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In dark matter science, hope for the best…
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• Let’s hope we can find dark matter in the lab…

And many, 
many more…



…but prepare for the worst!
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• Gravitational signatures might be all we can observe!  

Gravitational Lensing

Merging Clusters

Stellar StreamsDwarf galaxies

Lyman-alpha forest

Credits: Bullock, Geha, Powell

Markevitch et al., Clowe et al. 

de Odenkirchen et 
al. (2003)

Credits: Bill Keel

Suyu et al. (2013)
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What dark matter physics can we probe through astronomy ?
4 M. Vogelsberger et al.

Figure 1. Properties of the effective DM models relevant for structure formation. Left: Linear initial matter power spectra (�linear(k)2 = k3Plinear(k)/2⇡2)
for the different models (CDM and ETHOS models ETHOS-1 to ETHOS-4) as a function of comoving wavenumber k. The ETHOS models differ in the
strength of the damping and the dark acoustic oscillations at small scales. As a reference, we also include thermal-relic-WDM models, which are close to each
model in ETHOS. Right: Velocity dependence of the transfer cross-section per units mass (�T /m) for the different ETHOS models. Models ETHOS-1 to
ETHOS-3 have �T /m / v�4

rel for large relative velocities. For low velocities the cross sections can be as high as 100 cm2 g�1.

the outstanding small-scale problems of the MW satellites. Finally,
we present our summary and conclusions in Section 5.

2 EFFECTIVE MODELS

The different DM models that we investigate in this paper are sum-
marised in Table 1. For all simulations we use the following cos-
mological parameters: ⌦m = 0.302, ⌦⇤ = 0.698, ⌦b = 0.046,
h = 0.69, �8 = 0.839 and ns = 0.967, which are consistent
with recent Planck data (Planck Collaboration et al. 2014; Spergel
et al. 2015). We study mainly five different DM models, which we
label CDM and ETHOS-1 to ETHOS-4. In the parameter space of
ETHOS, these models are represented by a specific transfer func-
tion (see left panel of Fig. 1 for the resulting linear dimensionless
power spectra), and a specific velocity-dependent transfer cross-
section for DM (see right panel of Fig. 1). Our discussion will
mostly focus on ETHOS-1 to ETHOS-3, which demonstrate the ba-
sic features of our ETHOS models. ETHOS-4 is a tuned model that
was specifically set up to address the small-scale issues of CDM
(the MS problem and the TBTF problem). We discuss this model
towards the end of the paper.

These models arise within the effective framework of ETHOS,
described in detail in ?, which we summarise in the following.
ETHOS provides a mapping between the intrinsic parameters (cou-
plings, masses, etc.) defining a given DM particle physics model,
and (i) the effective parameters controlling the shape of the linear
matter power spectrum, and (ii) the effective DM transfer cross sec-
tion (h�T i/m�); both at the relevant scales for structure formation.

Schematically:
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where the parameters on the left are the intrinsic parameters of the
dark matter model: m� is the mass of the dark matter particle, {gi}
represents the set of coupling constants, {hi} is a set of other inter-
nal parameters such as mediator mass {mi} and number of degrees
of freedom, and ⇠ = (TDR/TCMB)|z=0 is the present day DR to
CMB temperature ratio.

The effective parameters of the framework are on the right of
Eq. 1, which in all generality include the doublet {bn,�l} char-
acterising the evolution of dark radiation perturbations, while the
triplet {dn,m�, ⇠} determines the adiabatic sound speed of dark
matter. The latter is very small for non-relativistic dark matter,
thus, it has no impact on the evolution of dark matter perturba-
tions (except on very small scales, irrelevant for galaxy forma-
tion/evolution). On the other hand, since in this work we are only
interested on the evolution of dark matter perturbations, the param-
eters {bn,�l} can be neglected since they have very little impact
on the actual structure of the linear matter power spectrum. More
precisely, when the DR-DR interactions decouple later than the
DR-DM interactions, these terms should be taken into account but
they only affect scales at and smaller than that of the second DAO
peak in the linear power spectrum. This would introduce only mi-
nor corrections that can be neglected for the purpose of following
the non-linear evolution of structures. We are therefore left only
with the doublet {an,↵l}, which fully characterises the evolution
of the dark matter perturbations, with the set of l�dependent coeffi-
cients ↵l encompassing information about the angular dependence

MNRAS 000, 1–17 (2015)

Vogelsberger, Zavala, Cyr-Racine +, arXiv:1512.05349

1) Interactions affecting the DM 
transfer function (initial conditions)

2) Interaction affecting the dynamics of 
structure formation (self-interaction)
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Physical impacts of modified matter power spectrum and dark 
matter self-interaction. 

Vogelsberger, Zavala, Cyr-Racine +, arXiv:1512.05349

1) Change to the abundance of small-scale substructure 2) Change to the inner structure of 
subhalos

10 M. Vogelsberger et al.

Figure 6. DM density projections of the zoom MW-like halo simulations for four different DM models. The suppression of substructure, relative to the CDM
model, is evident for the ETHOS models ETHOS-1 to ETHOS-3, which have a primordial power spectrum suppressed at small scales. The projection has a
side length and depth of 500 kpc.

subdominant impact compared to the effect of DM collisions. This
was already seen, albeit not as clearly, in Fig. 5.

The apparent reduction of substructure is quantified in more
detail in Fig. 8, where we show the cumulative distribution of sub-
haloes within 300 kpc of the halo centre as a function of their
peak circular velocity Vmax. The left panel shows the cumulative
number on a linear scale, and includes observational data from
Polisensky & Ricotti (2011). The MS problem is apparent since
there are significantly more CDM subhaloes than visible satellites.
This discrepancy can be solved or alleviated through a combination
of photo-evaporation and photo-heating when the Universe was
reionised, and supernova feedback (e.g. Efstathiou 1992; Gnedin
2000; Benson et al. 2002; Koposov et al. 2008), although photo-

evaporation and photo-heating alone may not be enough to bring
the predicted number of massive, luminous satellites into agree-
ment with observations (e.g., Boylan-Kolchin et al. 2012; Brooks
et al. 2013). The plot also demonstrates that the reduction of sub-
structure in ETHOS-1 to ETHOS-3 alleviates the abundance prob-
lem significantly. The strong damping in the power spectrum of
model ETHOS-1 leads to a very significant reduction of satellites
which is quite close to the data, perhaps too close given the ex-
pected impact of reionisation and supernovae feedback. If these
processes were to be included in our simulations with a similar
strength as they are included in hydrodynamical simulations within
CDM, model ETHOS-1 would be ruled out. One must be cautious
however, since the strength of these processes is not known well

MNRAS 000, 1–17 (2015)
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Figure 6. DM density projections of the zoom MW-like halo simulations for four different DM models. The suppression of substructure, relative to the CDM
model, is evident for the ETHOS models ETHOS-1 to ETHOS-3, which have a primordial power spectrum suppressed at small scales. The projection has a
side length and depth of 500 kpc.

subdominant impact compared to the effect of DM collisions. This
was already seen, albeit not as clearly, in Fig. 5.

The apparent reduction of substructure is quantified in more
detail in Fig. 8, where we show the cumulative distribution of sub-
haloes within 300 kpc of the halo centre as a function of their
peak circular velocity Vmax. The left panel shows the cumulative
number on a linear scale, and includes observational data from
Polisensky & Ricotti (2011). The MS problem is apparent since
there are significantly more CDM subhaloes than visible satellites.
This discrepancy can be solved or alleviated through a combination
of photo-evaporation and photo-heating when the Universe was
reionised, and supernova feedback (e.g. Efstathiou 1992; Gnedin
2000; Benson et al. 2002; Koposov et al. 2008), although photo-

evaporation and photo-heating alone may not be enough to bring
the predicted number of massive, luminous satellites into agree-
ment with observations (e.g., Boylan-Kolchin et al. 2012; Brooks
et al. 2013). The plot also demonstrates that the reduction of sub-
structure in ETHOS-1 to ETHOS-3 alleviates the abundance prob-
lem significantly. The strong damping in the power spectrum of
model ETHOS-1 leads to a very significant reduction of satellites
which is quite close to the data, perhaps too close given the ex-
pected impact of reionisation and supernovae feedback. If these
processes were to be included in our simulations with a similar
strength as they are included in hydrodynamical simulations within
CDM, model ETHOS-1 would be ruled out. One must be cautious
however, since the strength of these processes is not known well

MNRAS 000, 1–17 (2015)

See also: Schewtschenko et al. (2015, 2016), Boehm et 
al. (2014), Buckley et al. (2014), Elbert et al. (2017).



Galaxy-scale Gravitational Lenses
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Credits: Leonidas Moustakas



Direct Substructure Detection
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• “Gravitational Imaging” of Perturbed Einstein Rings

Figure 1: The detection of a dark-matter dominated satellite in the gravitational lens system
B1938+666 at redshift 0.881. The data shown here are at 2.2 micron and were taken with the
W. M. Keck telescope in June 2010. Additional data sets at 1.6 micron, from the Keck tele-
scope and the Hubble Space Telescope, are presented in the Supplementary Information. Top-left
panel: the original data set with the lensing galaxy subtracted. Top-middle panel: the final re-
construction. Top-right panel: the image residuals. Bottom-left panel: the source reconstruction.
Bottom-middle panel: the potential correction from a smooth potential required by the model to
fit the data. Bottom-right panel: the resulting dimensionless projected density corrections. The
total lensing potential is defined as the sum of an analytic potential for the host galaxy plus the
local pixelized potential corrections defined on a Cartesian grid. The potential corrections are a
general correction to the analytical smooth potential and correct for the presence of substructure,
for large-scale moments in the density profile of the galaxy and shear. When the Laplace opera-
tor is applied to the potential corrections and translated into surface density corrections, the terms
related to the shear and mass sheets become zero and a constant, respectively. A strong positive
density correction is found on the top part of the lensed arc. Note that these images are set on
a arbitrary regular grid that has the origin shifted relative to the centre of the smooth lens model
by ∆x = 0.024 arcsec and ∆y = 0.089 arcsec. When this shift is taken into account the position
of the density correction is consistent with the position of the substructure found in the analytic
re-construction (see Supplementary Information).

3

Vegetti et al. Nature, (2012)



Direct Substructure Detection
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• “Gravitational Imaging” of Perturbed Einstein Rings

Hezaveh et al., (2016)adjustable parameters: mass Msub, and 2D location xsub. We
then re-fit the joint data set, re-optimizing all the parameters
fully nonlinearly. We find that a model with a subhalo of mass

= :M M108.96 improves the marginalized log posterior fit by
�D = -47.3 in the joint fit (note that the initial linear search

was performed at Msub= 108.6Me). Based on this result, we
conclude that the ALMA Science Verification observations of
SDP.81 detect a subhalo in the projected mass distribution.
Having found the best-fit parameters for the detected subhalo,
we then sample the full parameter space (smooth lens and

Figure 5. Initial subhalo search using ALMA Science Verification observations of SDP.81. Depicted are maps of linearized �D from Equation (16) showing twice the
difference in log marginalized posterior probability density between a smooth model without substructure and a model with a subhalo of mass M=108.6Me, as a
function of location of that subhalo. The three panels correspond to analysis of Band 6 only (left), Band 7 only (middle), and joint Bands 6 and 7 (right). Based on the
significant improvement to the fit provided by substructure (as indicated by the map), we subsequently added one subhalo to our lens model and re-optimized the
model parameters (see Table 1). The contours in the insets show the 1-, 2-, and 3-σ confidence regions for the position of the subhalo from a nonlinear joint fit to
the data.

Figure 6. Top left: the sky emission model in band 6 for the best-fit smooth lens parameters for the SDP.81 data. Top middle: the same for the perturbed model. Top
right: the difference between the two models. The bottom panels show the same for band 7. The bright feature in the difference plots is mainly caused by the
astrometric anomaly of the arc. In each row, the images have been scaled to the peak flux of the smooth model.

10

The Astrophysical Journal, 823:37 (19pp), 2016 May 20 Hezaveh et al.



Direct Substructure Detection: A transdimensional
approach

8/11/17Francis-Yan Cyr-Racine, Harvard 9

• A more accurate way to capture model covariances

Daylan, Cyr-Racine, et al., arXiv:1706.06111

See also Brewer at al. (2015)
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• Instead of describing lensing perturbations in terms of individual subhalo, look 
at the correlation function of the projected density field. 

A different approach to substructure lensing: 2-point 
correlation function

JCAP11(2016)048
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Figure 5. Forecast for a measurement of the power spectrum of subhalos with M < 5× 107M⊙ for a
10-hour long observation (black errorbars) of a single source with ALMA, assuming an observed source
continuum flux of 50 mJy at 850 µm. The first bin, with a significance of∼ 3σ, indicates the abundance
of all subhalos in the main dark matter halo. Deeper observations (∼ 40 hr), combination of all the
modes at higher k, and more favorable conditions (smaller source size) could allow a measurement of
the break in the power spectrum at higher k (red errorbars). The underlying power spectrum is the
fiducial model of figure 1 (blue curve in figure 1).

we use a Fisher analysis to forecast the size of the errorbars and the degeneracies between
power at different scales for different observing conditions. The input power spectrum of the
subhalo density field in the mock observations is set to be consistent with the Via Lactea II
(VL2) simulation: the positions, masses, and tidal radii of the subhalo are taken from the
publicly available VL2 catalogue1 [22] and the subhalos are given a truncated NFW profile
with Rs = Rtidal/4. Figure 4 shows an example of the parameter covariance (amplitudes in
four bins) for a simulated observation.

Figure 5 shows the errorbars of two bins for a signal to noise comparable to a 10-hr
long ALMA observation of bright lensed dusty galaxies. This results in a detection of the
power in the first bin (∼ 3σ) revealing the total abundance of subhalos. On smaller scales,
the predicted power spectrum falls too rapidly and this observation can only put an upper
bound on the high-k amplitude. This upper limit, however, may be adequate to indicate a
break in the power spectrum. An observation approximately 4 times longer (or involving 4
different lens systems) could measure the power over this regime.

5.4 Non-gaussianity

So far, we have assumed that the subhalo density field could be treated as a Gaussian random
field. In reality, the substructure field is not Gaussian distributed. The non-Gaussianity
mainly arises from the few most massive subhalos. To reduce this non-Gaussianity, it is
important to be able to detect and remove the effect of the most massive subhalos with
low number densities. The power spectra used for simulations in this work were calculated
for subhalos with M < 5 × 107M⊙, assuming that subhalos with masses larger than this
limit could be detected individually using a direct lens modeling approach [14, 17]. To
estimate how much the remaining non-Gaussianity in the density field biases our results, we
performed 100 simulations of Gaussian and non-Gaussian substructure density fields. The

1http://www.ucolick.org/∼diemand/vl/data.html.

– 10 –

Hezaveh et al., (2016)

Fisher 
Forecast
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• Philosophy: in a CDM halo, many subhalos are encountered along any 
given line of sight.  

Substructure lensing: 2-point function

10 M. Vogelsberger et al.

Figure 6. DM density projections of the zoom MW-like halo simulations for four different DM models. The suppression of substructure, relative to the CDM
model, is evident for the ETHOS models ETHOS-1 to ETHOS-3, which have a primordial power spectrum suppressed at small scales. The projection has a
side length and depth of 500 kpc.

subdominant impact compared to the effect of DM collisions. This
was already seen, albeit not as clearly, in Fig. 5.

The apparent reduction of substructure is quantified in more
detail in Fig. 8, where we show the cumulative distribution of sub-
haloes within 300 kpc of the halo centre as a function of their
peak circular velocity Vmax. The left panel shows the cumulative
number on a linear scale, and includes observational data from
Polisensky & Ricotti (2011). The MS problem is apparent since
there are significantly more CDM subhaloes than visible satellites.
This discrepancy can be solved or alleviated through a combination
of photo-evaporation and photo-heating when the Universe was
reionised, and supernova feedback (e.g. Efstathiou 1992; Gnedin
2000; Benson et al. 2002; Koposov et al. 2008), although photo-

evaporation and photo-heating alone may not be enough to bring
the predicted number of massive, luminous satellites into agree-
ment with observations (e.g., Boylan-Kolchin et al. 2012; Brooks
et al. 2013). The plot also demonstrates that the reduction of sub-
structure in ETHOS-1 to ETHOS-3 alleviates the abundance prob-
lem significantly. The strong damping in the power spectrum of
model ETHOS-1 leads to a very significant reduction of satellites
which is quite close to the data, perhaps too close given the ex-
pected impact of reionisation and supernovae feedback. If these
processes were to be included in our simulations with a similar
strength as they are included in hydrodynamical simulations within
CDM, model ETHOS-1 would be ruled out. One must be cautious
however, since the strength of these processes is not known well

MNRAS 000, 1–17 (2015)

Vogelsberger, Zavala, Cyr-Racine+, arXiv:1512.05349

500 kpc
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Figure 6. DM density projections of the zoom MW-like halo simulations for four different DM models. The suppression of substructure, relative to the CDM
model, is evident for the ETHOS models ETHOS-1 to ETHOS-3, which have a primordial power spectrum suppressed at small scales. The projection has a
side length and depth of 500 kpc.

subdominant impact compared to the effect of DM collisions. This
was already seen, albeit not as clearly, in Fig. 5.

The apparent reduction of substructure is quantified in more
detail in Fig. 8, where we show the cumulative distribution of sub-
haloes within 300 kpc of the halo centre as a function of their
peak circular velocity Vmax. The left panel shows the cumulative
number on a linear scale, and includes observational data from
Polisensky & Ricotti (2011). The MS problem is apparent since
there are significantly more CDM subhaloes than visible satellites.
This discrepancy can be solved or alleviated through a combination
of photo-evaporation and photo-heating when the Universe was
reionised, and supernova feedback (e.g. Efstathiou 1992; Gnedin
2000; Benson et al. 2002; Koposov et al. 2008), although photo-

evaporation and photo-heating alone may not be enough to bring
the predicted number of massive, luminous satellites into agree-
ment with observations (e.g., Boylan-Kolchin et al. 2012; Brooks
et al. 2013). The plot also demonstrates that the reduction of sub-
structure in ETHOS-1 to ETHOS-3 alleviates the abundance prob-
lem significantly. The strong damping in the power spectrum of
model ETHOS-1 leads to a very significant reduction of satellites
which is quite close to the data, perhaps too close given the ex-
pected impact of reionisation and supernovae feedback. If these
processes were to be included in our simulations with a similar
strength as they are included in hydrodynamical simulations within
CDM, model ETHOS-1 would be ruled out. One must be cautious
however, since the strength of these processes is not known well

MNRAS 000, 1–17 (2015)

Gaussian??
Clearly not 
Gaussian…
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• My philosophy: even if the convergence field is not entirely Gaussian, 
looking at the substructure power spectrum is interesting.

• Key Question: 

What will we learn about low-mass subhalos
from measuring the substructure convergence 

power spectrum? 

Substructure lensing: 2-point function
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• Goal: Use the halo model to compute from first principle the 
substructure convergence power spectrum. 

Substructure Convergence Power Spectrum
Díaz Rivero, Cyr-Racine, & Dvorkin, arXiv:1707.04590
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independent of the value of q
i

. Here, the integral runs
over the whole lens plane.

In general, it is impossible to know the mass, position,
and internal properties of every subhalo within a lens
galaxy. Instead, we would like to determine the ensemble-

averaged properties of gravitational lensing observables
given the statistical properties of subhalos, such as their
mass function and spatial distribution. We shall denote
by hXi the ensemble average of quantity X over all possi-
ble realizations of the subhalo density field within a lens
galaxy. On the other hand, the notation X̄ will be used
to denote the spatial average of X over a given area of
the lens plane.

Let us assume that all the statistical properties of sub-
halos within a lens galaxies are captured by a probability

distribution function P(r,m,q). It is in general a very
good approximation (see Refs. [83, 89]) to assume that
the mass and projected position of a subhalo are uncorre-
lated. This allows us to write the overall distribution as a
product of a mass and position probability distributions:
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where we have taken into account that the intrinsic prop-
erties of a given subhalo likely depend on its mass and
position within the lens galaxy. The distribution P
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where A is the area of the lens plane where we have sen-
sitivity to substructures (see below). The denominator
in Eq. (6) is just the total number of subhalos within the
area A
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where n̄
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is the average number density of subhalos
averaged over the whole area A. It is useful to write the
subhalo number density as
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where �(r) is a stochastic random variable with h�(r)i =
0. Here, the �(r) field describes the fractional excess
probability (compared to n̄
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) of finding a subhalo at
position r. While any choice of �(r) fully specifies the
probability density function P

r

(r) (as per Eq. (6)), we
will in general be interested in ensemble-averaging over
realizations of the �(r) field.
Numerical studies [83, 89] indicate that the 3D spa-

tial distribution of subhalos near the central part of the
host has a rather weak radial dependence. Taking into
account projection e↵ects and the fact that galaxy-scale
strong lensing is mostly probing a small region near the
projected center of the host, it is usually an excellent
approximation to take hn
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= constant.
The subhalo mass probability distribution can be writ-

ten as
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While our results are easily generalizable to any choice
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mass function, P
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which is trivially satisfied by Eqs. (6) and (9).
As in most lensing calculations in the literature, the

calculations presented in the remainder of this paper as-
sume that each subhalo represents an independent draw
from the P(r,m,q) probability distribution. We em-
phasize though that this does not mean that we neglect
spatial correlations between subhalos; these are fully en-
coded in our choice of P
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(r). In this case, the probability
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can be factored out as a product of
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We now have all the ingredients to perform ensemble av-
erages over all possible realizations of a subhalo popula-
tion.

B. Ensemble-averaged substructure convergence

It is instructive to first compute the mean ensemble-
averaged substructure convergence on the lens plane ̄
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It is given by
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where we used the fact that every term in the sum in
Eq. (3) contributes equally to ̄

sub

. The result is not sur-
prising since it just states that the average convergence
for the whole population of (statistically-independent)
subhalos is just N

sub

times the average convergence of a
single subhalo. Next, we note that the r

i

integral above
is nothing more than the convolution of the subhalo den-
sity profile 

i

with the spatial distribution P
r

. Using the
general result for the integral of a convolution

Z
d
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s (f ⇤ g)(s) =
Z

d
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s f(s)

Z
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r g(r), (13)

we obtain,
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Z
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i

P
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(m
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)m
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=
N

sub

hmi
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, (14)

where we used Eq. (4). In the above, we have introduced
the notation

hmi ⌘
Z

dm

i

P
m

(m
i

)m
i

(15)

to denote the average subhalo mass. We note that
Eq. (14) is useful to relate N

sub

and A to the physically-
relevant quantities hmi and ̄

sub

.

C. The Power Spectrum of the Convergence Field

We now turn our attention to the computation of
the two-point correlation function of the substructure
density field, or its Fourier transform, the substructure
power spectrum. We emphasize that we do not assume
here that the substructure convergence field is necessarily
Gaussian. As such, we do not expect the power spectrum
to characterize the substructure density field completely,
and expect higher-point correlation functions to also con-
tain nontrivial information. Nevertheless, the rapidly ris-
ing subhalo mass function toward the low-mass end in
CDM models ensures that Gaussianity is a good first ap-
proximation [80]. Importantly, the main contributors of
non-Gaussianities to the substructure field are the most
massive subhalos within the lens galaxy [84]. Since we
expect them to be directly detectable [71, 72, 74, 75],
we can limit their influence on the statistics of the 

sub

field by absorbing the most massive subhalos within the
macrolens mass model 

0

.
To obtain a general expression for the substructure

power spectrum P

sub

(k), we first compute the lens
plane-averaged connected two-point correlation function
⇠

sub

(r) of the substructure convergence field 

sub

. To
simplify the derivation and avoid clutter, we first focus
exclusively on performing the spatial averages encoded in
the probability distribution P

r

(r). The averages over the
subhalo mass and internal properties will be restored at
the end of the calculation. The substructure convergence
two-point function takes the form

⇠
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Substituting Eq. (3) in the above and using the normal-
ization condition given in Eq. (10), we obtain
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s. (17)

The first term arises from ensemble-averaging over the
spatial distribution of a single subhalo (the 1-subhalo

term), the second term arises from averaging over pairs
of distinct subhalos (the 2-subhalo term), while the last
three terms ensure that we are computing only the con-
nected part of the two-point function. In the language

5

of the halo model, the 1-subhalo term refers to particles
or mass elements within a same subhalo, while the 2-
subhalo term is due to those in distinct subhalos. The
1-subhalo term is nothing else than the convolution of
the subhalo density profile with itself
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The 2-subhalo contribution contains N
sub

(N
sub

�1) iden-
tical terms which have the following form [90]
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Using Eqs. (6) and (8), the convolution of the subhalo’s
spatial distribution is
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where we have identified the two-point subhalo correla-
tion function ⇠

ss

(r), which encodes spatial correlation be-
tween pairs of distinct subhalos. Finally, the three last
terms of Eq. (17) all have the same form and lead to
a net contribution of �̄

2

sub

A. The connected two-point
correlation function of the substructure convergence field
thus takes the form
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Noting that some of the integrals not involving ⇠

ss

in the
second term exactly cancel the third term, we are left
with
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The first two terms correspond to the 1-subhalo and 2-
subhalo terms, respectively, while the last term, sup-
pressed by an extra factor of N

sub

, corresponds to the
shot noise term, which only becomes important if the
number of subhalos within the area of interest in the lens
plane is small.
It is now straightforward to compute the convergence

power spectrum by Fourier transforming Eq. (22). Using
the following Fourier transform conventions:

̃(k) =

Z
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r e

�ik·r
̂(r), (23)
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Z
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the convergence power spectrum takes the form
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where k is the wavevector, and where we have used the
convolution theorem to perform the Fourier transform.
We note that the r-independent part of the last term in
Eq. (22) contributes an unobservables zero-mode, which
we dropped in the above. Here, P

ss

(k) is the Fourier
transform of the subhalo two-point correlation function
⇠

ss

(r). In the remainder of the paper we neglect the
1/N

sub

term in Eq. (25).
Up to this point, the only assumptions underpinning

our calculation of the substructure convergence power
spectrum are the statistical independence of each sub-
halo within a lens galaxy, and the fact that the subhalo
internal properties q

i

do not depend on the subhalo posi-
tion r

i

. We now introduce two simplifying assumptions:

• We take the subhalo convergence profile to be cir-
cularly symmetric, implying that ̃

i

(k) = ̃

i

(k).

• We assume that the subhalo two-point correlation
function ⇠

ss

is homogeneous and isotropic, hence
leading to P

ss

(k) = P

ss

(k).

Here, k ⌘ |k|. While subhalos are generally triaxial, pro-
jection e↵ects and ensemble-averaging over all possible
orientations and sizes of the subhalos’ ellipticity imply
that the average convergence profile is close to circularly
symmetric, hence our first assumption. Our second point
amounts to assuming that the small area of the lens plane
probed by strong lensing images is typical of other nearby
lines-of-sight. With these assumptions, the Fourier trans-
form of the subhalo convergence profile is

̃(k) =

Z
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2

r e

�ik·r
̂(r)

= 2⇡

Z
dr r J

0

(k r)̂(r), (26)
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• As a warm up, let’s consider a population of truncated NFW subhalos.

Substructure Power Spectrum: tNFW

Díaz Rivero, Cyr-Racine, & Dvorkin, arXiv:1707.04590

��-� ��-� ��-� ��-� ��� ��� ��� ���
��-��

��-�

��-�

���

���

����



8/11/17Francis-Yan Cyr-Racine, Harvard 15

• The power spectrum depends mostly on three quantities:

Substructure Power Spectrum: tNFW

Díaz Rivero, Cyr-Racine, & Dvorkin, arXiv:1707.04590
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13

FIG. (6): Density profile for a truncated NFW profile
(solid blue) and a truncated Burkert profile (solid green)
for ⌧ = 15, p = 0.7, and m = 106 M�. The gray dot-
ted and dashed-dotted lines represent the scale and tidal

radius, respectively.

FIG. (7): 1-subhalo power spectrum for a population of
tNFW subhalos (solid blue; same fiducial model as in Fig.
3) and tBurk subhalos (solid green). We also show k

trunc

(dotted-dashed gray) and k

scale

(solid gray), as well as
the k � k

scale

behavior of both power spectra.

the 1-subhalo term. In the forthcoming discussion we
will therefore explore the extent of this high-k di↵erence
between the two density profiles we’ve chosen to be rep-
resentative of each dark matter scenario.

We follow an identical procedure to the tNFW case
to determine the 1-subhalo term of the power spectrum,
which is shown in Fig. 7. We also show, for reference,
the fiducial tNFW case shown in blue in Fig. 3. There
is a slight increase in power with respect to the tNFW
population on intermediate scales due to the redistribu-
tion of mass as the core forms, followed by the expected
decrease in power on small scales due to the actual core.
Despite these di↵erences, we note that the changes of
the substructure convergence power spectrum on scales
k

trunc

. k . k

scale

in going from the tNFW to the tBurk
case is well within the variation allowed by varying the

statistical properties of the subhalo population, i.e. the
di↵erent e↵ects shown across Figs. 3 and 4. This implies
that measurements of the power spectrum on these scales
are unlikely to distinguish between a cored or cusped sub-
halo profile.
On even smaller scales k � k

scale

, the tBurk power
spectrum P

1sh

(k) begins to significantly deviate from its
tNFW counterpart. Indeed, since the Fourier transform
of the truncated Burkert profile behaves as

̃

tBurk

(k) ! 8(p4 � ⌧

4)

⌧

2

�
⇡(p� ⌧)2 + 4⌧2 log

⇥
p

⌧

⇤� 1

(k p r
s

)4
, (62)

for k p r

s

� 1, the 1-subhalo term for a population
of cored subhalos goes as P

1sh

(k) / 1/k8 for large k,
much steeper than the 1/k4 expected for NFW subhalos.
Therefore, if at all measurable (see discussion below), the
slope of the power spectrum on these scales could be deci-
sive in determining the inner density profile of subhalos,
which in turn could shed light on the particle nature of
dark matter.

V. DISCUSSION AND CONCLUSION

In this paper we have introduced a general formalism
to study the 2-point correlation function of the conver-
gence field due to subhalo populations in strong gravi-
tational lenses, keeping in mind that the observable for
these types of problems tend to be photon count or sur-
face brightness maps that exhibit multiple images due
to the light from a background source (e.g. a quasar or
a galaxy) having been warped by a massive foreground
object, namely the gravitational lens. We have explored
in depth how di↵erent subhalo population properties af-
fect the substructure convergence field, as well as how it
di↵ers for two alternative dark matter scenarios: CDM,
which we have represented as a population of tNFW sub-
halos, and SIDM, where we used a truncated generalized
Burkert profile to represent the subhalo population.
Using the CDM scenario as our baseline, we found that

the form of the 1-subhalo term is largely determined by
three key quantities: a low-k amplitude proportional to
̄

sub

hm2i/hmi, a turnover scale k

trunc

where the power
spectrum starts probing the density profile of the largest
subhalos, and the wavenumber k

scale

corresponding to
the smallest scale radii beyond which the slope of the
power spectrum reflects the inner density profile of the
subhalos. We have shown that the first of these is di-
rectly related to subhalo abundance and specific statisti-
cal moments of the subhalo mass function. On the other
hand, the turnover scale is determined by the average
truncation radius of the largest subhalo included in the
power spectrum calculation. On scales k & k

trunc

, there
is significant variability depending on the statistical prop-
erties of subhalos - i.e. changes to the tidal truncation,
parameters pertaining to the subhalo mass function, or to
the scale radius-mass relation can shift the distribution
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• Let’s now consider an SIDM-inspired truncated cored profile:

Substructure Power Spectrum: truncated cored profile

Díaz Rivero, Cyr-Racine, & Dvorkin, arXiv:1707.04590
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• Key probe of the inner subhalo density profile: asymptotic slope.

Substructure Power Spectrum: truncated cored profile

Díaz Rivero, Cyr-Racine, & Dvorkin, arXiv:1707.04590
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2016)
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Measuring the substructure power 
spectrum: cartoon

Substructure convergence perturbation Lensing potential and deflection field

Cyr-Racine, Keeton & Moustakas, in prep.
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Measuring the substructure power 
spectrum: cartoon

Fiducial image Image residuals
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Measuring the substructure power 
spectrum: cartoon

• There is definitely signal in the lensing residual!

Warning: 
Completely 

idealized, proof-of-
concept result!!
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Substructure Lensing: Conclusions

• Substructure lensing allows the study of small-scale dark matter 
structures that may hold key information about dark matter physics. 

• The n-point functions of the projected density field allow for a more 
general description of dark matter substructure.

• The substructure power spectrum mostly depends on the abundance 
of substructure, their truncation, and their inner density profile.

• In principle, it appears possible to measure the substructure 
convergence power spectrum. A thorough study is on the way.


