insertion to perform the 
sum over all current insertion times at the cost of a single fixed src-
sink calculation, providing access to short and long time separations
The short time separation has exponentially better signal-to-noise, 
allowing for a more precise determination (order of magnitude)

tsep 0

O(tO)
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Proton

5

proton creation and annihilation operators are given by

N̄
�

0(x) = ✏
i

0
j

0
k

0

⇣
ūi

0

↵

0(x)�src

↵

0
�

0 d̄
j

0

�

0(x)
⌘
P src

�

0
⇢

0 ūk

0

⇢

0 (x) ,

N
�

(y) = �✏
ijk

⇣
ui

↵

(y)�snk

↵�

dj
�

(y)
⌘
P snk

�⇢

uk

⇢

(y) , (36)

where u(x) and d(x) are up and down quark field oper-
ators at x. The �src, �snk, P src and P snk are spin pro-
jectors used to project onto the total spin of the proton.
For example, working in the Dirac basis, the dominant
spin-up local interpolating field can be constructed us-
ing [32, 33] (where the spinor indices are labeled 1,2,3,4)

P src = �
µ,1 , �src =

0

B@

0 1 0 0
�1 0 0 0
0 0 0 0
0 0 0 0

1

CA , (37)

and similar operators for the sink. Denoting the up and
down quark propagators as

U(y, x)ii
0

↵↵

0 = ui

↵

(y)ūi

0

↵

0(x) ,

D(y, x)ii
0

↵↵

0 = di
↵

(y)d̄i
0

↵

0(x) , (38)

the proton correlation function is given by

C
��

0 = ✏
ijk

P snk

�⇢

h
(�snkD)ii

0

↵�

0(U�src)jj
0

↵�

0U
kk

0

⇢⇢

0

+ (U�src)kk
0

⇢�

0U ii

0

↵⇢

0(�snkD)jj
0

↵�

0

i
P src

�

0
⇢

0✏
i

0
j

0
k

0 . (39)

The derivative correlation function (�@
�

C|
�=0) is triv-

ially determined. Applying the partial derivative in
Eq. (10) at the level of the path integral, one immediately
observes the derivative correlation function is obtained
with the replacement of one of the quark propagators
in the two-point correlation function with a Feynman-
Hellmann (FH) propagator, summed over all possible in-
sertions, where the FH propagator is simply a sequential
propagator which is also summed over the current inser-
tion time

S�(y, x) =
X

z=(tz,z)

S(y, z)�S(z, x) . (40)

This extra sum leads to an O(T ) stochastic enhancement
of the resulting derivative correlation function as com-
pared to the standard method with a sequential prop-
agator. The idea of using this propagator in a two-
point function can be traced back to Ref. [34], where the
equivalent of Eq. (15) is approximated with its long-time
limit and computed for various hadronic matrix elements.
This idea has been extended recently in Refs. [35, 36]
with an application to derivatives with respect to Q2 of
mesonic structure functions in Ref. [35].

For our present example, the proton derivative correla-
tion function with a current insertion on the down-quark
is given by D ! D�

C�d
��

0 = ✏
ijk

P snk

�⇢

h
(�snkD�)ii

0

↵�

0(U�src)jj
0

↵�

0U
kk
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0
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0U ii
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0(�snkD�)jj
0

↵�

0

i
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�

0
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while for a current insertion on the up-quark, one has
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These correlators are functions of the source-sink separa-
tion time in contrast to the fixed source-sink separation
time dependence of the standard three-point correlators
constructed with sequential propagators. It is trivial to
generalize this construction to an arbitrary correlation
function with the successive replacement of each quark
propagator with its respective FH propagator.
For scalar current matrix elements, one must also con-

sider contributions from disconnected diagrams. While
disconnected diagrams are stochastically noisier, we can
improve upon the general method as we have the freedom
to compute the disconnected quark loop as a function of
Euclidean time. Instead of summing over all time as in
Eq. (11), we can explicitly choose to only sum over the
time window 0 < t0 < t, thus including only the contri-
butions of interest, Eq. (25).

III. AN APPLICATION TO THE NUCLEON
AXIAL CHARGE

We demonstrate the use of this method by computing
the nucleon isovector axial charge on one of the publicly
available 2+1+1 HISQ [37] ensembles from the MILC
Collaboration [38], with a ' 0.15 fm, m

⇡

' 310 MeV
and a lattice volume of 163 ⇥ 48. The present work uti-
lizes 1960 configurations with 6 sources per configura-
tion. The HISQ configurations are first gradient-flowed
to smear out the UV fluctuations. Möbius Domain-Wall
fermion (MDWF) [39] propagators are then solved with
the QUDA library [40] with multi-GPU support [41]. The
valence quark mass is tuned such that the MDWF pion
mass matches the taste-5 HISQ pion mass within 1%.
We then construct the isovector nucleon two-point and
derivative FH correlation functions. We further double
our statistics by including the time-reversed correlation
functions constructed with negative parity nucleon oper-
ators. The calculation requires solving both the regular
and the FH propagator for each source. The motivation
and advantages of such a mixed-action are described in
Ref. [42]. This action has also been used to compute the
⇡� ! ⇡+ matrix element relevant to 0⌫�� (neutrinoless
double beta-decay) [43].

A. Fit strategy

We extract the isovector nucleon charge by applying
two analysis strategies: we apply a standard Frequentist
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undesired systematic contamination, II, III, IV
contact terms
undesired time orderings
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NOTE: unique time-dependence (t-1) of matrix elements of 
interest.  This allows us to cleanly isolate them in numerical 
analysis
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not immediately obvious, but at t=1, all terms cancel except contact + 
wrong time-ordering terms

NJ(1) =
X

n

dJne
�En

which allows us to estimate these contributions in a controlled way
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simultaneous fit to two-point and Numerator correlation functions

8

FIG. 6. Stability plots for the two-point correlation function.
Stability plot under varying t

min

with fixed t
max

= 10 is
shown for fits with 2 states (t), 3 states (n), 4 states (l), 5
states (u), 6 states (s), 7 states (6), and 8 states (:). The
corresponding Q-values of the fits are plotted below with the
dashed line set at Q = 0.1. The solid symbols mark the fit
with the largest Bayes factor at fixed t

min

. The blue band
highlights the preferred fit with 7 states at t

min

= 3 and
guides the eye for observing stability.

FIG. 7. Stability plot under varying t
max

for the 7 state fit
with t

min

= 3. The color scheme follows Fig. 6. The solid
symbol denotes the preferred two-point correlator fit.

As a result, the three-point fit ansatz we employ through-
out the rest of the analysis is,
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Under reparameterization, the three-point fit ansatz in-
troduces additional parameters g

nm

and d
n

which are not
constrained by the two-point correlator. In the following
section, we detail how priors are chosen for the additional
parameters, and study stability under variations of fit re-
gion and number of states.

We set the ground state prior g̃00 by constructing the
derivative e↵ective mass given by Eq. (14). By con-
struction the derivative e↵ective mass plateaus to g00 in
the t ! 1 limit. Motivated by Figs. 8 and 9, we set
g̃00 = 1.2(5) and observe that the prior widths are ap-
proximately one order of magnitude larger than the width
of the posterior distributions.

The prior for dSS(PS)
0 is chosen by observing that

NSS(PS)(1) =
X

n

dSS(PS)
n

e�En (49)

and assuming that the contribution to the infinite sum is
primarily from the n = 0 state due to operator smearing.
This unique feature of the correlator at t = 1 is exem-
plified in Figs. 10 and 11. Therefore we set the central

value of d̃SS(PS)
0 = NSS(PS)(1)eE0/2 with a prior width

accommodating d
SS(PS)
0 = 0 within 1�.

For the excited state priors, we set g̃
nm

= 0(1) to be
the same order of magnitude as g̃00. The overlap factor

d
SS(PS)
n

is set with a central value of d̃SS(PS)
n

= 0 and
with the same width as d̃SS(PS)

0 . This choice follows the
same logic used to set the priors for zS

n

.

FIG. 8. Plot of the derivative e↵ective mass as a function of
source-sink separation time t for the smeared sink correlation
functions. The color scheme follows Fig. 2. The prior width
exceeds the range of the y-axis, and is therefore not included
in the plot.

2. Discussion

The stability of ĝ00 under varying fit region and num-
ber of excited states is shown in Figs. 12 and 13. For all
simultaneous two- and three-point fits, we perform the
preferred two-point fit as discussed in Sec. III B.
For fits with t

min

= 2, 3, Fig. 12 shows stability un-
der varying the number of states for fits with more than
5 states, while the Bayes Factor prefers the 5 state fit
(solid yellow diamonds). For fits with t

min

� 4, we also
observe stability, however the Bayes Factor prefers fits

NJ(1) =
X

n

dJne
�En

arXiv:1612.06963An Improved Computational Strategy

Fit to numerator data yields 
consistent results
Numerator suffers from more 
excited state contamination 
than Feynman-Hellmann 
correlator
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Subtract first excited state
contribution

Slides adapted from A. Nicholson

Comparison with a Standard Method
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Correlated fluctuation

Comparison with a Standard Method

Slides adapted from A. Nicholson
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Our Recent Lattice QCD Calculation

UPDATE of  arXiv

additional HISQ ensembles generated @ LLNL

*

*
* New calculation 

*
*

*
*

*
*
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Extrapolations

Dimensionless parameters: 
lattice spacing, volume, pion mass

• ChiPT: EFT expanding around       = 0

• best hope for model-independent extrapolation

• not guaranteed to converge around       = 135 MeV

• Mild      ,a dependence

• Taylor expansion works well for extrapolation/interpolation 
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Slide adapted from A. Nicholson
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Extrapolations
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✏2a =
1

4⇡

a2

w2
0

m⇡L ✏⇡ =
m⇡

4⇡F⇡

gA = g0 + c2✏
2
⇡ � ✏2⇡

�
g0 + 2g30

�
ln
�
✏2⇡
�
+ g0c3✏

3
⇡

Slide adapted from A. Nicholson

�L =
8

3
"2⇡

⇥
g30F1(m⇡L) + g0F3(m⇡L)

⇤
+ f3"

3
⇡F1(m⇡L)

<latexit sha1_base64="x7flRdeZ5HJZlwwwplh4zDSl+qA="></latexit><latexit sha1_base64="x7flRdeZ5HJZlwwwplh4zDSl+qA="></latexit><latexit sha1_base64="x7flRdeZ5HJZlwwwplh4zDSl+qA="></latexit><latexit sha1_base64="x7flRdeZ5HJZlwwwplh4zDSl+qA="></latexit>

F1(x) =
X

n 6=0


K0(x|n|)�

K1(x|n|)
x|n|

�

<latexit sha1_base64="MFiEvxI2UJbwiogkFzBI2aHo5Wk="></latexit><latexit sha1_base64="MFiEvxI2UJbwiogkFzBI2aHo5Wk="></latexit><latexit sha1_base64="MFiEvxI2UJbwiogkFzBI2aHo5Wk="></latexit><latexit sha1_base64="MFiEvxI2UJbwiogkFzBI2aHo5Wk="></latexit>

F3(x) = �3

2

X

n 6=0

K1(x|n|)
x|n|

<latexit sha1_base64="pf1qcbfcVNHCFDHGSwb3XEWhUHc="></latexit><latexit sha1_base64="pf1qcbfcVNHCFDHGSwb3XEWhUHc="></latexit><latexit sha1_base64="pf1qcbfcVNHCFDHGSwb3XEWhUHc="></latexit><latexit sha1_base64="pf1qcbfcVNHCFDHGSwb3XEWhUHc="></latexit>

Beane and Savage 
Phys.Rev.D70 [hep-ph/0404131]

�a = a2"
2
a + b4"

2
a"

2
⇡ + a4"

4
a + [a1

p
4⇡"a + s2↵S↵

2
a]

<latexit sha1_base64="2FoVQuQD88eSZsCWP41f4iuqa6k="></latexit><latexit sha1_base64="2FoVQuQD88eSZsCWP41f4iuqa6k="></latexit><latexit sha1_base64="2FoVQuQD88eSZsCWP41f4iuqa6k="></latexit><latexit sha1_base64="2FoVQuQD88eSZsCWP41f4iuqa6k="></latexit>



Extrapolations
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Convergence
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0.00 0.05 0.10 0.15 0.20 0.25 0.30
✏⇡ = m⇡/(4⇡F⇡)

1.10

1.15

1.20

1.25

1.30

1.35

g A

NNLO �PT

LO
NLO

NNLO

0.00 0.05 0.10 0.15 0.20 0.25 0.30
✏⇡ = m⇡/(4⇡F⇡)

1.10

1.15

1.20

1.25

1.30

1.35

g A

NNLO+ct �PT

LO
NLO

NNLO
NNLO+ct

0.00 0.05 0.10 0.15 0.20 0.25 0.30
✏⇡ = m⇡/(4⇡F⇡)

1.10

1.15

1.20

1.25

1.30

1.35

g A

NLO Taylor ✏2
⇡

LO NLO

0.00 0.05 0.10 0.15 0.20 0.25 0.30
✏⇡ = m⇡/(4⇡F⇡)

1.10

1.15

1.20

1.25

1.30

1.35

g A

NLO Taylor ✏⇡

LO NLO

0.00 0.05 0.10 0.15 0.20 0.25 0.30
✏⇡ = m⇡/(4⇡F⇡)

1.10

1.15

1.20

1.25

1.30

1.35

g A

NNLO Taylor ✏2
⇡

LO
NLO

NNLO

0.00 0.05 0.10 0.15 0.20 0.25 0.30
✏⇡ = m⇡/(4⇡F⇡)

1.10

1.15

1.20

1.25

1.30

1.35

g A

NNLO Taylor ✏⇡

LO
NLO

NNLO



Continuum and FV Extrapolation
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Final result: gQCD
A = 1.2711(103)s(39)�(15)a(19)V (04)I(55)M
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chiral extrapolation 0.31%

a ! 0 0.12%

L ! 1 0.15%

isospin 0.03%
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total 0.99%
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convergence of  the chiral expansion…
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convergence of  the chiral expansion…
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can we trust extrapolation of  quantities  
with chiraly-enhanced behavior? 
if  the single nucleon is not converging, would you 
trust chiral extrapolations of  two or more nucleons?

m⇡ ⇠ 130 MeV
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Our Recent Lattice QCD Calculation arXiv:1704.01114

PDG 
gA = 1.2723(23)

All of our results (raw correlators, analysis results, LQCD code, etc.) 
will be made available with the publication  

Our result is statistics limited - paving the way for a determination of 
gA, approaching the experimental precision

gQCD
A = 1.2711(103)s(39)�(15)a(19)V (04)I(55)M
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there is a 4-sigma discrepancy: beam                             and 
bottle                            measurements of  the neutron 
lifetime, new physics (dark matter) or unknown systematic?

Neutron Lifetime…

⌧bottlen = 879.4(0.6)s
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1 + 3g2A
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Our Recent Lattice QCD Calculation arXiv:1704.01114

PDG 
gA = 1.2723(23)

The success of this result was enabled through a few features of the calculation: 
an improved strategy that can exploit exponentially more precise data at early 
time and has demonstrable control of excited state contributions  
an action with improved stochastic behavior, a very mild continuum 
extrapolation, highly suppressed chiral symmetry breaking 
access to a set of ensembles (MILC) that allowed for control over all standard 
lattice systematics (physical pion mass, continuum and infinite volume limits) 
ludicrously fast GPU code (NVIDIA)
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Our Recent Lattice QCD Calculation arXiv:1704.01114

PDG 
gA = 1.2723(23)

The method is readily extended to  
flavor changing currents 
non-zero momentum transfer 
multiple current insertions 
multi-nucleon systems
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Some Lattice QCD Details

For the experts:  
• Möbius DWF on HISQ: chiral symmetry in valence sector 
• Gradient flow method for smearing configs 

• mres < 0.1 ml  for moderate L5 

• Leading discretization errors:  
• HISQ O(αSa2), MDWF O(a mres), O(a2)

Phys. Rev. D96 (2017)
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Some Lattice QCD Details
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