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m Reminder: rapidity factorization and evolution of color dipoles

m Definitions of small-x and “moderate-x” gluon TMDs

m Method of calculation: shock-wave approach + light-cone expansion.
m One loop: real corrections and virtual corrections.

m One-loop evolution of gluon TMD

m DGLAP, Sudakov and BK limits of TMD evolution equation

m Gluon TMDs in particle production

m Conclusions and outlook
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DIS at high energy: Wilson lines and color dipoles

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix element of
a two-Wilson-line operator (color dipole):
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DIS at high energy: Wilson lines and color dipoles

m At high energies, particles move along straight lines =
the amplitude of v*A — ~*A scattering reduces to the matrix element of
a two-Wilson-line operator (color dipole):
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(o)
dun"A,(un+x) Wilson line
o0

U(x,) = Pexp {ig/

Formally, = means the operator expansion in Wilson lines
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Rapidity factorization: OPE in Wilson lines

- = i L

7 - rapidity factorization scale

Rapidity Y > n - coefficient function (“impact factor”)
Rapidity Y < n - matrix elements of (light-like) Wilson lines with rapidity
divergence cut by n

oo d*k .
Uz = Pexplig / AT (x|, AL = / —70(e" — al)e ™A, (k)

— 00
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Spectator frame: propagation in the shock-wave background.

- /\/I\/
Boosted Field

Each path is weighted with the gauge factor Pe’s / A" Quarks and gluons
do not have time to deviate in the transverse space = we can replace the
gauge factor along the actual path with the one along the straight-line path.

Wilson Line

[ x — z: free propagation] x
[U%(z,) - instantaneous interaction with the 1 < 7, shock wave]x
[ z — y: free propagation |
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Reminder: evolution of color dipoles at small x

|
To get the evolution equation for color dipoles, consider the dipole with the
rapidies up to 7; and integrate over the gluons with rapidities n; > n > ;.
This integral gives the kernel of the evolution equation (multiplied by the
dipole(s) with rapidities up to 7).

as(nl - 7]2)Kevol &
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Rapidity evolution of color dipoles in the leading order

d_ . - .
d—nTr{UnyT} = KioTr{U,Uf} + ... =

d PN A
% <TI'{ Ux U; }>shockwave - <KLOTr{ Ux U; }>shockwave

UL = Tr{iULUS} = (UUN)™ — (UUD)™ + ag(m — ) (UUSUUT™

= Evolution equation is non-linear
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Non linear evolution equation

) = 1 - 3 TH{U) 0 00)

BK equation

U(x.2) + Uz, y) —Ulxy) — U U () }

I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)
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Non-linear evolution equation

) = 1= 3 TH{0) 01 00)

BK equation

U(x.2) + Uz, y) —Ulxy) — U 20 (@) }

I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)

LLA for DIS in pQCD = BFKL (LLA: oy < 1, a5m ~ 1)
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Non-linear evolution equation

) = 1= 3 TH{U) 01 00)

BK equation

U(x,2) + Uz, y) —Ulxy) — U U () }

I. B. (1996), Yu. Kovchegov (1999)
Alternative approach: JIMWLK (1997-2000)

LLA for DIS in pQCD = BFKL (LLA: oy < 1, a5m ~ 1)

LLA for DIS in sQCD = BK egn (LLA: oy < 1, a4 ~ 1, a,A'/3 ~ 1)

NLO kernels for BK (and JIMWLK) are now known.
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Guon TMD at low x;

At small x - Weizsacker-Williams unintegrated gluon distribution
> wplUd' U (21)|X) (X|UBUT(0.1)}p)
X

Rapidity factorization: each gluon has rapidity < In x3.
Rewrite (later n = p))

— a§
0Dn.21) =~ / I FE e+ ) (O
Fé(zL +un) = [oon—i—zbun—i—zj_]“mn“FZ‘g(un—i—zJ_)
Fé(zy +un) = n"Fje(un +z3)[un + z,, 0on 4z, ]™

and define the “WW unintegrated gluon distribution”

D(xp, k1) /dzzL e *ALD(xg,z1) xgs > kL > Adep

NB: a,D(xp,z, ) is renorm-invariant.
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Gluon TMD at moderate xp

D(XB,/Q,TI) = /dzzl eii(k’Z)L,D(xB’ZLan)a

asD(xp,21,7)
—1
_ —Xp O —ixgu(pn) 7-a ag
e faue 50172 ) (SO

There are more involved definitions with the above TMD multiplied by some
Wilson-line factors but we will discuss the “primordial” TMD.
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Gluon TMD at moderate xp

D(XB,/Q,TI) = /dzzl eii(k’Z)L,D(xB’ZLan)a

asD ()CB, 21, 77)

—1
—Xg oy

- 27r<p~n>/ du e D AR e+ umlX) (XIF0) )

There are more involved definitions with the above TMD multiplied by some
Wilson-line factors but we will discuss the “primordial” TMD.

Now xp is introduced explicitly in the definition of gluon TMD.

However, because light-like Wilson lines exhibit rapidity divergencies, we
need a separate cutoff n (not necessarily equal to In xp) for the rapidity of the
gluons emitted by Wilson lines.
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Gluon TMD at moderate xp

D(XB,/Q,TI) = /dzzl eii(k’Z)L,D(xB’Zlan)a

asD (XB, 21, 77)

—1
—Xg oy

= o e DI e+ ) X))

There are more involved definitions with the above TMD multiplied by some
Wilson-line factors but we will discuss the “primordial” TMD.

Now xp is introduced explicitly in the definition of gluon TMD.

However, because light-like Wilson lines exhibit rapidity divergencies, we
need a separate cutoff n (not necessarily equal to In xp) for the rapidity of the
gluons emitted by Wilson lines.

The above TMD can have double-logarithmic contributions of the type
(ayn Inxp)™ while the WW distribution has only single-log terms («; In7)"
described by the BK evolution.
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Some definitions

Sudakov variables:

k = ap1+ Ppr+ ki

Dimensionless light-cone coordinates

— "wo_ S _ wo_ N
Xy = XuPpy = §X+, Xo = Xupy = EX,

Gluon operators
Fi'(ky,xp)
Fi'(z1,x8)
and similarly
F (ko xp)

Fi(z1,xB)

(xg = xp for DIS and —x3

for annihilation)

1
z

/dZZL efi(k’zhfia(szs),

%/dz* eixzzz*
N

/dZZJ_ 03 Fi(z) xp),

2 .
) o ORI

(00, 2uJ" Fei(zer 21)
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Some definitions

Sudakov variables:
k = ap1+ Bp, +ko

Dimensionless light-cone coordinates

— "wo_ S _ wo_ N
Xy = XupPH = §X+, Xo = Xupy = EX,

Gluon operators (xg = xp for DIS and —x = 1 for annihilation)
Fi(ky,xg) = /dZZL efi(k’zn]:,-a(u,xs),
2 .
Frlesom) = 2 [den oo, R )
and similarly
Frlkwon) = [z @9 Frlas ),
a _ 2 —iXpZ« M ma
]:i (ZL,XB) = E dz. e Foi(z*7ZL)[Z*7OO]z

In this talk we study gluon TMDs with Wilson lines stretching to +oo (like in SIDIS).
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Double fun. interval for cross sections

(p|F{ (K xp) F k1, x)|p) = Z(PIF” K, xp) [X) (X F (k 1, xp) |p)
= —270(xg — xp) (27)26@ (k. — K )2mxD(xp = xp, k1, 1)
Short-hand notation

(101..0,01..0,0p) = S (pIT{01...0,}|X) (X|T{O;...0,}|p)

This matrix element can be represented by a double functional integral
(0,...0,,0,...0,)
- /DADJ;D@ e—"SQCD@»@/DAD@Dz/; eSO 0.0,

The boundary condition A(¥,7 = oo) = A(X, 1 = co) (and similarly for quark
fields) reflects the sum over all intermediate states X.
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Gauge invariance

=

Due to the boundary condition A(X, 7 = co) = A(X, 1 = o) the matrix element
(F(L x) [ + oopr, 21 + oopa] F (21, xp))
= / DADYD) e~ Seco(A) / DADGDy) &S0 A:¥)
FHZL,xp)[2) + oopi,zu + oopi ] F¥ (21, x)

is gauge invariant

However, the gauge link [z/, 4+ copi,z1 + oop;] does not contribute at least at
the one-loop level ( .5 and self-energy diagrams vanish)
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Rapidity evolution: one loop

We study evolution of " (x1,x8)F;" (v, x) with respect to rapidity cutoff n

4
ALk = / %W — lanl)e A, (k)

Matrix element of F¢(k', , xj;) F¥ (k. ,xz) at one-loop accuracy:
diagrams in the “external field” of gluons with rapidity < 7.

Figure : Typical diagrams for one-loop contributions to the evolution of gluon
TMD.
(Fields A to the left of the cut and A to the right.)
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Shock-wave formalism and transverse momenta

a> aand k; ~ k; = shock-wave external field

ki

Characteristic longitudinal scale of fast fields: x. ~ % Brtl o x, v
£

as k

2
Characteristic longitudinal scale of slow fields: x, ~ %, B~ % = X~ 3
L

If @ > aand &2 <k = x> x.
= Diagrams in the shock-wave background at k; ~ k.
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Problem: different transverse momenta

a> aand ky > k; = the external field may be wide

k.

Characteristic longitudinal scale of fast fields: x, ~ % B~ % = X~ 5
€L

2
Characteristic longitudinal scale of slow fields: x, ~ é, B~ %s = X~ g
L
If « > o and k4 > k% = x, ~ x. = shock-wave approximation is invalid
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Problem: different transverse momenta

a> aand ky > k; = the external field may be wide

k1
Characteristic longitudinal scale of fast fields: x, ~ % B~ % = X~ %
2
Characteristic longitudinal scale of slow fields: x, ~ é, B~ %s = X~ g
L
If « > o and k4 > k% = x, ~ x. = shock-wave approximation is invalid
Fortunately, at k% >> k% we can use another approximation

= Light-cone expansion of propagators at k; >k,
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Method of calculation

We calculate one-loop diagrams in the fast-field background

in following way:
if k, ~ k, = propagators in the shock-wave background
if k; > k, = light-cone expansion of propagators

We compute one-loop diagrams in these two cases and write down
“interpolating” formulas correct both at k; ~ k; and k. >k,
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One-loop corrections in the shock-wave background

(@) (b)

Figure : Typical diagrams for one-loop evolution kernel. The shaded area
denotes shock wave of background fast fields.
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Shock-wave calculation

Reminder:

- 2 ivas
,7:[“(ZJ_,XB) = E/dz* ¢ L‘B(*F:ni(z*?ZJ-)[Z*’OO];m
At xz ~ 1 e~™5* may be important even if shock wave is narrow.
Indeed, x. ~ & < x. ~ 5= = shock-wave approximation is OK,
€L €

but xzo, ~ xpr o~ > 1= we need to “look inside” the shock wave.
1 €L
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Shock-wave calculation

Reminder:

~ 2
*F.ia(ZJ_LxB) = E/dZ* e_lAB(*F:ni(Z*7ZJ-)[Z*’ OO];M

At xz ~ 1 e~™5* may be important even if shock wave is narrow.
Indeed, x. ~ & < x. ~ 5= = shock-wave approximation is OK,
€L €

but xpo. ~ xp3* ~ 55 > 1 = we need to “look inside” the shock wave.
€L €
Technically, we consider small but finite shock wave:
take the external field with the support in the interval [—o., 0.] (where
0. ~ 5), calculate diagrams with points in and out of the shock wave, and
€L
check that the o.-dependence cancels in the sum of “in” and “out”
contributions.
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Point(s) inside the shock wave: linear terms

Ty Tl
< T Lx < T Ty

A is small = expansion of Peis/4«A" around y, = same operator F(y_,xz)
= linear evolution.

I. Balitsky (JLAB & ODU) Rapidity evolution 1on TMD from low to moc HEP, 8 Jan 2016 22/42



Point(s) outside the shock wave: non-linear terms

A is small = expansion of Pe’s/ A" ground z,
= Wilson line U, = [co.pi + 21, —00.p1 + z1] in addition to U, = non-linear
terms in the evolution equation
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One-loop corrections in the shock-wave background

(@) (b)

Figure : Typical diagrams for production (a) and virtual (b) contributions to the
evolution kernel.
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Real corrections: square of “Lipatov vertex”

(@) (b)

Figure : Lipatov vertex of gluon emission.

Definition

Lii(k,y oy, xp) = i lim K*(T{AS (k) F7 (v, %)})
k2—0
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Lipatov vertex in the shock-wave case

Result of calculation (in the background-Feynman gauge)

8]
L%k, y 1, xp) = 2ge 0 (P2 _ By (7 ey v ) — Uiy )]

as ki
QXBS QXBS Di Di
ki |gui -U U +2 -U Ut
* glkLlg (CVXBS +pri axgs + p3. ) - apl”(OéXBS +p1 axgs + p*. )

2ps 1 2ap b
+ [2ixpp2u 0U — 2i0; Up; + “a Ut — LUy )*
[ BP2u Di 11U }Oszs—i—pi Pi lye)

U, = Fi(0) = i(o;U)U".

Schwinger's notations (x, [O(p1, X1 )yL) = [d*pO(pL,xy)e P73+
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Lipatov vertex in the light-cone case

Result of calculation (in the background-Feynman gauge)

2g€7i(k’y)l k2
L% (k,y1, == _F" -+,
m( yi xB)> ast—i—ki 1 (xB + s yl)

oszsgmkl 2ak;k!

axgs kK o
X [ ki (EPZM - aplu)éi - 5uki + plp,:|

K3 4+ axgs = k3 + axps

NB:
kuLbei(kaylaxB) =0

for both shock-wave and light-cone Lipatov vertices.

It is convenient to write Lipatov vertex in the light-like gauge p5A,, = 0 by

replacement ap|’ — apf — k" = —k!| — %
Lih(k,y 1, xp) e ke = 2ge (k)
L5l sl 1L g2, gl 1yl
X {kﬂ u - i Oy ik _ L8k 420, ik Fi (xp + ﬁ yi) + O(p2)
K3 axgs + k% (cxps + k7 )? ! as’ "
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Lipatov vertex at arbitrary momenta

“Interpolating formula” between the shock-wave and light-cone Lipatov
vertices

ab light—like
L;u'(kJJ_»XB) ¢

K ) { QXBSgpi — Zklfk

. i 1
= g(kl|]:-’(x3 + (kJU—f' Upj)izU]L

as axps + k3. axps + pi
S o Ry S, Py S  N—" ﬁg'}IyL)“” + O(p2y)
" axps 4+ p M axps + p* K: cY "

This formula is actually correct (within our accuracy agpg < agw) in the
whole range of xz and transverse momenta
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Virtual corrections: similar calculation

(a) (b) (c) (d)

Figure : Virtual gluon corrections.

Result of the calculation (in light-like and background-Feynman gauges)

. a
(Fr(yw,xp)e 5 = —igh™ / | - fk<x3><i51+vz>

1
x (2656 — 0 e NU ——— Ut + Fi(xg) — 2
( i 0; — 8ij8 ) OCXBS‘f'pi =+ Z(XB)pi(ast“!‘PJ_

NB: with o < o cutoff there is no UV divergence.
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Rapidity vs UV cutoff

Regularizing the IR divergence with a small gluon mass m? we obtain

Tda axgs T 5 0Xps +m?
@[ ~ D 2y
/0 a/ pL (P2 + m?)(axps + pi + m?) 2 " m? (1)

Simultaneous regularization of UV and rapidity divergence is a consequence
of our specific choice of cutoff in rapidity.

For a different rapidity cutoff we may have the UV divergence in the remaining
integrals which has to be regulated with suitable UV cutoff.
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Rapidity vs UV cutoff

Regularizing the IR divergence with a small gluon mass m? we obtain

Tda axgs T 5 0Xps +m?
@[ ~ D 2y
/0 a/ pL (P2 + m?)(axps + pi + m?) 2 " m? (1)

Simultaneous regularization of UV and rapidity divergence is a consequence
of our specific choice of cutoff in rapidity.

For a different rapidity cutoff we may have the UV divergence in the remaining
integrals which has to be regulated with suitable UV cutoff.

We calculated

/ dadpdpdp,
=08 + 3 — ) (aPs — P — e + ) (afs — L — 2+ 7€)

by taking residues in the integrals over Sudakov variables g and /3’ and
cutting the obtained integral over o from above by the cutofl by a < o
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Rapidity vs UV cutoff

Instead, let us take the residue over o:

. Py 0(8)0(=p") — 0(=B)0(5")
[t [ 90 G =05 - 5)
a’p. apdp' ixg0(/3) oy a*p, [ ap
/mz—l—pJ_/B’—i—xB—le —ie)(p — B+ie) B/mz—i—pﬁ_/o B(B + xp)

which is integral (1) with change of variable 3 = 2.
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Rapidity vs UV cutoff

Instead, let us take the residue over o:

ixB/ pL / a8 ﬁ’(+)xg<—ze))(/3’ (lj() (5_')5)
2 / ixp
n /mff;J_/B’iﬁxiﬂ—le ie)(,@e’(ﬂ)ﬂ—i—le) - /mz—i—pJ_/ ﬁ —l—xg

which is integral (1) with change of variable 5 = ut

as "

A conventional way of rewriting this integral in the framework of collinear
factorization approach is

it ] ot - el
m? +p?, ﬁ5+xB CSmpie 12

where z = 5 is a fraction of momentum (x; + 8)p> of “incoming gluon”

(described by F;: in our formalism) carried by the emitted “particle” with
fraction xgp,.

If we cut the rapidity of the emitted gluon by cutoff in fraction of momentum z,
we would still have the UV divergent expression which must be regulated by a
suitable UV cutoff.
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Evoltuion equation for the gluon TMD operator

A. Tarasov and |.B.

d a a Ino
dlno(]:i (xlva)]:j (ylva))
= _Ols/dzkl Tr{z,-”(kv xl7x3)hght 11keL (k yl7xB)hghtflike}
2 1
- asTr{f(xJ_axB)(yJ_| - 7./—‘.](()63)(1 8[ +U[)(25k(5 gjmgkl)U 5 T
ri oxps +pJ
oxps
+ Filxp) —————5— Vi
]( B)pi(o_xBS+pi)| )
-~ 1 - P
U———— U (2656, — gimg")(i0k — Ux)Fi(xp)
+ ('XL| Ust"‘pl ( iOm — 8im8 )(l k — k) l(xB)pzl
~ oxps )
+ E X S o 7-x + 0 Ozs
ey P LA 5} + 0(ed)

This expression is UV and IR convergent.
It describes the rapidity evolution of gluon TMD operator in for any xz and

transverse momenta!

32/42
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Evoltuion equation for the gluon TMD

I (s ) F ) )
2

7 ight—li k ight—lil
o @0 QITEL (x50~ xp 2Ly xe)E )
oxgs —|—pﬁ_

r" Py k sl Kl
—Oés(P|Tr{ i, xp)(yi] — p2 —Fi(xp)(i 01 +U1)(26,,0; — gmg")U
1

oXgS
) By
J( )Pi(UXBS+Pi)‘ )
- 1 -
+ (U U'(20%6!, — gimg"™) (i) — Uk)]:l(xB)pT
gxgps +pL pl

~ OXBS 2
i R o
+ Bl s ) () ) + 0
The factor 9(1 —Xp — —) reflects kinematical restriction that the fraction of

initial proton’s momentum carried by produced gluon should be smaller than
1 - XB
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Light-cone limit

~ . d
(DI (x5, 210 ) F (g, 61 ) |p)7 = N/“/dgvpm,ﬂ

2

: 2xp XB x3
5 - Fr(xs+ B,
B (xg+B)? - s+ B  (xs+ B)* ]<P‘ (xg+ B,x1)
< P+ Brx )l = G I o 2 )P ek )}

In the LLA the cutoff in o < cutoff in transverse momenta

~ in 2 <H2 Qg o0 %da
(| F} (xp, x 1) F" (xp,x1)|p)"+ = ?Nc dg sy {same}
0 v

= DGLAP equation = (7/ = ) DGLAP kernel

X,
xp+f

d as . [d? 1 1 , .
%QSD(XB7OL>7]) = WNC/XB, [(fz,)Jr 2 -24+7(1 —z)}a D( ,01,m)
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Low-x case: BK evolution of the WW distribution

Low-x regime: x = 0 + characteristic transverse momenta p> ~ (x — y)l2 L s
N2 2
= in the whole range of evolution (1 > o > %) we have % < 1 =the
2
kinematical constraint 6(1 — ';—is) can be omitted

= non-linear evolution equation

d -

—U U¢

a {(21)Uf (22)

_ 21 21 2 r7 17t Z%Z T . ?2 22

= 3Tr{ (=idf" + U | d*2a(U,, UL, — 1) 52 (U, UL — D] (i 67 +U) }
8 21323

where n =1no an

(\'*.\')71

This egn holds true also at small xg up to xp ~ since in the whole

2
(\\‘

range of evolution 1 > o > one can negleot oxps in comparison to p*
in the denominators (p3 + (T\,L;S) < effectively xz = 0.
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Sudakov double logs
Sudakov limit: xg = xz ~ 1 and k3 ~ (x —y) > ~ few GeV.
One can show that the non-linear terms are power suppressed =

d Ta a
(| g ) F 1))

d—zpl- i(px— a pzl a sz
= 4ozch/p2L [e X)L (| Fe (g + Eﬂu)}"j (xp + gayj_)|p>

OXBS

_ 2B | Fe Fa
e g P X )7 e )p)

Double-log region: 1 > o > “i and gxgs > p2 > (x —y) >

d aN, dsz o
= mD(X&ZL,an) =2 ’D(XBaZL,lIlO')/ pi [176(%)%
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Sudakov double logs

Sudakov limit: xg = xz ~ 1 and k3 ~ (x —y) > ~ few GeV.

One can show that the non-linear terms are power suppressed =

(A ) (o))

d—zpl- i(px— a pzl a sz
= 4ozch/p2L [e X)L (| Fe (g + Eﬂu)}} (xp + g,yL)lm
OXBS

T ) P )

Double-log region: 1 > o > “i and gxgs > p2 > (x —y) >

d aN, dsz
= g PmaIne) = —=5 ’D(xBaZL,lIlJ)/ o [1— ¢P9+]

= Sudakov double logs

2

k5
D(xg,ky,Ino) ~ exp{ }D xp, k1, ln—)
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Gluon TMD in particle production

Suppose we produce a scalar particle (e.g. Higgs) in a gluon-gluon fusion.
For simplicity, assume the vertex is local: [dzF¢ F!”®(z). Again, we integrate

uvs a

over rapidities Y > #:

Gluons with rapidities Y < n shrink to a pancake
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Gluon TMD in particle production

= Rapidity factorization for particle production
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Matrix element between hadron states = >, = |
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Gluon TMD with gauge links to —co

Pl
; =
------ > = <l e
= a,D(xp,z1) = _27r(pa7-sn)x3/du e ) (p| Fé (21 4 un)[z., 0]— oo F*¢(0)|p)

Fé(zL +un) = [—oon+zy,un+z1 " n"Fjje(un +z,)

] ma

ﬁg(zJ_ +un) = n“F’:g(un—l—zJ_)[un—i—zL—oon—i—zj_
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Evoltuion equation for the gluon TMD

Replace
oon — —oon everywhere

and
xg — —xg in the virtual correction:

a Ino
(R o) B 50) ")
2
= —as/dsz_ (p|Te{L;" (k,x 1, xp)" " O (1 — xp — k*L)Luj(kayJ_7xB)“ght_]ike}|P>
as

1 .
U(284,8! — ging")(i0) + U) Filxp) l‘%

mn

— s pITe{ Fie i) 01 U
oxps — p? + ie >
oXpSs
+ Fi(x
i( B)Pi(UxBS e lvi)
1
+ (x¢| 3 ]:z(xB)(lak +U) (2056, — gimg") Ul ———————U
P O'XBS—pJ_ — 1€
OXBS )
+ E x X Yi,X }P + O«
(B)pﬁ_(axgs—pﬁ_—lﬂl) (L B) | > ( s)
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Conclusions and outlook

Conclusions

m The evolution equation for gluon TMD at any xp and transverse
momenta.

m Interpolates between linear DGLAP and Sudakov limits and the
non-linear low-x BK regime

Outlook

m Conformal invariance (for N=4 SYM)?
m Transition between collinear factorization and kr factorization.
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