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QCD: the WJME!TJEF of the SM
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Mapping the structure of the proton
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Fraction of longitudinal momentum

Density distribution of 
quarks in the proton

Encoded in Parton Distribution Functions (PDFs)

see e.g., talks by C. Keppel, S. Platchkov
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3D structure of the nucleon
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3D structure of the nucleon
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Transverse momentum

Fraction of 
longitudinal momentum

Encoded in Transverse 
Momentum Distributions (TMDs)



3D structure of the nucleon
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With spin

Encoded in Transverse Momentum Distributions (PDFs)



3D structure of the nucleon

9

With spin

Encoded in Transverse Momentum Distributions (PDFs)

How “wide” is the distribution?

Is there a difference between flavors?

Does it get wider at low x?
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TMD in AdS/QCD
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talk by S. Cotogno at LC2015

see also talks by S. Brodsky, A. Vega and V. Lyubovistky

pion TMD 
at low scale (0.5 GeV2)
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It has been necessary to review 

all of these issues 
for TMDs 
(and the process is still ongoing)

Some references:

Rogers arXiv:1509.04766 and references therein

Ji, Ma, Yuan

Collins, “Foundations of Perturbative QCD” (11) 

Echevarria, Idilbi, Scimemi

Boer, Mulders, Buffing et al.

Connection with TMDs at low x (see I. Balitsky’s talk) still to be understood 

http://www.arxiv.org/abs/1509.04766v1
http://www.arxiv.org/abs/1509.04766v1
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TMD evolution: Fourier transform
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Fig. 2: Event distribution in the inclusive variables Q

2 and x
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and the 23 bins of the hadron cross section
analysis. Within each bin, the fraction of events contained is indicated in %.
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and labh for negative hadrons h

� (left) and positive hadrons h
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The acceptances have been smoothed in order to reduce the granularity from the binning.

teristics, making the use of variables defined in the laboratory frame preferable; therefore, the transverse
momentum lab

p

T

, the polar angle labq , and the pseudorapidity labh = � ln(tan

labq
2 ) of the hadron are

defined with respect to the direction of the incoming muon. The choice of labq is particularly convenient
to exhibit the acceptance cut due to the aperture limit of the polarised target magnet at labq = 70 mrad
for the upstream edge of the target. The factorization of hadron and muon acceptances implies that the
differential multiplicities only depend on A

h

(+,�) since A

incl

cancels, see Eq. 2. Figure 3 shows the hadron
acceptances A

h

� and A

h

+ used in the analysis.

The four-dimensional acceptance used in the present analysis is integrated over the azimuthal angle of
the hadrons, i.e. does not take into account the azimuthal modulations in the cross section [2]. The
systematic effect on the extracted hp

2
T

i have been investigated and found to be negligible.

3 Results

The differential multiplicities d

2
n

h±/dzd p

2
T

in bins of (Q2, x

B j

) are defined in the introduction in terms of
the semi-inclusive and inclusive differential cross sections. They are obtained as the acceptance corrected
number of hadrons D4

N

h± in 8⇥40 (z, p

2
T

) bins and 23 (Dx

B j

,DQ

2) bins, divided by the number D2
N

µ

Ê Ê
Ê
Ê
Ê
Ê

10-4 10-3 10-2 10-1 100
x

100

101

102

103

Q
2
@Ge

V2
D

hermes



Existing data

24

5

10-2

 6.6

 3.8

 6.8

 5.9

 2.2

 5.3

 4.9

 2.0

 1.2

 2.2

 3.6

 6.6

 2.9

 2.9

 2.8

 3.2 

 3.9

 1.8

 3.4

 2.3

 2.3

 3.0 2.4

xBj

Q
2  (
G
eV
/c
)2

10-1

10

1

Fig. 2: Event distribution in the inclusive variables Q

2 and x

B j

and the 23 bins of the hadron cross section
analysis. Within each bin, the fraction of events contained is indicated in %.

Șlab
3 4 5 6

-210

-110

1

10 �
h

Șlab
3 4 5 6

1

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1

+
h

2
 (G

eV
/c

)
2 Tp

la
b

Fig. 3: Hadron acceptances A

h

� and A

h

+ determined with the Monte Carlo simulation for Q

2 > 1
(GeV/c)2 as a function of lab

p

T

and labh for negative hadrons h

� (left) and positive hadrons h

+ (right).
The acceptances have been smoothed in order to reduce the granularity from the binning.

teristics, making the use of variables defined in the laboratory frame preferable; therefore, the transverse
momentum lab

p

T

, the polar angle labq , and the pseudorapidity labh = � ln(tan

labq
2 ) of the hadron are

defined with respect to the direction of the incoming muon. The choice of labq is particularly convenient
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� and A
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FIG. 9: The multiplicities Mh+

D obtained from Eqs. (12) and (8), with the parameters of Eq. (16), are compared
with COMPASS measurements for h+ SIDIS production o↵ a deuteron target [16]. The shaded uncertainty bands
correspond to a 5% variation of the total �2.

although the resulting value of �2

dof

remains rather large. Notice that this normalisation issue is not ob-
served in the HERMES multiplicities and its origin, at present, cannot easily be explained and deserves
further studies.

Some general comments on COMPASS results, inspired and guided by our grouping of the data in the
panels of Figs. 9 and 10 and by the study presented in Fig. 11, could help to understand the origin of
the large values of �2

dof

. Let us consider, for example, the data in the di↵erent panels of the same row in
Fig. 9. The multiplicity data grouped there have all very similar values of Q2 and are separated in bins
of z; one can notice, going from left to right, that data with very close value of Q2 and z, still show a
sharp x dependence. This can hardly be reproduced by Eq. (12), even considering eventual higher order
corrections. Similar considerations apply to Fig. 10.

The large �2 which persists even in the case in which we correct with Ny, is mainly due to some
particular subsets of data, as one can see from Figs. 12 and 13 looking at the rightmost lower panels. These
data, if compared with those in the panels to their immediate left (which have very similar values of the
binned kinematical variables) show a sudden sharp change, which our smooth Gaussian parameterisation
is unable to describe. Such a sharp change corresponds to the first, lowest y point, in Fig. 11.
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D obtained from Eqs. (12) and (8), with the parameters of Eq. (16), are compared
with COMPASS measurements for h+ SIDIS production o↵ a deuteron target [16]. The shaded uncertainty bands
correspond to a 5% variation of the total �2.

although the resulting value of �2

dof

remains rather large. Notice that this normalisation issue is not ob-
served in the HERMES multiplicities and its origin, at present, cannot easily be explained and deserves
further studies.

Some general comments on COMPASS results, inspired and guided by our grouping of the data in the
panels of Figs. 9 and 10 and by the study presented in Fig. 11, could help to understand the origin of
the large values of �2

dof

. Let us consider, for example, the data in the di↵erent panels of the same row in
Fig. 9. The multiplicity data grouped there have all very similar values of Q2 and are separated in bins
of z; one can notice, going from left to right, that data with very close value of Q2 and z, still show a
sharp x dependence. This can hardly be reproduced by Eq. (12), even considering eventual higher order
corrections. Similar considerations apply to Fig. 10.

The large �2 which persists even in the case in which we correct with Ny, is mainly due to some
particular subsets of data, as one can see from Figs. 12 and 13 looking at the rightmost lower panels. These
data, if compared with those in the panels to their immediate left (which have very similar values of the
binned kinematical variables) show a sudden sharp change, which our smooth Gaussian parameterisation
is unable to describe. Such a sharp change corresponds to the first, lowest y point, in Fig. 11.
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V. COMPARISON WITH PREVIOUS EXTRACTIONS AND OTHER EXPERIMENTS

The SIDIS multiplicity data used in our present fits result from the most recent analyses of the HER-
MES and COMPASS Collaborations. They represent, so far, the only multivariate analyses available.

Additional measurements are provided by the early EMC results of Ref. [10] or by the more recent
SIDIS studies of JLab CLAS [12] and HALL-C [13, 29] Collaborations. As we will explain below, these
data are not best suited for the extraction of the free parameters of our fit and we have not used them.
However, it is worth and interesting to check whether or not the parameters extracted here are consistent
with the available EMC and JLab measurements.

• The EMC Collaboration [10] measured PT -distributions in eleven di↵erent runs presented in one
merged data set, averaging over four di↵erent beam energies, three di↵erent nuclear targets, without
any identification of the final hadrons (not even their charges), and arranging the data in three
di↵erent bins of z and several ranges of W 2. In Ref. [9] we exploited these measurements, together
with the EMC measurements [42] of the azimuthal dependence of the SIDIS cross section, for
a preliminary study of the Gaussian widths of the unpolarised distribution and fragmentation
functions. The values found there are slightly di↵erent from those we determine in the present fit.
Fig. 14 shows the EMC multiplicities [10] as functions of P 2

T , for three bins of z, 0.1 < z < 0.2,
0.2 < z < 0.4 and 0.4 < z < 1.0, and of the invariant mass, W 2 < 90, 90 < W 2 < 150 and
150 < W 2 < 200 (in GeV2). These data are compared with our predictions, computed at two
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FIG. 3. Comparison of our theoretical estimates for (1/�) d�/dqT with Tevatron data [14–18]. The results are obtained from
the global fit with DNP = 0 (Eq. (36)), Qi = Q

0

+ qT , at NLL accuracy with collinear PDFs at NLO (left panel), and NNLL
accuracy with NNLO PDFs (right panel). For the collinear PDFs we use the MSTW08 set [31].
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The normalization factor for E288 data is always within their experimental uncertainty, while for R209 it is a bit
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FIG. 2. The first three plots show comparisons with the Fermilab E288 Drell-Yan dilepton data at different CM energies√
s = 19.4 (left), 23.8, and 27.4 GeV [71]. The data points from top to bottom correspond to different invariant mass Q of the

lepton pair. For the top two plots, they are: [4, 5], [5, 6], [6, 7], [7, 8], and [8, 9] GeV. For the left bottom plot, it starts with
the [5, 6] GeV range (no [4, 5] GeV range. The right bottom plot is the comparison with the Fermilab E605 Drell-Yan dilepton
data at CM energy

√
s = 38.8 GeV [72]. Again the mass ranges are: [7, 8], [8, 9], [10.5, 11.5], [11.5, 13.5], and [13.5, 18] GeV.

GeV2 and 〈xB〉 = 0.093 for a deuteron target. The data points from top to bottom correspond to different zh
regions: zh ∈ [0.2, 0.25], [0.25, 0.3], [0.3, 0.35], [0.35, 0.4], [0.4, 0.5], [0.5, 0.6], [0.6, 0.7], and [0.7, 0.8]. We find that
for both negative and positive charged hadrons the QCD formalism in Eq. (30) gives a good description for the
Ph⊥-dependence of the hadron multiplicity distribution.
Finally, in Fig. 4 we compare our calculation with the HERMES multiplicity distribution data [75] for a proton

target at 〈Q2〉 = 2.45 GeV2 and 〈xB〉 = 0.117. The data points from top to bottom correspond to different zh regions:
zh ∈ [0.2, 0.3], [0.3, 0.4], [0.4, 0.6], and [0.6, 0.8]. We find that our formalism still gives a reasonable description for
π− multiplicity distribution data as a function of Ph⊥, though π+ becomes worse when going to the high zh region.
Note, however, that the normalization of such distributions is related to the fragmentation functions [75].
In summary we find that our proposed non-perturbative Sudakov factor in Eq. (27) along with bmax = 1.5 GeV−1

gives a reasonably good description of the hadron multiplicity distribution in SIDIS at rather low Q, DY lepton pair
production at intermediate Q, and W/Z production at high Q from rather low CM energies up to the LHC energies.
Even though the description is not perfect, one has to keep in mind that our QCD formalism is the very first attempt
to use a universal form to describe the experimental data on both SIDIS and DY-type processes. At the moment,
we are implementing the evolution at NLL accuracy along with the LO coefficient functions. All of these could be
further improved, and a first attempt to implement the approach presented in [29] is being pursued in [76]. Another
important consequence is that since the parameter g2 is a universal parameter, i.e. independent of the spin, we can
then use the same g2 to extract the Sivers functions from the current Sivers asymmetry measurements in SIDIS. This
will be the main focus of the next section.

III. QCD EVOLUTION OF TMDS: THE SIVERS EFFECT

In this section we will first extract the quark Sivers functions from the Sivers asymmetry measurements in SIDIS
from JLab, HERMES, and COMPASS experiments. We will then make predictions for the Sivers asymmetries of DY
dilepton and W boson production, to be compared with the future measurements.
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FIG. 3. Comparison of the theoretical results with the COMPASS data (deuteron target) [74] at 〈Q2〉 = 7.57 GeV2 and
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FIG. 4. Comparison of theoretical results with the HERMES data (proton target) [75] at 〈Q2〉 = 2.45 GeV2 and 〈xB〉 = 0.117.
The data points from top to bottom correspond to different zh region: [0.2, 0.3], [0.3, 0.4], [0.4, 0.6], and [0.6, 0.8].

A. Global fitting of Sivers asymmetries in SIDIS

Here we apply our QCD evolution formalism for the Sivers effect in SIDIS and use it to extract the quark Sivers
functions from the experimental data. The differential SIDIS cross section on a transversely polarized nucleon target
can be written as [13, 77, 78]

dσ

dxBdydzhd2Ph⊥
= σ0(xB , y, Q

2)
[

FUU + sin(φh − φs)F
sin(φh−φs)
UT

]

, (38)

where σ0 = 2πα2

em

xBy Q2

(

1 + (1− y)2
)

, and φs and φh are the azimuthal angles for the nucleon spin and the transverse

momentum of the outgoing hadron, respectively. FUU and F sin(φh−φs)
UT are the spin-averaged and transverse spin-
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FIG. 4. Comparison of theoretical results with the HERMES data (proton target) [75] at 〈Q2〉 = 2.45 GeV2 and 〈xB〉 = 0.117.
The data points from top to bottom correspond to different zh region: [0.2, 0.3], [0.3, 0.4], [0.4, 0.6], and [0.6, 0.8].

A. Global fitting of Sivers asymmetries in SIDIS

Here we apply our QCD evolution formalism for the Sivers effect in SIDIS and use it to extract the quark Sivers
functions from the experimental data. The differential SIDIS cross section on a transversely polarized nucleon target
can be written as [13, 77, 78]

dσ

dxBdydzhd2Ph⊥
= σ0(xB , y, Q

2)
[

FUU + sin(φh − φs)F
sin(φh−φs)
UT

]

, (38)

where σ0 = 2πα2

em

xBy Q2

(

1 + (1− y)2
)

, and φs and φh are the azimuthal angles for the nucleon spin and the transverse

momentum of the outgoing hadron, respectively. FUU and F sin(φh−φs)
UT are the spin-averaged and transverse spin-

6

Likewise, fq/A(xa, b;Q) and fq̄/B(xb, b;Q) are the QCD evolved TMD PDFs in Eq. (21). Similarly, for W/Z produc-
tion, A(PA) +B(PB) → W/Z(y, p⊥) +X , the differential cross sections are given by [16, 63]

dσW

dyd2p⊥
=

σW
0

2π

∑

q,q′

|Vqq′ |2
∫ ∞

0
db bJ0(q⊥b)fq/A(xa, b;Q)fq′/B(xb, b;Q), (35)

dσZ

dyd2p⊥
=

σZ
0

2π

∑

q

(

V 2
q +A2

q

)

∫ ∞

0
db bJ0(q⊥b)fq/A(xa, b;Q)fq′/B(xb, b;Q), (36)

where Vqq′ are the CKM matrix elements for the weak interaction, and Vq and Aq are the vector and axial couplings
of the Z boson to the quark, respectively. The LO cross sections σW

0 and σZ
0 have the following form

σW
0 =

√
2πGFM2

W

sNc
, σZ

0 =

√
2πGFM2

Z

sNc
, (37)

where GF is the Fermi weak coupling constant, and MW (MZ) is the mass of the W (Z) boson.

0

500

1000

1500

2000

2500

0 5 10 15 20

D0 W
p+p

–
  √s=1.8 TeV

pT (GeV)

dσ
/d

p T 
(p

b/
G

eV
)

0

200

400

600

800

0 5 10 15 20

CDF Z run 1
D0 Z

p+p
–
  √s=1.8 TeV

pT (GeV)

dσ
/d

p T 
(p

b/
G

eV
)

0

0.02

0.04

0.06

0.08

0 5 10 15 20

CMS Z
p+p √s=7 TeV

pT (GeV)

1/
σ

 d
σ

/d
p T 

(G
eV

-1
)

FIG. 1. Comparison of theoretical results to W [67] (left) and Z [68, 69] (middle) production in p + p̄ collisions at
√
s = 1.8

TeV, and Z production [70] (right) in p+ p collisions at
√
s = 7 TeV.

To compare with experimental data, we use the unpolarized parton distribution functions fq/A(x,Q) as given by the
MSTW2008 parametrization [64] and the DSS unpolarized fragmentation functions Dh/q(z,Q) [65]. It is important
to remember that our QCD factorization formalism based on TMDs is only applicable in the kinematic region where
p⊥ # Q [26]. To describe the large p⊥ ∼ Q region, one needs the complete next-to-leading order calculation, more
precisely the so-called Y -term [39–41, 66]. To be consistent with our formalism, we thus restrict our comparison with
the experimental data as follows: for W/Z boson production, we choose p⊥ ≤ 20 GeV; for DY dilepton production,
we have p⊥ ≤ 1.3 GeV; for hadron production at COMPASS with 〈Q2〉 = 7.57 GeV2, we choose Ph⊥ ≤ 0.7 GeV; for
hadron production at HERMES with 〈Q2〉 = 2.45 GeV2, we choose Ph⊥ ≤ 0.6 GeV such that we still have enough
experimental data for the analysis.
We first compare in Fig. 1 our calculation, based on the QCD factorization formalism, Eqs. (35) and (36), with W/Z

production at both the Tevatron and LHC energies. With QCD evolved TMD PDFs given in Eq. (21) and the tuned
parameters for the Sudakov factor in Eq. (27), we plot the W and Z boson differential cross section as a function of
transverse momentum p⊥. The left and middle panels of Fig. 1 are the comparisons with the W/Z measurements [67–
69] in p + p̄ collisions at the Tevatron energy

√
s = 1.8 TeV. In the right panel of Fig. 1 we compare with the most

recent Z boson measurement [70] in p + p collisions from the CMS collaboration at LHC energy
√
s = 7 TeV. Our

formalism gives a reasonably good description of the W/Z boson production at both the Tevatron and LHC energies.
Next, we compare our calculation for the DY lepton pair production with the fixed-target Fermilab experimental

data at different CM energies
√
s = 19.4, 23.8, 27.4 for the E288 collaboration [71] and at

√
s = 38.8 GeV for the E605

collaboration [72], see Fig. 2. Since these experiments were really performed for p+Cu collisions, we use the EKS98
parametrization [73] for the collinear nuclear PDFs in the nucleus Cu. For both

√
s = 19.4 and 23.8 GeV, the curves

from top to bottom correspond to the different invariant mass bins, i.e., Q ∈ [4, 5], [5, 6], [6, 7], [7, 8], and [8, 9] GeV.
For

√
s = 27.4 GeV, we have Q ∈ [5, 6], [6, 7], [7, 8], and [8, 9] GeV. Finally, for

√
s = 38.8 GeV the mass ranges are:

Q ∈ [7, 8], [8, 9], [10.5, 11.5], [11.5, 13.5], and [13.5, 18] GeV. As can be seen, our QCD formalism gives a reasonably
good description of the Drell-Yan dilepton production in all the measured mass ranges.
Let us now turn to the hadron multiplicity distribution in the SIDIS processes. In Fig. 3, we compare our calculations

with the recent COMPASS experimental data for the charged hadron multiplicity distribution [74] at 〈Q2〉 = 7.57
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FIG. 15: Flavor-ratios at a pion mass m� � 500MeV. The
solid curve and the statistical error band in blue have been
obtained from the Gaussian fits displayed in Fig. 12 and
13. The corresponding errors associated with �[�m] are
shown as a gray band at the bottom. For the dashed curve
and the band in orange we have used alternative Gaussian
parametrizations as discussed in section VE. The respective
uncertainties from �[�m] are shown at the top of each plot.
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⌅TT,q ⌅ ⌅q(x,k⇥; 0, s⇥, 0,S⇥) =
1

2

�
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sj(2kjki � k2
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2m2
N

h⇥
1T,q
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⇤
sj�jiki

mN
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1,q

⌅

odd

⇥
, (56)

where the first and the second index of ⌅ indicates the
nucleon and quark polarization, respectively.
From the x-moments of amplitudes ⌃Ai obtained on the

lattice, we can construct x-integrated densities ⌅[1]q , and
decompose them in analogy to Eq. (40) as

⌅[1]q (k⇥;⇤, s⇥,⇥,S⇥)

⌅
⇧ 1

�1
dx ⌅q(x,k⇥;⇤, s⇥,⇥,S⇥)

=

⇧ 1

0
dx ⌅q(x,k⇥;⇤, s⇥,⇥,S⇥)

�
⇧ 1

0
dx ⌅q̄(x,�k⇥;�⇤, s⇥,⇥,S⇥) . (57)

where the anti-quark density ⌅q̄ is defined as in Eq. (49)
but using the correlator ⇤c

q of Eq. (E1) in the appendix.
Here the appearance of minus signs in front of ⌅q̄ and
⇤ accommodates the sign changes in the Dirac matrix �
after charge conjugation, i.e., �c = � 1

2 (�
+ � ⇤�+�5 �

sji⇧+j�5). We conclude that the x-integrated densities

⌅[1]q are di⌅erences of quark densities ⌅q and anti-quark
densities ⌅q̄ of

• opposite transverse momentum �k⇥,

• opposite light cone helicity �⇤,

• same transverse polarization s⇥.

Strictly speaking, the densities that are integrated over
x from �1 to +1 are thus not densities themselves and
can, at least in principle, become negative.
With the Gaussian x-moments of TMDs from Table

IV as input, we are in a position to draw plots of the
x-integrated transverse momentum dependent densities
of quarks in the nucleon. Two particularly interesting
and statistically well-determined x-integrated densities

are ⌅[1]LT and ⌅[1]TL. They feature significant dipole defor-
mations due to correlations in the transverse spins and
intrinsic transverse momentum, as can be seen from the
terms proportional to g1T and h⇥

1L in Eqns. (54) and (55),
in combination with our non-zero results for the relevant
amplitudes ⌃A7 and ⌃A10, see Eq. (16). For corresponding
density plots and their interpretation, we refer to our pre-
vious publication Ref. [32]. The dipole deformations can
be characterized by average transverse momentum shifts
of the quarks, denoted by ⇧kx⌃TL and ⇧kx⌃LT . These are
defined by ratios of specific moments in x- and k⇥ of the
densities, as we will discuss in the following section.
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FIG. 15: Flavor-ratios at a pion mass m� � 500MeV. The
solid curve and the statistical error band in blue have been
obtained from the Gaussian fits displayed in Fig. 12 and
13. The corresponding errors associated with �[�m] are
shown as a gray band at the bottom. For the dashed curve
and the band in orange we have used alternative Gaussian
parametrizations as discussed in section VE. The respective
uncertainties from �[�m] are shown at the top of each plot.
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where the first and the second index of ⌅ indicates the
nucleon and quark polarization, respectively.
From the x-moments of amplitudes ⌃Ai obtained on the

lattice, we can construct x-integrated densities ⌅[1]q , and
decompose them in analogy to Eq. (40) as

⌅[1]q (k⇥;⇤, s⇥,⇥,S⇥)

⌅
⇧ 1

�1
dx ⌅q(x,k⇥;⇤, s⇥,⇥,S⇥)

=

⇧ 1

0
dx ⌅q(x,k⇥;⇤, s⇥,⇥,S⇥)

�
⇧ 1

0
dx ⌅q̄(x,�k⇥;�⇤, s⇥,⇥,S⇥) . (57)

where the anti-quark density ⌅q̄ is defined as in Eq. (49)
but using the correlator ⇤c

q of Eq. (E1) in the appendix.
Here the appearance of minus signs in front of ⌅q̄ and
⇤ accommodates the sign changes in the Dirac matrix �
after charge conjugation, i.e., �c = � 1

2 (�
+ � ⇤�+�5 �

sji⇧+j�5). We conclude that the x-integrated densities

⌅[1]q are di⌅erences of quark densities ⌅q and anti-quark
densities ⌅q̄ of

• opposite transverse momentum �k⇥,

• opposite light cone helicity �⇤,

• same transverse polarization s⇥.

Strictly speaking, the densities that are integrated over
x from �1 to +1 are thus not densities themselves and
can, at least in principle, become negative.
With the Gaussian x-moments of TMDs from Table

IV as input, we are in a position to draw plots of the
x-integrated transverse momentum dependent densities
of quarks in the nucleon. Two particularly interesting
and statistically well-determined x-integrated densities

are ⌅[1]LT and ⌅[1]TL. They feature significant dipole defor-
mations due to correlations in the transverse spins and
intrinsic transverse momentum, as can be seen from the
terms proportional to g1T and h⇥

1L in Eqns. (54) and (55),
in combination with our non-zero results for the relevant
amplitudes ⌃A7 and ⌃A10, see Eq. (16). For corresponding
density plots and their interpretation, we refer to our pre-
vious publication Ref. [32]. The dipole deformations can
be characterized by average transverse momentum shifts
of the quarks, denoted by ⇧kx⌃TL and ⇧kx⌃LT . These are
defined by ratios of specific moments in x- and k⇥ of the
densities, as we will discuss in the following section.
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FIG. 15: Flavor-ratios at a pion mass m� � 500MeV. The
solid curve and the statistical error band in blue have been
obtained from the Gaussian fits displayed in Fig. 12 and
13. The corresponding errors associated with �[�m] are
shown as a gray band at the bottom. For the dashed curve
and the band in orange we have used alternative Gaussian
parametrizations as discussed in section VE. The respective
uncertainties from �[�m] are shown at the top of each plot.
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where the first and the second index of ⌅ indicates the
nucleon and quark polarization, respectively.
From the x-moments of amplitudes ⌃Ai obtained on the

lattice, we can construct x-integrated densities ⌅[1]q , and
decompose them in analogy to Eq. (40) as

⌅[1]q (k⇥;⇤, s⇥,⇥,S⇥)

⌅
⇧ 1

�1
dx ⌅q(x,k⇥;⇤, s⇥,⇥,S⇥)

=

⇧ 1

0
dx ⌅q(x,k⇥;⇤, s⇥,⇥,S⇥)

�
⇧ 1

0
dx ⌅q̄(x,�k⇥;�⇤, s⇥,⇥,S⇥) . (57)

where the anti-quark density ⌅q̄ is defined as in Eq. (49)
but using the correlator ⇤c

q of Eq. (E1) in the appendix.
Here the appearance of minus signs in front of ⌅q̄ and
⇤ accommodates the sign changes in the Dirac matrix �
after charge conjugation, i.e., �c = � 1

2 (�
+ � ⇤�+�5 �

sji⇧+j�5). We conclude that the x-integrated densities

⌅[1]q are di⌅erences of quark densities ⌅q and anti-quark
densities ⌅q̄ of

• opposite transverse momentum �k⇥,

• opposite light cone helicity �⇤,

• same transverse polarization s⇥.

Strictly speaking, the densities that are integrated over
x from �1 to +1 are thus not densities themselves and
can, at least in principle, become negative.
With the Gaussian x-moments of TMDs from Table

IV as input, we are in a position to draw plots of the
x-integrated transverse momentum dependent densities
of quarks in the nucleon. Two particularly interesting
and statistically well-determined x-integrated densities

are ⌅[1]LT and ⌅[1]TL. They feature significant dipole defor-
mations due to correlations in the transverse spins and
intrinsic transverse momentum, as can be seen from the
terms proportional to g1T and h⇥

1L in Eqns. (54) and (55),
in combination with our non-zero results for the relevant
amplitudes ⌃A7 and ⌃A10, see Eq. (16). For corresponding
density plots and their interpretation, we refer to our pre-
vious publication Ref. [32]. The dipole deformations can
be characterized by average transverse momentum shifts
of the quarks, denoted by ⇧kx⌃TL and ⇧kx⌃LT . These are
defined by ratios of specific moments in x- and k⇥ of the
densities, as we will discuss in the following section.

Musch, Hagler, Negele, Schafer, PRD 83 (11)

Pioneering lattice-QCD studies hint at a 
down distribution being wider than up

“less” up quarks
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FIG. 11. Left panel: Impact of the scale dependence on our predictions for CMS, including the non-perturbative part of the
TMDs, at NNLL (blue band) and NLL (cyan band). Right panel: Scale dependence of our predictions for CMS at NNLL with
the non-perturbative part of the TMDs (blue band) and of the pure perturbative calculation with resummations (cyan band).
Data are from Ref. [33]. For the collinear PDFs we use the MSTW08 set [31].

IV. COMPARISON WITH PREVIOUS WORKS

One of the goals of this paper is to provide a framework for the analysis of transverse momentum distributions in
which all ingredients coming from perturbation theory are under control and used to their maximum extent. Only in
such a case the parametrization of the non-perturbative inputs can be reliably treated. Although such an attempt
is not included in most of the studies available in the literature, di↵erent intermediate steps have been discussed in
several works. In the following we focus on the most relevant ones from our point of view.

A detailed phenomenological analysis of low- and moderate-energy DY data, aimed at extracting the transverse
momentum dependence of TMDs at leading-order accuracy, appeared in Ref. [34]. The relevance of this study was
the attempt to describe within a unified, even if simplified, picture the role of TMDPDFs and TMDFFs in di↵erent
hadronic processes.

In Ref. [3] the authors present an analysis of transverse momentum distributions of vector boson production at
NNLL. The needed Fourier transforms to momentum space are done deforming the integration contour in b-space and
calculating moments. They consider only very high dilepton invariant mass and explicitly avoid a complete treatment
of non-perturbative e↵ects. In this respect, within the TMD formalism that we have developed, one can achieve a
direct comparison of the non-perturbative inputs with low-energy data. The evolution of TMDs allows in this way a
complete fixing of this non-perturbative part, and so of the precision of the theoretical prediction.

The authors of Ref. [4] perform also an analysis of Z-boson production. Although in their formalism they do not
consider the theory for TMDs, the expression for the cross section agrees with ours when looking at the DY case or
Z-boson production at high transverse momentum (of course they do not claim any universal structure which could
eventually be used in SIDIS). The resummations provided in our work are di↵erent from the ones in Ref. [4] in the
sense that in their “collinear anomaly” part they perform a sum of logarithms which is valid up to values of the strong
coupling and impact parameter such that ↵

s

L2

T

⇠ 1. Notice that one can re-obtain the “collinear anomaly” factor
re-expanding DR, hR

�,�

in ↵
s

and counting ↵
s

L2

T

⇠ 1. Given that this is not the highest possible resummation that
one can perform, the Landau pole does not appear explicitly in their resummed expression (although the perturbative
series has intrinsically a Landau pole problem). The authors in any case realize that some non-perturbative input is
necessary and they suggest some Gaussian non-perturbative (Q-independent) part in impact parameter space, without
performing any fit of Z-boson production data. A non-perturbative correction to the “collinear anomaly” factor is
suggested in [35].

In the present work we perform a complete resummation of the logs with the counting ↵
s

L
T

⇠ 1, which is more
relevant when low-energy data are included, and we check that an exponential non-perturbative (Q-independent)
correction in impact parameter space works better than the Gaussian one for the Z-production data. A more thorough
analysis is then done here to describe also the low-energy DY data. We nevertheless agree with the authors of Ref. [4]

D’Alesio, Echevarria, Melis, Scimemi, JHEP 1411 (14)
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Non perturbative intrinsic kT effects

CMS data for the Z qT spectrum.

Up to now result in a complete perturbative
framework (plus PDFs).

Non perturbative intrinsic kT effects can be
parametrized by a NP form factor
SNP = exp{−gNPb

2}:

Sc(αS , L̃) → Sc(αS , L̃) SNP

gNP # 0.8GeV 2
[Kulesza et al.(’02)]

With NP effects the qT spectrum is harder.
Quantitative impact of intrinsic kT effects
is comparable with perturbative
uncertainties and with non perturbative
effects from PDFs.

Giancarlo Ferrera – Milan University & INFN REF 2014 – Antwerp – 10/12/2014
Overview on qT resummation 20/24

Z transverse momentum

G. Ferrera, talk at REF 2014, Antwerp, https://indico.cern.ch/event/330428/

Intrinsic transverse 
momentum effects

https://indico.cern.ch/event/330428/contribution/25/material/slides/0.pdf
https://indico.cern.ch/event/330428/contribution/25/material/slides/0.pdf
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CMS data for the Z qT spectrum.

Up to now result in a complete perturbative
framework (plus PDFs).

Non perturbative intrinsic kT effects can be
parametrized by a NP form factor
SNP = exp{−gNPb

2}:

Sc(αS , L̃) → Sc(αS , L̃) SNP

gNP # 0.8GeV 2
[Kulesza et al.(’02)]

With NP effects the qT spectrum is harder.
Quantitative impact of intrinsic kT effects
is comparable with perturbative
uncertainties and with non perturbative
effects from PDFs.

Giancarlo Ferrera – Milan University & INFN REF 2014 – Antwerp – 10/12/2014
Overview on qT resummation 20/24

Z transverse momentum
Non perturbative intrinsic kT effects

Uncertainties in the normalized qT
spectrum of the Higgs boson at the
LHC. NNLL+NLO uncertainty bands
(solid) compared to an estimate of NP
effects with smearing parameter
gNP = 1.67− 5.64GeV 2 (dashed).

The qT spectrum has a strong
sensitivity from collinear PDFs
(especially from the gluon density).

Giancarlo Ferrera – Milan University & INFN REF 2014 – Antwerp – 10/12/2014
Overview on qT resummation 22/24

Higgs transverse momentum

G. Ferrera, talk at REF 2014, Antwerp, https://indico.cern.ch/event/330428/

Intrinsic transverse 
momentum effects

https://indico.cern.ch/event/330428/contribution/25/material/slides/0.pdf
https://indico.cern.ch/event/330428/contribution/25/material/slides/0.pdf
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CAVEAT: there are different definitions of OAM

The separation in the various pieces is highly 

nontrivial

see, e.g., review by Leader, Lorcé
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This effect was thought to vanish until seminal 

paper by Brodsky, Hwang, Schmidt
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picture from A. Bacchetta, M. Contalbrigo, Il Nuovo Saggiatore 2012

see also Anselmino, Boglione, Melis, PRD86 (12) 
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FIG. 4. [Color online] Transverse single-spin asymmetry amplitude for W+ (left plot) and W− (right plot) versus yW compared
with the non TMD-evolved KQ [11] model, assuming (solid line) or excluding (dashed line) a sign change in the Sivers function.
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Figure 2.14: Kinematic coverage in x and Q2 for the EIC compared to the coverage of the
planned JLab12 experiment. The kinematics of the existing experimental measurements are also
shown for comparison.

pected impact of data from the EIC us-
ing the parameterization from Ref. [69] as
an arbitrarily chosen model of the Sivers
function. This parameterization, denoted
theor

i

= F (x
i

, z
i

, P i

hT

, Q2

i

;a0) with the M
parameters a0 = {a0

1

, ..., a0
M

} fitted to exist-
ing data, serves to generate a set of pseudo-
data in each kinematic bin i. In each x

i

, Q2

i

,
z
i

and P i

hT

bin, the obtained values, value
i

,
for the Sivers function are distributed using
a Gaussian smearing with a width �

i

corre-
sponding to the simulated event rate at the
center-of-mass energy of

p
s = 45 GeV ob-

tained with an integrated luminosity of 10
fb�1. To illustrate the achievable statistical
precision, the event rate for the production
of ⇡± in semi-inclusive DIS was used, see, for
example, Fig. 2.15.

This new set of pseudo-data was then
analysed like the real data in Ref. [69].
Fig. 2.16 shows the result for the extraction
of the Sivers function for the valence and sea
up quarks. Similar results are obtained for
the down quarks as well. The central value
of f?u

1T

, represented by the red line, follows

by construction the underlying model. The
2-sigma uncertainty of this extraction, valid
for the specifically chosen functional form, is
indicated by the purple band. This precision,
obtainable with an integrated luminosity of
10 fb�1, is compared with the uncertainty
of the extraction from existing data, repre-
sented by the light grey band. It should be
emphasized that our current knowledge is re-
stricted to only a qualitative picture of the
Sivers function and the above analysis did
not take into account the model dependence
and the associated theoretical uncertainties.
With the anticipated large amount of data
(see Fig. 2.15 for a modest integrated lumi-
nosity 10 fb�1), we can clearly see that the
EIC will be a powerful facility enabling ac-
cess to TMDs with unprecedented precision,
and particularly in the currently unexplored
sea quark region. This precision is not only
crucial for the fundamental QCD test of the
sign change between the Sivers asymmetries
in the DIS and Drell-Yan processes, but also
important to investigate the QCD dynamics
in the hard processes in SIDIS, such as the
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Fig. 3: Hadron acceptances A
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� and A
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2 > 1
(GeV/c)2 as a function of lab

p

T

and labh for negative hadrons h

� (left) and positive hadrons h

+ (right).
The acceptances have been smoothed in order to reduce the granularity from the binning.

teristics, making the use of variables defined in the laboratory frame preferable; therefore, the transverse
momentum lab

p

T

, the polar angle labq , and the pseudorapidity labh = � ln(tan

labq
2 ) of the hadron are

defined with respect to the direction of the incoming muon. The choice of labq is particularly convenient
to exhibit the acceptance cut due to the aperture limit of the polarised target magnet at labq = 70 mrad
for the upstream edge of the target. The factorization of hadron and muon acceptances implies that the
differential multiplicities only depend on A

h

(+,�) since A

incl

cancels, see Eq. 2. Figure 3 shows the hadron
acceptances A

h

� and A

h

+ used in the analysis.

The four-dimensional acceptance used in the present analysis is integrated over the azimuthal angle of
the hadrons, i.e. does not take into account the azimuthal modulations in the cross section [2]. The
systematic effect on the extracted hp

2
T

i have been investigated and found to be negligible.

3 Results

The differential multiplicities d

2
n

h±/dzd p

2
T

in bins of (Q2, x

B j

) are defined in the introduction in terms of
the semi-inclusive and inclusive differential cross sections. They are obtained as the acceptance corrected
number of hadrons D4

N

h± in 8⇥40 (z, p

2
T

) bins and 23 (Dx
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2) bins, divided by the number D2
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Accardi et al., The Electron Ion Collider: the next QCD Frontier, arXiv:1212.1701
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Conclusions

• TMDs (transverse-momentum distributions) extend the concept of 
standard PDFs and provide a 3D description of the partonic 
structure of the nucleon 

• TMDs allow us to investigates aspects of nucleon structure that are 
not accessible to standard collinear PDFs

• A lot of data is already available, but we expect more from e+e−, 
SIDIS at higher energies, Drell-Yan...

• Some parametrizations of TMDs are available, but we are a long 
way from anything similar to PDF global fits
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