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The Great Promise of Helicity Amplitudes
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Easy exercise: calculate the 𝑔𝑔 → 𝑔𝑔 amplitude  

QCD Lagrangian

Feynman rules

Feynman diagrams

Get the amplitude 

Z. Bern, from hep-ph/9304249

2→3

2→4, 25 pages
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6-pt MHV gluon 

squared amplitude

Parke, Taylor

PhysRevLett.56.2459
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The Great Promise of Helicity Amplitudes
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• On-shell recursion relation can be used to remarkably simplify calculation 

6-pt MHV gluon 

squared amplitude

R. Britto, F. Cachazo, B. Feng, and E. Witten 

(arXiv: 0501052)

Parke, Taylor

PhysRevLett.56.2459
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• A powerful calculation tool for recursive construction

• A powerful tool to study structures of quantum field theory (BCJ, double-copy, etc.)

The Great Promise of Helicity Amplitudes



Massive Helicity Amplitudes are Needed for Particles
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• On-shell methods well developed for massless particles

• Most Particles are Massive

• Systematic description was introduced by Arkani-Hamed et. al

• Full method of on-shell recursion is somewhat lacking for massive particles, causing confusions.

N. Arkani-Hamed, T. C. Huang, Y. Huang, 

(1709.04891)
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• Gluing results in discrepancies for massive 𝑒𝑒 → 𝜇𝜇 calculations 

N. Arkani-Hamed, T. C. Huang, Y. 

Huang, arXiv:1709.04891

N. Christensen, H. Diaz-Quiroz, B. 

Field, J. Miles arXiv:2209.15018

Pheno 2023 Talk

• Correct amplitude (Validated by 

Feynman Rule Calculation):

Confusion in QED
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Resolving the Discrepancy 

(It is the so called “contact term ambiguities”)

• (In the complex momentum plain) Many different forms of 3-point interactions 

(minimal amplitudes) are equivalent on-shell. 

• These equivalent on-shell forms leads to different 4-point amplitudes when 

naively glued together.
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Resolving the Discrepancy 

(It is the so called “contact term ambiguities”)

• (In the complex momentum plain) Many different forms of 3-point interactions 

(minimal amplitudes) are equivalent on-shell. 

• These equivalent on-shell forms leads to different 4-point amplitudes when 

naively glued together.

• Resolution: One has to perform the analytic continuation (momentum shift) 

consistently to be free from discrepancy.
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All expressions agree when internal photon is on-shell (an 

unphysical configuration) (but differ for off-shell photon). 

We proved this point in our work, fully 

resolving the confusion. 

Setting ොs = 0 trick for this discrepancy  

was also noted in: H.Y. Lai, D. Liu, J. 

Terning, arXiv:2312.11621



𝐴𝑛 = ර
𝑧=0

𝑑𝑧
መ𝐴𝑛

2𝜋𝑖𝑧

❖ Deform the momentum by complex variable 𝑧: 𝑝𝑖 → Ƹ𝑝𝑖 = 𝑝𝑖 + 𝑧 𝑞𝑖

❖ Locality: physical poles of መ𝐴𝑛(𝑧) = intermediate particles on shell

❖ Cauchy theorem:

𝐴𝑛 → መ𝐴𝑛(𝑧) መ𝐴𝑛 0 = 𝐴𝑛

Recursion Relations (on-shell construction)
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❖ Deform the momentum by complex variable 𝑧: 𝑝𝑖 → Ƹ𝑝𝑖 = 𝑝𝑖 + 𝑧 𝑞𝑖

❖ Locality: physical poles of መ𝐴𝑛(𝑧) = intermediate particles on shell

❖ Cauchy theorem:

𝐴𝑛 = ර
𝑧=0

𝑑𝑧
መ𝐴𝑛

2𝜋𝑖𝑧

= −෍

𝑧𝐼

𝑅𝑒𝑠𝑧=𝑧𝐼

መ𝐴𝑛
𝑧

+ 𝐵∞

Boundary term

Intermediate particle on shell

𝐴𝑛 → መ𝐴𝑛(𝑧) መ𝐴𝑛 0 = 𝐴𝑛

Recursion Relations (on-shell construction)
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❖ At the pole: the residue factorizes into sub-amplitudes

Ƹ𝑝𝐼
2 = 𝑚𝐼

2

𝐴𝑛 = −෍

𝑧𝐼

𝑅𝑒𝑠𝑧=𝑧𝐼

መ𝐴𝑛
𝑧

+ 𝐵∞

= −෍

𝑧𝐼

෍

𝜆

𝑅𝑒𝑠𝑧=𝑧𝐼
1

𝑧
መ𝐴𝑛−𝑚+2
(𝜆) 1

Ƹ𝑝𝐼 −𝑚𝐼
2
መ𝐴𝑚
(−𝜆)

+ 𝐵∞

Intermediate particle helicity subamplitudes

The theory is ‘constructible’

❖ If 𝐵∞ = 0:  combine lower point to get higher point amplitude 
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❖ At the pole: the residue factorizes into sub-amplitudes

Ƹ𝑝𝐼
2 = 𝑚𝐼

2

𝐴𝑛 = −෍

𝑧𝐼

𝑅𝑒𝑠𝑧=𝑧𝐼

መ𝐴𝑛
𝑧

+ 𝐵∞

= −෍

𝑧𝐼

෍

𝜆

𝑅𝑒𝑠𝑧=𝑧𝐼
1

𝑧
መ𝐴𝑛−𝑚+2
(𝜆) 1

Ƹ𝑝𝐼 −𝑚𝐼
2
መ𝐴𝑚
(−𝜆)

+ 𝐵∞

Intermediate particle helicity subamplitudes

The theory is ‘constructible’

❖ If 𝐵∞ = 0:  combine lower point to get higher point amplitude 

A side remark: was Nima et al wrong? The 

question is dodged by the following footnote:
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choose a good shift   𝑝𝑖 → Ƹ𝑝𝑖 = 𝑝𝑖 + 𝑧 𝑞𝑖

lim
𝑧→∞

መ𝐴 𝑧 = 0 ⇔ 𝐵∞ = 0 ⇔ Constructible

𝑝1

𝑝2

𝑝3

𝑝4

▪ Which momentum 𝑝𝑖 do we shift?

▪ What is the shifted momentum 𝑞𝑖?

‘‘shift’’

Boundary Terms 𝐵∞

• All “dependent” contact terms will be automatically generated through this process. 

• One shall include additional contact term contributions in the construction if they are 

“independent”, e.g., higher dim operators.

In other words, four points contact interactions are automatically encoded in the three point interactions 

through consistent amplidues process, such as those with gauge symmetries or SUSY. I.E, almost all 

SM contact interactions are not an inputs, except for two for Higgs physics.
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‘Particles’

Momentum Little group transformation

𝑝𝜇 ⇒ 𝑝𝛼 ሶ𝛼 = ൿ|𝒑𝐼
𝛼
[𝒑𝐼| ሶ𝛼

ൿ|𝒑𝐼
𝛼
→ ൿ𝑈𝐽

𝐼|𝒑𝐽
𝛼

[𝒑𝐼| ሶ𝛼 → 𝑈−1
𝐼

𝐽
[𝒑𝐽| ሶ𝛼

‘Amplitudes’

Arkani-Hamed, Huang, Huang (17’)

SU(2) little-group matrices

SU(2) little-group indices

SU(2) little-group covariant

Systematic classification of all 3-point amplitudes

Massive Spinors (skip)
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❖ Spin 1/2

𝑢+= ( ۧ|𝜂 , | ሚ𝜆])T, 𝑢− = ۧ|𝜆 , | ෤𝜂] T

❖ Spin 1

𝜖+ =
ۧ|𝜂 [ ሚ𝜆|

𝑚
, 𝜖− =

ۧ|𝜆 [ ෤𝜂|

𝑚
, 𝜖0 =

ۧ|𝜆 [ ሚ𝜆| + ۧ|𝜂 [ ෤𝜂|

2𝑚
❖ Spin 3/2

𝜓++ =
2

𝑚
(| ሚ𝜆] ۧ|𝜂 ۧ|𝜂 , | ሚ𝜆] ۧ|𝜂 | ሚ𝜆])𝑇 , 𝜓−−, 𝜓+, 𝜓− = ⋯

Helicity basis: 𝑝𝛼 ሶ𝛼 = ۧ|𝜆 𝛼[ ሚ𝜆| ሶ𝛼 − ۧ|𝜂 𝛼[ ෤𝜂| ሶ𝛼

helicity +1/2

helicity -1/2

Massive Spinors (skip)
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❖We introduce an All-Line-Transverse (‘‘ALT’’) shift

❖ In helicity basis:

For an external particle with helicity

+:  ۧ|𝜆𝑖 → ۧ|𝜆𝑖 + 𝑧𝑐𝑖 ۧ|𝜂𝑖

−:  ሚ𝜆𝑖 → ሚ𝜆𝑖 + 𝑧𝑐𝑖 ෤𝜂𝑖

+
1

2
, +1, +

3

2
…

Our proposed Momentum Shift: ALT

*The ALT shift defined in 

vector Rep is easiest for us to 

see many of its properties, but 

the true amplitude definition is 

done in the spinors. It is also 

expressing time-like vector by 

two lightcone vectors that are 

P related.

Ƹ𝑝𝑖 = 𝑝𝑖 + 𝑧 𝑐𝑖𝑚𝑖𝜖𝑖
±
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*There exists (recently) a massive BCFW shift for 

certain helicities and configurations.

[R. Franken, C. Schwinn, arXiv:1910.13407]

[C. Wu, S. H. Zhu, arXiv: 2112.12312]



On-shell condition preserved: Ƹ𝑝𝑖
2 = 𝑚𝑖

2

→ because 𝑝𝑖 ⋅ 𝜖𝑖
(±)

= 0 and   (𝜖𝑖
±
)^2 = 0

After the 

shift:

Momentum conservation: σ Ƹ𝑝𝑖 = 0

→ σ𝜖𝑖
(±)

= 0 has a solution because 𝜖𝑖
±

0
= 0

External wavefunction/polarization vectors not shifted

→ always shift the opposite helicity spinor 

→ for spin 1, we can find a shift so that helicity 0 is unchanged

Allows for easy 𝐵∞ analysis through (almost) mass dimensional counting

→ so far show the best applicability for amplitude construction.

Features of the ALT shift

Universal for Massive and Massless theories

→ A smooth continuation to the massless all-line shift, with additional d.o.f.
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High-z is automatically in a form applicable for Ward Identities

→ Additional analysis power for the underlying theory



𝐴𝑛 ∼ ෍

𝑑𝑖𝑎𝑔

𝑔 × 𝐹 × ෑ

𝑣𝑒𝑐𝑡𝑜𝑟

𝜖 × ෑ

𝑓𝑒𝑟𝑚𝑖𝑜𝑛

𝑢

couplings
propagators, momenta

❖ n-point amplitude has mass dimension 4 − 𝑛, so

4 − 𝑛 = 𝑔 + 𝐹 +
𝑁𝐹

2

❖ ALT: 1) momentum linearly shifted, 2) 𝜖, 𝑢 not shifted
𝑁𝐹: # of fermions

መ𝐴𝑛 𝑧 ∼ 𝑧𝛾 , 𝛾 ≤ 𝐹 = 4 − 𝑛 − 𝑔 −
𝑁𝐹

2

For 5-pt amplitude and 4-pt with 𝑁𝐹 > 0 : 𝛾 < 0

❖ Renormalizable theory:    𝑔 ≥ 0 ⇒ 𝛾 ≤ 4 − 𝑛 −
𝑁𝐹

2

lim
𝑧→∞

መ𝐴 𝑧 = 0 𝐵∞ = 0 amplitude constructible

Features of the ALT shift: Constructability Analysis (skip)
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• Gauge boson amplitude can be build using only three-point interaction

3-point input: 

• We can all-line transverse shift to construct 4-point amplitude.

Higgs interaction is not required to construct amplitude

Electroweak Amplitudes
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Again, literature couldn’t get the correct one with 

massive amplitudes; one has to invoke other inputs to 

fix it (by secretly knowing the SM Feynman result).
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Unitarization (Independent from Constructibility)

• These amplitudes has bad-high energy behavior.

• 𝑊𝐿𝑊𝐿𝑊𝐿𝑊𝐿, 𝑊𝐿𝑊𝐿𝑍𝐿𝑍𝐿 scale as 𝒪(𝐸2)

• In the simplest model, they can be controlled by introducing a neutral scalar

• Demanding smooth massless limit imposes constraints on the couplings
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Even if the (decoupled) Lagrangian is unknown, 

we can still calculate some amplitudes.

Higher Spin Scattering
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It’s constructible if:

1) No more than 1 derivative 

(minimal coupling)

2) Current constraint satisfied

Opposite photon polarization
1, 2: spin 3/2 particle

3, 4: photon

Within the class of theories satisfying 1) 2): this amplitude is unique

These massive helicity amplitudes form a basis for 

black-hole mergers calculation. They can be of 

pheno relevance beyond postulating new particles.
Higher Spin Scattering
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It’s constructible if:

1) No more than 1 derivative 

(minimal coupling)

2) Current constraint satisfied

Opposite photon polarization
1, 2: spin 3/2 particle

3, 4: photon

Within the class of theories satisfying 1) 2): this amplitude is unique

These massive helicity amplitudes form a basis for 

black-hole mergers calculation. They can be of 

pheno relevance beyond postulating new particles.

We also calculated (up 

to) spin 5/2 graviton 

scattering and proved 

their constructibility.

Higher Spin Scattering
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Our work:

• We found a powerful massive helicity amplitude shift: ATL shift

• On-shell construction of QED, EW, supergravity and higher spins

• Analyzed UV completions of the SM EW amplitudes to unitarize

• Proved various Ansatz (people invoke when dealing with contact term ambiguities)

• Constructability analysis for various theories

• Paved the road for Automation for SM and BSM amplitudes

Supergravity was done in a 

separate work, T. Gheghetta

and W. Ke, 2408.16065

Summary and Outlook
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Recursive construction of amplitudes requires consistent analytical continuation 

(momentum shift).

https://arxiv.org/abs/2408.16065


Our work:

• We found a powerful massive helicity amplitude shift: ATL shift

• On-shell construction of QED, EW, supergravity and higher spins

• Analyzed UV completions of the SM EW amplitudes to unitarize

• Proved various Ansatz (people invoke when dealing with contact term ambiguities)

• Constructability analysis for various theories

• Paved the road for Automation for SM and BSM amplitudes

Supergravity was done in a 

separate work, T. Gheghetta

and W. Ke, 2408.16065

• Constructability is certainly Amplitude-oriented operable criteria and we see its connection (but not just) 

with renormalizability, gauge symmetry/ward identity, current constraints, etc. Will it allow us to discover a 

new class of theory? (e.g., higher spin theories whose Lagrangian construction are tedious or non-existent)

• It also defines “consistent” massive theory, maybe it allows for proper double-copy?

• Are there better shift scheme?

Summary and Outlook
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Recursive construction of amplitudes requires consistent analytical continuation 

(momentum shift).

https://arxiv.org/abs/2408.16065


Backup



All-line Transverse Shift 

27

• Shift external momentum by respective transverse polarization for spin-1/2 and spin-1

• Define shift for spin-1/2 and spin-1 transverse modes 

On-shell condition satisfied 
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All-line Transverse Shift 

• The shift is defined for spin-1 longitudinal modes

• Shift defined in helicity basis and does not require specific spin-axis choice

• The definition can be extened for massless legs

• The shift exists for all possible spin configurations
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Polarization tensors

Massless:

Massive:

Explicit form of spinors

In helicity basis:

Momentum:

3-point QED:
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𝑊𝑊𝑊𝑊 Calculations

Example calculation:

Need to sum over two poles at this factorization channel

Ward identity and simplification

As 𝑧 → ∞, for ALT shift
Goes to zero due to Ward identiy.

Thus leading z behavior vanishes
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Massive Spinor Variables

Chiral Index

SU(2) little group index

Spin index 𝐼 = 1,2 represents the little group freedom (choice of spin-axis) 

We work in the helicity basis

In the HE limit 𝜂 → 0

On-shell condition
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Massive BCFW-type Shift

Decompose momentum 𝑝𝑖 , 𝑝𝑗 as linear combination of two null-momentum

Shift the spinors as

Good shift only exists for spin-projection 𝑠𝑖 , 𝑠𝑗 = 1,2 or (2,1)

Need to use spin raising or lowering operator to construct amplitude

[R. Franken, C. Schwinn, arXiv:1910.13407]

[C. Wu, S. H. Zhu, arXiv: 2112.12312]

Zhen Liu             Massive Helicity Amplitudes ALT Shift           Pheno 2025



All-line Transverse Shift 
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• Shift external momentum by transverse polarization

polarization vectors

𝜖𝑖
+ ⋅ 𝜖𝑖

+ = 𝜖𝑖
− ⋅ 𝜖𝑖

− = 𝜖𝑖
(𝐿)

⋅ 𝜖𝑖
± = 0

𝜖𝑖
+ ⋅ 𝜖𝑖

− = 𝜖𝑖
(𝐿)

⋅ 𝜖𝑖
(𝐿)

= −1

• We further impose: Ƹ𝜖𝑖 = 𝜖𝑖 , ො𝑢 = 𝑢, መ ҧ𝜈 = ҧ𝜈

• This condition improves large-𝑧 behavior since amplitudes 

are linear in polarization and Dirac spinor

• Shift by same polarization as of the external state 

• For longitudinal, shift by either polarization
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❖ Massless amplitudes:  BCFW shift

❖ Benefits: 

Building massless n-point amplitudes recursively

Inductive proof of the Parke-Taylor formula for any n (in 2 pages!):

Britto, Cachazo, Feng (04’)

Britto, Cachazo, Feng, Witten (05’)

. . .

𝐴𝑛[1
−2−3+⋯𝑛+] =

12 4

12 23 34 ⋯ 𝑛1

Ƹ𝑝1

𝑝2

𝑝3

Ƹ𝑝4

▪ Shift 2 momenta of opposite sides

▪ Shift them by 𝑞1 = ۧ|1 4 , 𝑞4 = − ۧ|1 4
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What can we learn from on-shell methods?

On shell, the three-point interaction is fixed

The four-point can be constructed under assumptions

(They also give  𝑔 = 2)

➢ No higher-derivative couplings

➢ The higher-spin ‘current  constraint’ is satisfied

𝜕𝜇𝐽𝜇 = 𝑂(𝑚)
The spin-s propagator doesn’t

diverge when 𝑚 → 0

≤ 1 derivative (coupling to photon)

≤ 2 derivatives (coupling to graviton)

Gauge invariance when 𝑚 → 0
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