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Effective action setup

• Construction of the Gauge-invariant action for the gluon-reggeon interactions local in

rapidity interval (y0 − η, y0 + η) similar to the Gribov’s RFT for the calculation of the

production amplitude in the multi-Regge kinematics.

L. N. Lipatov, Nucl. Phys. B 452, 369 (1995); Phys. Rept. 286, (1997) 131.

Seff = −

∫

d4 x

(

1

4
Ga

µν Gµν
a + tr

[

(A+(v+) − A+ ) j+reg + (A−(v−) − A− ) j−reg
]

)

A±(v±) =
1

g
∂± O(x±, v±) = v± O(x±, v±) ,

j±reg a =
1

C(R)
∂2
i A±

a , ∂− A+ = ∂+ A− = 0 ,

where C(R) is the eigenvalue of Casimir operator in the representation R, C(R) = N in

the case of adjoint representation
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Effective action: diagrammatic approach

• In simplest case:

Ox = P e
g
∫
x
+

−∞
dx

′+ v+(x
′+)

, OT
x = P e

g
∫
∞

x+ dx
′+ v+(x

′+)
.

are usual ordered exponentials;
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• correspondingly there are new gluon-reggeon vertices in the action which can be used

for the diagrammatic construction of the amplitudes with gluon and reggeon fields

involved.
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• In simplest case:

Ox = P e
g
∫
x
+

−∞
dx

′+ v+(x
′+)

, OT
x = P e

g
∫
∞

x+ dx
′+ v+(x

′+)
.

are usual ordered exponentials;

• correspondingly there are new gluon-reggeon vertices in the action which can be used

for the diagrammatic construction of the amplitudes with gluon and reggeon fields

involved.

• Publications:

L. N. Lipatov, Nucl. Phys. Proc. Suppl. 99A, 175 (2001); M. A. Braun and M. I. Vyazovsky, Eur.

Phys. J. C 51, 103 (2007); M. A. Braun, L. N. Lipatov, M. Y. Salykin and M. I. Vyazovsky, Eur.

Phys. J. C 71, 1639 (2011); M. Hentschinski and A. Sabio Vera, Phys. Rev. D 85, 056006

(2012); G. Chachamis, M. Hentschinski, J. D. Madrigal Martnez and A. Sabio Vera and etc.
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Effective action approach

• Another form of the action:

Seff = −

∫

d4 x

(

1

4
Fa
µν Fµν

a + tr
[

v+ J+(v+) − A+ j+reg + v− J− (v−) − A− j−reg
]

)

,

J±
a (v±) =

1

C(R)
O(x±, v±) ∂2

i A±
a
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Effective action approach

• Another form of the action:

Seff = −

∫

d4 x

(

1

4
Fa
µν Fµν

a + tr
[

v+ J+(v+) − A+ j+reg + v− J− (v−) − A− j−reg
]

)

,

J±
a (v±) =

1

C(R)
O(x±, v±) ∂2

i A±
a

• How we can interpret the action? Consider, for example, the transition amplitude of two

t-channel ”gluons” A−, A+ in the finite (small) interval of rapidity:

M−+ ∝

(

A−
~∂ 2
⊥

)

G(vcl)
(

←−

∂ 2
⊥ A+

)

,

where, correspondingly, there are the following boundary conditions to LO precision for

the interacting classical gluon fields:

v+ cl(y0 + η) = A+ , v− cl(y0 − η) = A−
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Effective action approach

• We consider the Lipatov’s effective action as gauge invariant non-linear action which

describes interaction of the gluons with Reggeons (new degrees of freedom).
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Effective action approach

• We consider the Lipatov’s effective action as gauge invariant non-linear action which

describes interaction of the gluons with Reggeons (new degrees of freedom).

• How we can independently find the form of J±
a (v±) currents? We assume for this current

that under a variation on the gluon fields these currents reproduce the Lipatov’s induced

currents

δ
(

v± J±(v±)
)

= (δ v±) jind
∓ (v±) = (δ v±) j±(v±)

which posseses a covariant conservation property:

(

D± jind
∓ (v±)

)a
=
(

D± j±(v±)
)a

= 0
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• We consider the Lipatov’s effective action as gauge invariant non-linear action which

describes interaction of the gluons with Reggeons (new degrees of freedom).

• How we can independently find the form of J±
a (v±) currents? We assume for this current

that under a variation on the gluon fields these currents reproduce the Lipatov’s induced

currents

δ
(

v± J±(v±)
)

= (δ v±) jind
∓ (v±) = (δ v±) j±(v±)

which posseses a covariant conservation property:

(

D± jind
∓ (v±)

)a
=
(

D± j±(v±)
)a

= 0

• In fact, it is enough for the determination of J±
a (v±) currents’s form.

Classical field – p. 6



Effective action approach: LO equations of motion

• We look the classical solutons in the form of the following ”perturbative” ansatz

(light-cone gauge v− = 0):

v⊥ = Λ[g A+] + gΛ1[g A+] + · · · , v+ = A+ + gΦ[g A+, v⊥] + · · · , ∂− A+ = 0
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• Equations of motion:

∂ i ∂
i v a+ = − ∂2

i Aa+ , va+ = Aa+ ,
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i = Ubc (v+) ρc i

(

x−, x⊥

)

, D+ U (v+) = 0
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(light-cone gauge v− = 0):

v⊥ = Λ[g A+] + gΛ1[g A+] + · · · , v+ = A+ + gΦ[g A+, v⊥] + · · · , ∂− A+ = 0

• Equations of motion:

∂ i ∂
i v a+ = − ∂2

i Aa+ , va+ = Aa+ ,

and

(D+ (∂−vi) )a = 0 , v b
i = Ubc (v+) ρc i

(

x−, x⊥

)

, D+ U (v+) = 0

• Self-consistency condition, induced current and definition of the ρc i

(

x−, x⊥

)

function

(third equation):

− ∂i ∂− v i
a = j+a , j+a = −U ab (v+) ∂i ∂− ρia

similarly to CGC approach.
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Effective action approach: current’s form

• So, what is Uab operator? From Lipatov’s effective action we have:

δ
(

v+ J+
)

= δ tr[
(

v+x Ox ∂2
i A+

)

] = − δva+ tr[Ta OTb O
T ]
(

∂2
i A

+
b

)

that in the case of adjoint representation gives:

δ
(

v+ J+
)

=
1

N

(

δva
+

)

tr [ fa O fb O
T ]
(

∂2
i A+

b

)

=
1

N

(

δva
+

)

Ua b
(

∂2
i A+

b

)

that provides

Ua b = tr [ fa O fb O
T ]

and

∂i ∂− ρia = −
1

N
∂2
⊥ A+

a , ρia =
1

N
∂−1
−

(

∂i Aa
−

)

,

(connection with CGC approach).
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Effective action approach: RFT calculus

• Bare Regge Field Theory (RFT) calculus: inserting classical solutions in the effective action

Seff (A+, A−) = Γ = −

∫

d4 x ( s1[g, A+, A−] + g s2[g, A+, A−] + · · · )

we obtain effective action in terms of Reggeon fields A+ and A−, this action can be

considered as generating function of the Reggeon interactions vertices:

Γ =
∑

n,m=0

(

Aa1

+ · · · A
an

+ Ka1 ··· an

b1 ··· bm
Ab1

− · · · A
bm
−

)
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Effective action approach: RFT calculus

• Bare Regge Field Theory (RFT) calculus: inserting classical solutions in the effective action

Seff (A+, A−) = Γ = −

∫

d4 x ( s1[g, A+, A−] + g s2[g, A+, A−] + · · · )

we obtain effective action in terms of Reggeon fields A+ and A−, this action can be

considered as generating function of the Reggeon interactions vertices:

Γ =
∑

n,m=0

(

Aa1

+ · · · A
an

+ Ka1 ··· an

b1 ··· bm
Ab1

− · · · A
bm
−

)

• This effective action consists a lot of parts of new Reggeon-Reggeon vertices. But, in

general, the LO precision is not enough. The non-trivial results are revealed after the

one-loop corrections calculation.
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Effective action approach: one loop expression

• We define:

vai → vai cl + εai , va+ → va+ cl + εa+

and expand the light-cone Lagrangian

L = −
1

4
Fa
ij F

a
ij + Fa

i+ Fa
i− +

1

2
Fa
+− Fa

+−

around the non-trivial classical solutions.
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Effective action approach: one loop expression

• We define:

vai → vai cl + εai , va+ → va+ cl + εa+

and expand the light-cone Lagrangian

L = −
1

4
Fa
ij F

a
ij + Fa

i+ Fa
i− +

1

2
Fa
+− Fa

+−

around the non-trivial classical solutions.

• Effective current expansion:

va+ J+
a (v+) = −va cl

+ Oab(vcl+)
(

∂i ∂− ρib
)

−

1

2

(

δ Ub a(v+)

δvc+

)xy

v+=vcl

+

(

∂i ∂−ρia
)

x
εb+ xε

c
+ y + . . .

where

Ua b
x (v+) = Ua b

x (vcl+0) + g
(

Ua b
1 (vcl+0)

)c

xy
εc+ y +

1

2
g2
(

Ua b
2 (vcl+0)

)c d

xyz
εc+ y εd+ z + . . .
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Effective action approach: one loop expression

• where
(

Ua b
1

)c

xy
= tr[ fa G+

xy fc Oy fb O
T
x ] + tr[ fc G

+
yx fa Ox fb O

T
y ]

and

(

Ua b
2

)c d

xyz
= tr[ fa G+

xy fc G
+
yz fd Oz fb O

T
x ] + tr[ fa G+

xz fd G+
zy fc Oy fb O

T
x ] +

+ tr[ fd G+
zx fa G+

xy fc Oy fb O
T
z ] + tr[ fc G

+
yx fa G+

xz fd Oz fb O
T
y ] +

+ tr[ fd G+
zy fc G

+
yx fa Ox fb O

T
z ] + tr[ fc G

+
yz fd G+

zx fa Ox fb O
T
y ]

with

Ox = δa b + g

∫

d4y G+ a a1
xy (v+(y))a1 b = 1 + g G+

xy v+y

and Green’s functions of D+ operators

G+
xy = G+0

xy + g G+0
xz v+z G

+
zy

where

∂+x G+0
xy = δx y , G+0

yx

←−

∂ +x = −δx y
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Effective action approach: one loop expression

• Final expression for the one loop effective action:

Γ =

∫

d4x
(

LY M (vcli , vcl+)− va+ cl J
+
a (vcl+)−Aa

+

(

∂2
i Aa

−

)

)

+
ı

2
ln
(

1 + G(vcl)M(vcl)
)

which is functional of the reggeized gluon fields only.
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Effective action approach: one loop expression

• Final expression for the one loop effective action:

Γ =

∫

d4x
(

LY M (vcli , vcl+)− va+ cl J
+
a (vcl+)−Aa

+

(

∂2
i Aa

−

)

)

+
ı

2
ln
(

1 + G(vcl)M(vcl)
)

which is functional of the reggeized gluon fields only.

• The interaction of reggeized gluons A+ and A− is defined as effective vertex of

interactions of reggeon fields in teh action:

(

Ka b
x y

)+−
= Ka b

x y =

(

δ2 Γ

δAa
+ x δAb

− y

)

A+, A− =0

,

we can call this vertex as interaction kernel as well. There are also other kernels, related

to < A+ A+ > and < A− A− > propagators, in the leading order the contributions to

these kernels are zero:
(

Ka b
xy

)++

0
=
(

Ka b
x y

)−−

0
= 0
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Effective action approach: interactions kernels

• The contributions to this kernel are provided by the different terms in the action which are

linear with respect to A+, A− fields. For example, the variation of a logarithms gives:

−2ıKa b
x y =

(

δ2 ln (1 +GM )

δAa
+ x δAb

− y

)

A+, A− =0

=

=

[(

δ2 G

δAa
+ xδA

b
− y

M +
δ G

δAa
+ x

δM

δAb
− y

+
δ G

δAb
− y

δM

δAa
+ x

+G
δ2 M

δAa
+ xδA

b
− y

)

(1 +GM)−1
−

−

(

δ G

δAb
− y

M +G
δM

δAb
− y

)

(1 +GM)−1

(

δ G

δAa
+ x

M +G
δM

δAa
+ x

)

(1 +GM)−1

]

A=0

Classical field – p. 13



Effective action approach: interactions kernels

• The contributions to this kernel are provided by the different terms in the action which are

linear with respect to A+, A− fields. For example, the variation of a logarithms gives:

−2ıKa b
x y =

(

δ2 ln (1 +GM )

δAa
+ x δAb

− y

)

A+, A− =0

=

=

[(

δ2 G

δAa
+ xδA

b
− y

M +
δ G

δAa
+ x

δM

δAb
− y

+
δ G

δAb
− y

δM

δAa
+ x

+G
δ2 M

δAa
+ xδA

b
− y

)

(1 +GM)−1
−

−

(

δ G

δAb
− y

M +G
δM

δAb
− y

)

(1 +GM)−1

(

δ G

δAa
+ x

M +G
δM

δAa
+ x

)

(1 +GM)−1

]

A=0

• Leading order contribution:

Ka b
xy 0 = − δa b δx y ∂2

i x = δa b δx y

(

∂i ∂
i
)

x
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Effective action approach: propagator

• For the kernel

Kbd
zw =

∑

k=0

Kbd
zw k

the propagator is defined as

∫

d4z
(

Kab
xz

)−+ (

Dbc
zy

)

+−
= δac δxy

or

(

Dac
xy

)

+−
=
(

Dac
xy

)

0+−
−

∫

d4z

∫

d4w
(

Dab
xz

)

0+−

(

(

Kbd
zw

)−+
−

(

Kbd
zw

)−+

0

)

(

Ddc
wy

)

+−

where
∫

d4z Kab
xz 0 D

bc
zy 0 = δac δxy
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Effective action approach: propagator

• The NLO kernel (well known of course):

−2 ıKa b
x y 1 =

ı g2 N

4π
∂2
i x

(

∫

dp−

p−

∫

d2p⊥

(2π)2

∫

d2k⊥

(2π)2
k2⊥

p2⊥ ( p⊥ − k⊥ )2
e−ı ki (xi − yi)

)

provides the reggeized gluons propagator equation after the Fourier transfrom:

D̃ab(p⊥, p−) =
δab

p2⊥
−

g2 N

32π3

∫

dk
′

−

k
′

−

∫

d2k⊥
p2⊥

k2⊥ ( p⊥ − k⊥ )2
D̃ab(p⊥, k

′

−) ,

here we used

Dab
0 (x, y) = δab

∫

d4p

(2π)4
e−ı p (x− y)

p2⊥
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Effective action approach: propagator

• Introduce rapidity variable y = 1
2
ln (Λ k−), take into account the physical cut-off of the

rapidity related with particles cluster size η, integrate on k− variable:

D̃ab(p⊥, η) =
δab

p2⊥
−

g2 N

16π3

∫ η

0
dη

′

∫

d2k⊥
p2⊥

k2⊥ ( p⊥ − k⊥ )2
D̃ab(p⊥, η

′

)

with

ǫ(p2⊥) = −
αs N

4π2

∫

d2k⊥
p2⊥

k2⊥ ( p⊥ − k⊥ )2

as intercept of the propagator of reggeized gluons. Rewriting this equation as the

differential one:

∂ D̃ab(p⊥, η)

∂ η
= D̃ab(p⊥, η) ǫ(p2⊥)

we obtain the final expression for the propagator:

D̃ab(p⊥, Y ) =
δab

p2⊥

(

s

s0

)ǫ(p2
⊥
)

with some rapidity interval 0 < η < Y = ln(s/s0) of the problem of interest introduced.
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Conclusion:

• Lipatov’s effective action provides systematical calculations of unitarity corrections to the

scattering amplitudes at high energy in the framework of the regular QFT methods;
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Conclusion:

• Lipatov’s effective action provides systematical calculations of unitarity corrections to the

scattering amplitudes at high energy in the framework of the regular QFT methods;

• The perturbation theory is based on the knowledge of the classical solutions of equations

of motion (see next talk) and loops contributions to the effective action;

• Additional source of the corrections are the Regge Field Theory (RFT) loop’s

contributions. Lipatov’s effective action can be considered as QCD variant of RFT and

provides the base for these RFT calculations;

• Formulated as RFT, the Lipatov’s effective action provides self-consistent approach for

the calculations of the complex vertices (kernels) of Reggeon-Reggeon interactions and

correspondingly corrections to the reggeized gluons propagator or any other

correlations functions of interests;

• The calculations of the productions amplitudes in the quasi-multi-Regge kinematics can

be done in the Lipatov’s effective action frameworks as well, similarly to the done (work in

progress);

• There are theoretical questions related to the form of the Lipatov’s action (possible

corrections to it), integrability properties and etc.
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• I am thankful to the organizers for the invitation to this conference. Special thanks to

J.Bartels for his hospitality in Hamburg where this project was initiated.
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