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Challenges of Hadronic Physics

* Hadronic Physics is challenging because of the non perturbative nature of
QCD;

= EW physics with hadron requires to compute hadronic matrix elements;

= We can use Flavor Symmetry to find relations between decay amplitudes
(Amplitude Sum Rules);

= Goal: find a systematic mathematical framework to derive all the sum rules at
any order in the symmetry breaking

I:> Find all the relations between Physical Observable

I:> Reduce the number of theoretically uncertain parameters



U-Spin Flavor Symmetry

= SU(3) Flavor symmetry is the approximate symmetry
between u, d and s quarks;

h Broken by electric charge and quark masses

= SU(2) U-Spin is the sub-symmetry between d and s
and is only broken by difference in quark masses;
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Symmetry Breaking

= SU(2) U-Spin is the sub-symmetry between d and s and is only broken by difference
in quark masses;

Breaking parameter
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= Effective EW Hamiltonian: Herr = Z;f%m (Hm ® H. )

= systematic expansion in the breaking H®'=H_® ... ® H. H. ~ 0"~

m=0

= Amplitude sum rules can hold higher order in the breaking I:> Precision Physics



Example: charm decay

= Particles involved: _ _ _
pKﬂ=mﬂ=%%n {w>=@n=%%g
m=1 7'('—|_:‘u,(§:l—l ’ ‘K_>:(3ﬁ):l—l_
v S P =@ =1h -, 3 -4,
= D%, D’ = 00)
= System of decays: | D —» nt K, D' - Ktrn~, DY — ntn, D’ - KTK~

= Amplitude Sum Rules:
AD* -5 K*K™) AMD— K*'n)
A(D® — mrtm—) N A(DY —» 7t K )

=1,

O(e°) :

O("): V2[AD" - K"K )+ AD" » 7t77)] = A(D* - K*n™) + A(D® — n"K ™)



= System of decays: DO — xt K~ D" - Ktrn~, DY = ntr, D' - KtTK~
= Amplitude Sum Rules:

0 + 1 — 0 + 0 4+ —
AD' 5 K'K") AD' - K'n)  AD = Ktn) | o

O(eY) : = = =
(€") A(DY — 7o) A(DY — 7t K ) " AD* - KtK")

O(e): V2[AD* - K"K )+ AD® - n"77)] = A(D° - Ktn~) + A(D® — 77K ")
= Rate Sum Rule (Physical Observable):

O(e'): 2[|JA(D® - KTK )]+ |A(D° = n"n7)|?] = |AD° - KTn7)|> + |A(D® = T K )|?

= Big Question: 1) Find a general algorithm to find all the Amplitude Sum Rules at any
order for any system of decays;

2) When do we have higher order Rate Sum Rules?




U-Spin Group Structure

= General group theoretical structure of the system:

Example: D — K

0 — up ® u1R... U1 03%@%@0%1@%@%

= Amplitude sum rules: E ni;A; =0 * How many sum rules?
J

2 _
= Rate sum rules: E :wij|Aj| =0
J

. At which order in the breaking?

_J e What is their structure?
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Amplitude Sum Rules Rate Sum Rules
U-Spin conjugate

si=A; + A; a; =A; — A; i = AP+ A5, A= AT — A

Decoupled in the Wigner-Eckart decomposition:

a; = Z(l - (_1)b)czaXa — Czle + 0?63 + ... kmax - ok kmax ‘ .
o Ei=Zc§ke ) Ai:ZCZZk-HE "
;= 14 (—1)")CiaXo = ) 4+ 2% + ... — =
Si Z( + ( e B4 e i i k=0 k=0
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General structure of all the sum rules at any order:

ijaj=0 — Z/Bz'jlaj|2:0 <~ Z,qujAj:O holdsat b = 0,2,4
J j

Y nijsi=0 = Y Bils;|’=0 | Bi;%;=0 holdsatb=1,3,5
j j
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Rate Sum Rules

* How to find all the possible sum rules for amplitudes squared?

n n
Zaijzjzo t=1,....m |::> E cilzi* =0

= Gaussian elimination:

MS — (I MT) Z; = ZO{@'ij 1=1,...,m
=1

= Counting of Rate Sum Rules: 0;;;, = ovjouy

MH — 9 L SN We know the structure from m — # Ampl. sum rules Combinatorics:
tJ symmetry arguments n — # Amplitudes generating function



Higher order Rate Sum Rules

" Higher order Rate Sum Rules exist for any system with at least one symmetrization!

1 ®4
0— | = 1
(z)

= Example: charm baryon decays

A ey (1840
_Ej_ _]cus) }%? —2)
P _ luud) _ }%,+%>
bus luus) %,—%)

Decay U-spin conjugate n-tuple Az
Ag— — Z+K_K+ Eg_ _>pﬂ-_ﬂ-+ (_7_7 7+7++) 1
Ag— — YTt Eg— — pK_K+ (_7 y Ty, ++) 2
Af =St Kt | EF s pKoat | (- -4 —4) | 3
Ag_ — pK_7T+ Eé_ — Z+7T_K+ (_7 T, 7++) 4
Ag— — pK_K+ Eg— — Xtr ot (_7 +, =, T +) 5
A(—:‘_ — p7T_7T+ E;‘_ — XK Kt (_7 +, _+) 0
AT = pr KT EF = EYTE AT | (= ) !




Decay U-spin conjugate n-tuple Az
Af = SPK-KT | Ef wprat | (= - =+ ) 1
A - St xt = 5 pK KT (= —+,—++) 2
Af =St KT | Ef - pK 1" | (= — 4+ —+) 3
AY — pK—nt = —=YXtr Kt | (=4, —, —,++) 4
AF = pK—K+ Ef = Start | (=4, -+, —+) 5
Af s prat |EF S STKCKT| (44— —+) | B
AF = pr~ K+ EF=YSTK ot | (= +,+,+,——) !

O(e): 1+ T+ Z4+ 27 =25+ Z6 + X3)

S = |Ai)* + A




The General Structure at NLO

_ 2
& (anything) :> NMRSR — n?él_SlR at O(el) |Sz‘|2 — Cfg|8(n/2’n/g """" n/2)|

2 N\
DO | —

@ 1% =) nrsr=k at O(c")

N
DO | =

(anything) I:> NRSR = nf’:g%% at 0(62)
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Phase Space breaking expansion

* From Amplitudes squared to Decay Rates:
2
Zaz’—ﬁlAi—)f(Pla iy )| =10 |:> Zai%fri%fzo
i, f i, [
= Expansion of the phase space factor in the symmetry breaking:

+o00
2 e —
Ff:/ |Af(p1’ “.’pnf)l p(p1, ""pnf’MO’ ml_l—Am{a “'smnf‘f‘Am?fzf)H
- \ j=1

_ _ ) Breaking in the phase space
= At first order in the breaking:
0(61) . ZajEj:Zaj (|A2|2—|—|Zz|2) =0 = Zaj (I‘g—l_fg) =0
J J J



Conclusions

" Flavor Symmetry can be used to find relations between physical observables related
to hadronic decays;

" These relations hold at higher order in the symmetry breaking and can be used for
precision physics and to probe physics BSM;

* We developed a systematic mathematical strategy to find all the higher order U-Spin
Rate Sum Rules, based on symmetry and combinatorics, without need of Wigner-
Eckart decomposition;

= We proved the general structure of Rate Sum Rules: Sigma and Delta Sum Rules;
= Higher order rate sum rules always exist with symmetrizations;

= Simple general formulas for a number of classes of group structures;



Rate Sum Rules

= How to find all the possible sum rules for amplitudes squared? {m% # Ampl. sum rules

n — # Amplitudes
n n
d aijz; =0 i=1,..,m |:> E cilzi|* =0

MS — (I MT) Z; = ZO{@'ij 1=1,...,m
=1

= Gaussian elimination:

= Counting of Rate Sum Rules: 0,1 = ;0 Closed formulas in terms of

Generating Function

ny(n, —1) /

5 , My=n—m

nrsg = dim(Ker(My)) = m — rank(My) > m —



