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Motivation

Quarkonium spectral functions (SPFs)

— have all information about in-medium properties of quarkonia

Quarkonium dissociation temperature (Heavy quark diffusion coefficient A
— Important to understand quarkonium pY (w,0)
suppression D= lim Z ——
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Quarkonium correlation and spectral functions

Euclidian (imaginary time) meson correlation function

Gu(r,p) = f Bre PE( Jy (1, Z)J5(0,0))
:/0 %PH(WamK(WaT)

Ju(1,Z) = (1, ) Lgy(T, T) S (7, ) @ T (0,0)
cosh|w(T — 1/2T)]

Klw,m) = sinh(w /2T

p(w,p=0)w?  [T<T p(w,p=0)w? [T p(w,p=0)w?  [FEes

Ground state (Free case)

Zero mode/trans port peak (V, S, AV)

Zero mode/transport peak(V, S, AV)
Exited state /
JU A J o
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Heavy quark diffusion coefficient
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/07‘;? (w) : spatial component of vector spectral function

J

Zero mode/trans port peak (V, S, AV)

YN

- [XOO : Quark number susceptibility

poo(w) = 2mxoowd(w) =P Gy,

TXOO]

D is related to the slope of the
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This study

* Finite temperature lattice QCD simulations
— large and fine isotropic lattices (N, =192, a = 0.009 fm)
— N.=96,48 > T=0.75T,, 1.5T,
— quenched approximation (no dynamical quark)
— both charm and bottom valence quarks treated relativistically
— vector (V) channel

* Investigating quarkonium SPFs (and heavy quark diffusion)
— indirectly with reconstructed correlators
— directly by using both MEM and stochastic methods
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Estimation of the heavy quark diffusion coefficient

d
[Reconstructed correlator: GreC(T,T;T’):/2w (w T’)K(w,fr,T)]
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Estimation of the heavy quark diffusion coefficient

[Heavy quark diffusion coefficient

lFm Z pZ'L W, O

—0
\_ 6Xx00 w Y,

\ 4

H.-T. Ding et al., PRD 86 (2012) 014509

T wn T
V

Charm:forM=1—1.5 GeV
2nTD =~ 0.5—0.7 at 1.5T,

Bottom: for M =4—5 GeV
No solution at 1.5Tc¢
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Reconstruction of spectral functions

e Known to be anill-posed problem
— Simple x?-fitting does not work.

«  Maximum entropy method (MEM)
— Based on Bayes’ theorem
—  Prior knowledge (Default models) - Shannon-Jaynes entropy
— Analytically minimizing x? term + entropy term - a most likely solution

e Stochastic methods
— Also based on Bayes’ theorem
— Stochastically finding a free-energy minimum = a most likely solution
— Default models can be introduced
— Stochastic Analytical Inference (SAI)
— There is also a default-model-free method
— Stochastic Optimization Method (SOM)

There is also another type of Bayesian methods proposed recently.
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p(0)0?

Default model (DM) dependence of the charmonium SPF

at 0.75T,
Stochastic methods MEM
I L L L L L L L L L L L e e L L e e L L L I L B
[ l l l l SAl, Free ] s Free
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. Lt e SAl, Res3 + Free : Res3 + Free
08 L . : ' SOM i 08 |
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- dashed: DM b
02 solid: output 1 .
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o [GeV]
DM = Free, Res(1-3) + Free
Peak location: Res1 ~ J/W mass, Res2 > J/W mass, Res3 < J/W mass

Continuum part behaves differently between the stochastic methods and MEM.
Location of the first peak ~ J/W mass, small DM dependence
-> There is a stable bound state corresponding to J/W.
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DM dependence of the charmonium SPF at 1.5T_ (1)

_ Stochastic methods MEM

T
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DM = Trans + Free, Trans + Res(1-3) + Free (Trans is fixed)

The resonance peak is unstable and highly sensitive to DMs.
-> J/W seems to melt already T < 1.5T..
The transport peak is also sensitive to DMs.
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High w

Stochastlc methods

" sAl
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DM dependence of the charmonium SPF at 1.5T_(2)
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DM = Trans(21-24) + Free (width of the transport peak is fixed)
Trans21: 2nTD ~ 1, Trans22: 2itID ~ 2, Trans23: 2itID ~ 5, Trans24: 2itTD ~ 10

Both high and low frequency parts have small DM dependence.

- 2nTD~1—2
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DM dependence of the charmonium SPF at 1.5T_ (3)

Stochastic methods ~_ MEM
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DM = Trans(12-42) + Free (height of the transport peak is fixed)
Trans12: n/T~ 2, Trans22:n/T ~ 1, Trans32: n/T ~ 0.4, Trans42: n/T~ 0.2

High frequency part has small DM dependence.
Low frequency part is sensitive to DMs. - 2nTD ~ 1—7
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2n1D

DM dependence of the charm quark diffusion coefficient

at 1.5Tc

14 e e
[ DM + ’
| SAl —¢—

12:_ MEM —¥—

277D = 2x(T/M)(TM), M=1GeV - - - -

7 277D = 2x(T/M)(T/), M =2 GeV - -

10 | + o+ + p
I - Einstein relation

T

8 | -
; v =MD

Output 2nTD varies as DM n/T
changes.

Output n/T is almost the same to
DM n/T for MEM

It seems that D=n is always fixed.

T

dw  wn cosh(w(T —1/2T))
sinh(w/27)

G(1) = Ecwz—l—nz
x ¢
w<<T

1
D=—Iime
6xq w0 w? 4 n?

= ¢ x Dn

Both SAl and MEM can only determine the coefficient cor D=n

-> The diffusion coefficient cannot be determined unless n/T is fixed.

2nTD = 1.16(4) T/n + 0.40(2) for SAI
2nTD = 1.33(4) T/n + 0.42(2) for MEM

The Einstein relation suggests 2nTD < 6.

H. Ohno
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2ntTD ~ 1.6—6.2 for SAI
2D ~ 1.8— 7.0 for MEM
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Comparison with recent lattice results

* Perturbative estimate * Strong coupling limit
2nDT =71.2in LO 2nDT = 1
Moore and Teaney, PRD 71 (2005) 064904 Kovtun, Son and Starinets, JHEP 0310 (2004) 064

2niDT = 8.4 in NLO
Caron-Hout and Moore, PRL 100 (2008) 052301

* Almost the same setup (quenched QCD, smaller spatial volume N, = 128,
different quark mass tuning, using MEM) 1 7 Ding et al, PRD 86 (2012) 014509
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Consistent with our results.
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Comparison with recent lattice results (cont’d)

Heavy quark effective theory, continuum limit,
using perturbatively constrained fits

A. Francis, O. Kaczmarek, M. Laine, T. Neuhaus
and HO, PRD 92 (2015) no.11, 116003

Color-electric correlator

Heavy quark momentum diffusion coeff.
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Summary & outlook

* We investigated vector charmonium and bottomonium SPFs on very
large and fine quenched lattices in both indirect and direct ways.

* Charmonium SPFs for the vector channel at 0.75T_ and 1.5T_were
reconstructed with both MEM and stochastic methods.

— Both MEM and the stochastic methods gave almost DM-independent stable SPFs
having a clear J/W peak at 0.75T..

— Most of the results may suggest that J/W might melt already T< 1.5T,

— So far we observed a relation between 2n7D and T/n, which gives a range
1<S2nTD<S7forl S T/n<S5.

* More studies on SPF reconstruction are needed.
— further checks of the DM-dependence and other systematic uncertainties
— analysis of the temperature and quark mass dependence as well as other channels
— continuum extrapolation

H. Ohno
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A preliminary study on continuum extrapolation of V
quarkonium correlators

H.-T. Ding, O. Kaczmarek, A.-L. Kruse, HO, H. Sandmeyer,
arXiv:1710.08858 [hep-lat]
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T 5o jli P 15T % L LT
s o Y 2.25T. ~ 100 - v 2.25T,
t: - 1 = [fml I - 1 i::l - | T “m] | |
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Temperature dependence for bottom is smaller than charm.

Future plan = reconstructing spectral functions
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A recent study on continuum extrapolation of PS
quarkonium correlators

Cha rm Bottom Y. Burnier, H.-T. Ding, O Kaczmarek, A.-L. Kruse, M. Laine,
HO, H. Sandmeyer, arXiv:1709.07612 [hep-lat]
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= No resonance peak needed for charm.

A resonance peak may be well present
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Reconstructed correlator

Cree(7, T T') = / deop(e, T')K (w, 7, T)
()

G(r,T) [y ddp(w, T\K(w,7,T)
Greo(T, T;T") [y dwp(w, T")K (w, 7,T)
different ~ same

if the spectral function doesn’t change at each temperature
S. Datta et al., PRD 69 (2004) 094507

equals to unity at all T

C N —N, .+t A
coshjw(r — N-/2)] 7 Z coshlw(7’" — N /2)]
sinh|wN, /2] P - sinh(wN” /2]
T =1/(N;a) N! = mN; m=1,213, -
N —N.+7
Gree(r, T:T) = ) G, T)
T'=T;AT'=N,
\_ H.-T. Ding et al., PRD 86 (2012) 014509/
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Stochastic method: basic idea

For given QA (fictitious temperature, regularization parameter),
1. generate SPFs stochastically

A

A(w)

MV

—

A

A(w)

P :min{l,e_xg/zaﬂ

2. average over all possible spectra

A(w)
“‘ A(w)

H. Ohno
HF Workshop 2017
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%/DA A(w)eX /2e
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>
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(T)Crm AG(T)

C;},: covariance matrix

[ dw AR,

AG(T) =G(T) —
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Stochastic method: basis

O functions
Alw) = Z rid(w — a;)

i

>

Alw)

 Update schemes

(a) Shift
A A(w)
nd I
>

e (Constraint

Z r, = C_;(To)

{

(b) Change residues

A(w)

T

w
>

Alw) = Z hi R(w, a;, w;)

R
Hmw,

Boxes A A(w)

1 (ai—%gwgaiJr&)

(w,as,w;) = {0 (otherwise) 2 ._l
‘ (0))

e Update schemes

(a) Shift (b) Change width (c) Change heights

A A(w) A A(w) . A Aw)
A | Y | oo 5
- —>

e Constraint

Z h,?;’w?; == é(’!‘o)

Update schemes which change the number of the basis are also possible.

H. Ohno
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Stochastic method: default model

v =) = - / " /D) |60 = [ do AW, 7

D(w) : Default model (prior information) = f dz n(x)K (6~ (z),7)
1 © 3 a(e) = AT (@)
_ 4: D(¢p=1(x))
D(w) E G (7o) — ] e i) = 0
——F (A@)e = (6D

H. Ohno
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Stochastic method: comparison with MEM(1)

Maximum entropy method (MEM)

FEXQ/Q—CES Sz—/de(w)ln(

A(w

D(w)

)

) : entropy

Minimizing F
OF
0A

A=A

=0 =) A(w):the most likely solution

StOChaSt|C method K.S.D. Beach, arXiv:cond-mat/0403055
1
Hln)=x*= /dm e(x)n(x) + = /dmdyV(m,y)n(x)n(y) . Hamiltonian

2

Mean filed treatment

(n(z) — n(z))(n(y) — n(y))

e
o

0 I:I} A(w)

((w))D(w)

H. Ohno
HF Workshop 2017

Quarkonium spectral functions on the lattice

24



Stochastic method: comparison with MEM(1)

Maximum entropy method (MEM)

F = X2/2 —aS Sz—/de(w)ln(gEZ))):entropy
Minimizing F
OF

5 =0 ) A(w):the most likely solution

A=A

at/0403055
Equivalent!
)n(x)n(y) : Hamiltonian

StOChaSt|C method K.S.D. Beach, arXiv:c
H[n] = X2 _ /da: e(x)n(x) + % /da:'dy

Mean filed treatment

(n(x) — 7(z))(n(y) — 2(y)) = 0 =) A(w) = (¢(w))D(w)

H. Ohno
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Stochastic method:

S. Fuchs et al., PRE81, 056701 (2010)

MEM P|[G|A]P[A
P[A|G] = [IL[é][ |

* Prior probability
P[A] x exp(asS)

e Likelihood function
P[G|A] x exp (—x?/2)

e Posterior probability

comparison with MEM(2)

Stochastic method
C_?|n]_P[n]
PG|
* Prior probability
Plnl x 0(uls ([ dx n(e) ~ G )

* Likelihood function
P[G|n] x exp (—x*/20)

Pl = 2.

* Posterior probability

P[A|é] 0.¢ €—F P[n|G] = ©[n]6 (/ dx n(x) — G(T())) eX /20
- : OF _
I:> max P[A|G]| +> min F' < A 0 I:> (n(z))a = /Dn n(x)P[n|G]
H. Ohno Quarkonium spectral functions on the lattice 26
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Stochastic method: eliminating a

1Pla|G]

a
>
. Ing
Ina’
H. Ohno

HF Workshop 2017

(a) By using the posterior probability P[a|G]
Pla|G] x Pla] /DA X120 plal Z 1. 1/
Choosing a at the peak location of P[a|G] or

TRINE VIS ((4w)) = [ dar (A(w)aPlald]

(b) By using the log-log plot of a vs <x?>

Flat region at large a: default model dominant
Crossover region: both y?-fitting and the default model are important
Flat region at small a: x?-fitting dominant, overfitting

Choosing a at the kink of In<yx?>

K.S.D. Beach, arXiv:cond-mat/0403055
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Stochastic method : summary

MEM Stochastic methods
* Most likely solution * Most likely solution o =oneius( [ wate) - 6(m)
mas PJA|G] 5 min B < o OF _ o || Stochastically evaluate »

5A i %/ _ Al¢™ (2))
where (n(z))a = | D'nn(x)e for n(x) = D(6-1())

PlA|Gl x e ¥ F=x?/2—aS
[ ’ ] SAI (Stochastic Analytical Inference) SOM(Stochastic Optimization Method)

* Prior information
g _/dw A(w)In (#) * Prior information : e Prior information
(w) 5e) = _/ 4/ D) None (z = w)
N J- dose not rely on DM!

i —
* Eliminating a
P[a|G] x Pla /DA e~ FlAl * Basis * Basis
where 6 functions Boxes
Pla] =1, 1/a * Eliminating a * Eliminating a
— P[n|G] P[a]f@’n —¥*Inl/2a © Choosing o
— g _: at a critical point of <x*>
(4(0) = [ datol)PlolG mp (n(2)) = [ dafn())aPlnl HIETFEIE B2
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Default models

* Free SPF

N, , w
plw) = 73 zk:bmh (ﬁ)

3 .
b(l) o b(Z) ZiZI Sln2 kz

§(w — 2Ek(m))

sinh? Ey, (m) (1 4+ Mg (m))? cosh? E}, (m)
K2 + Mz (m)
sh =1 k k
CcOS kgm) + 20 T My (m))
Kr = Z% sin k;
* Aresonance peak i=1 3
Mp(m) = Z(l —cosk;) +m
() I'M w? ]
P\ = T A r22 272
(w M?)? + M2T2 bl) =3 b2 =1 for the V channel
* Atransport peak
__wn
p(W) o wg ‘|‘772
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