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Classical Lie Algebras

A,:SU(n+1), B,:502n+1), C,:5p(2n), D,:S0(2n)
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Only A,(n > 2), Dapr1(n > 1) and Eg have complex representations



Special Features of Eg Unification

Eg has rank 6, and can accommodate the rank-4 symmetry group
SU3)c x SU(2). x U(1)y as a subgroup

This is also achieved in rank-4 unified theory Ay = SU(5), as well as
in rank-5 theory D5 = SO(10)

SU(5) c  So(l0) ¢ E,
The exceptional chain cannot be extended with complex
representations, unlike the SU(n) or SO(4n + 2) chains

Novel intermeidate symmetries such as SU(3). x SU(3). x SU(3)r
possible in Eg

Es is more predictive than SO(10) as regards fermion masses and
proton lifetime

Symmetry breaking options are limited in Eg

Minimal Eg theory already has a stable dark matterscandidate



Motivations for GUTs: A Refresher

Unifies strong, weak and electromagnetic forces into a single force
Leads to gauge coupling unification

Unifies quarks, leptons, antiquarks and antileptons neatly into
common GUT multiplets

Explains electric charge quantization

Right-handed neutrinos are required in most GUTs leading to seesaw
mechanism as well as baryogenesis

Predictive setup for quark and lepton masses

Testable in its hallmark prediction of proton decay



Gauge Coupling Unification

SM gauge couplings, 2-loop RGE
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e With the Standard Model spectrum all the way to a GUT scale,
gauge couplings approximately unify

e The lack of precise unification may be remedied by an intermediate
symmetry scale, which is natural in SO(10) and Eg



Gauge Coupling Unification in Eg
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e No threshold effects are included. Unification scale close to proton
lifetime boundary



Building Blocks of Eg

Lowest dimensional representations of Eg:
27, 78, 351’, 351, 650, ...

Fermions of each family belong to 27. Gauge bosons are in the
adjoint 78

Products rules: 27 x 27 = 27% 4351, + 351,
27 x 27" = 14784650

Higgs fields in 27 + 351’ can generate fermion masses via
renormalizable Yukawa couplings

Symmetry breaking requires a 650 Higgs field
351’, 650 are rank-2 tensors of Eg

Symmetry breaking by 650 allows for novel intermediate symmetries:

SU(3)c x SU(3). x SU(3)r, SO(10) x U(1), SU(6) x SU(2)



Properties of Eg representations
Ee¢ — SO(10) x U(1):

=(1,+4) ® (10,-2) @ (16,+1),
78 = (45,0) @ (1,0) @ (16, 3) & (16*, —3)
351" = (1,+8) @ (10,+2) @ (16,+5) ® (54,—4) ® (126,+2) @ (144,-1),
650 = (1,0) @ (10,+6) @® (10,—6) @ (16,—-3) & (16,+3) & (45,0) @ (54,0)
@® (144,-3) @ (144,+3) @ (210,0).

e If scalars in the spinor representations of SO(10) — (16, 144) — do
not acquire VEVs, a discrete Z, symmetry — Eg parity — is preserved

e This results in a stable dark matter candidate

e Possible Z, odd particles:
1. Singlet + doublet fermion from 27
2. Doublet scalar from any spinor in 16,144 c 351’650
3. Neutral gauge boson from 16,16 C 78



Fermions of Eg

Each family of fermion belongs to 27:
21=Qou‘pedpddlovonadaod ol ol

SM fermions:

Q~(3,2,+3¢), ue ~(3,1,-3),
e~ (1,1,+1), d~(3,1,+1),
L~(1,2,-1
Exotic fermions:
U= () ~@2-h), d ~(3,1,-1),
ve=(75) ~ (12,43, d ~(3,1,+1),

Ve, n~ (1,1,0).

Organized under 3.3,3% as:
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Fermion Mass Generation in Eg

27y = Wk and 351/, = ©j; are employed for Yukawa couplings:
Lk = Y& 01y W  diye + Y 07 o, 0%
djj is the invariant Eg tensor with entries equal to 0, +1 and fully
symmetric:
L dj 2727 27" = — detL + det M — det N — Tr(LMN)
Yv and Yo are symmetric matrices in flavor space

When Eg-parity is unbroken, SM fermions and exotic fermions do
not mix

Results in predictive fermion mass matrices (F diagonal, H
symmetric):

Mp=H+F
MU:I‘(H+SF)
~Mg = H— pF

—Mp = r(H - qF)
Mg = crF = m, =—M, M, 'M,,

VR



Best Fit values in Eg

e Model has 14 parameters (plus 6 phases) to fit 20 observables

e Realizing small CKM mixing angles and large neutrino mixing angles

is nontrivial

e An excellent fit to all fermion observables is obtained:

r = 68.4635

s = 0.314451 4 0.000887104i
p = 3.32543 + 0.0251273/

q = 1.03119 — 0.0449386/

cr = 1.0125 x 10"

0.000659543 0 0
F = 0 0.0360744 0 GeV
0 0 0.264415

0.0101885 — 0.0062381/
0.0419941 — 0.0217503/
0.159038 + 0.169321/

0.00163767 — 0.00159079/
0.0101885 — 0.0062381i
0.0383295 + 0.0277018/

X

0.0383295 + 0.0277018i
0.159038 + 0.169321/
—0.446588 + 0.881715/

) GeV



E¢ Fit to Fermion Masses and Mixings

Observables

non-SUSY Eg

(masses in GeV) Input (1 = Mz) Best Fit (1 = Mz) Pull
m, /10~ 1.23+0.21 1.2441 0.057
me 0.62040.017 0.6267 0.39
me 168.26£0.75 167.95 -0.18
my/10~ 2.67+0.19 1.64942 101
ms /1073 53.16+4.61 57.3101 0.90
my 2.839+0.026 2.8386 -0.011
me/107° 0.48307+0.00045 0.48343 0.075
m, /10~ 101.76640.023 101.670 -0.094
m, 1.7285640.00028 1.7305 0.11
M /1072 22.7138+0.083 22.7635 0.21
M /1072 4.20124+0.047 4.2014 0.004
OEFM /1072 0.371501+0.0093 0.37137 -0.013
S&km 65.1453+1.26051 65.4063 0.20

[ Am3 /10 °(eV?) [ 7.415£0205 | 7.4416 [ 013 |
| Amd;/103(eV?) | 2511540.0275 | 2.5102 | -0.044 |

sinZ 012 0.3035+0.0115 0.30535 0.16
sin 03 0.56949+0.0205 0.44338 -1.03
sin” 013 0.022015-+0.000575 0.0217944 -0.38

dep 205.54+33.5 31.65 -
X - - [ 6.04

Best fit values of fermion observables in Eg



Comaprison with SO(10) x U(1)pq Model

e SO(10) GUTs with 104 + 1264 can lead to predictive fermion
spectrum

e Since 10y is real in SO(10), predictivity requires its complexification
and a U(1)pg symmetry

Ly = Y5 16;16; 104 + Y5 16;16; 1264 + h.c.

e Resulting mass matrices:

Mp=H+F

Mg =H - 3F

My = r,(H + sF)
Mp = r,(H — 3sF)
Mgr = cgrF =
m, = —M] M, 'M,,
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Best Fit in SO(10) x U(1)pq

e Model has 12 parameters and 4 phases to fit 20 observables
o A refined fit is obtained including vg decoupling effects

e Predictions require a U(1)pg symmetry (or SUSY) due to reality of
10 in SO(10)

r, = 67.4394
s = 0.323652 + 0.0438403/

cr = 9.87239 x 102

0.000666513 0 0
F = 0 0.0380686 0 GeV
0 0 0.29095
0.00161425 — 0.00114928/ 0.00907667 — 0.00508876/ 0.0345686 + 0.0282511/
H= 0.00907667 — 0.00508876i 0.0316657 — 0.0243093/ 0.155912 + 0.147666/ GeV
0.0345686 + 0.0282511/ 0.155912 + 0.147666/ —0.441354 + 0.898067/

Babu, Mohapatra (1993); Bajc, Senjanovic, Vissani (2001); (2003); Fukuyama, Okada (2002);
Goh, Mohapatra, Ng (2003); Bajc, Melfo, Senjanovic, Vissani (2004); Bertolini, Malinsky, Schwetz
(2006); Babu, Macesanu (2005); Dutta, Mimura, Mohapatra (2007); Aulakh et al (2004); Bajc,
Dorsner, Nemevsek (2009); Joshipura, Patel (2011); Dueck, Rodejohann (2013); Ohlsson, Penrow
(2019); Babu, Bajc, Saad (2018); Babu, Saad (2021); Babu, Bajc, Saad, Susic (2025)
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50(10) X U(l)pQ Fit

Observables

non-SUSY SO(10) x U()rq

(masses in GeV) Input (1 = Mz) Best Fit (1 = Mz) Pull
m, /103 1.2340.21 1.2923 0.29
me 0.620£0.017 0.6299 0.58
my 168.26:£0.75 167.708 -0.32
mg/10~3 2.67+0.19 1.6106 -1.98
ms /1073 53.16+4.61 60.9789 1.69
m 2.839+0.026 2.8446 0.19
me/10—3 0.48307+0.00045 0.48288 -0.038
m, /1073 101.766-£0.023 101.053 -0.70
m- 1.72856::0.00028 1.7296 0.061
OZEM /10-2 22.7138+0.083 22.8598 0.64
05KM /10—2 4.201240.047 4.1946 -0.14
0:KM /102 0.37150140.0093 0.37427 0.29
5% 65.1453+1.26051 65.6468 0.39
[ AmZ,/1075(eV?) | 7.41540.205 | 7.4432 [ 013 |
[ Am3,/1073(eV?) | 2.511540.0275 | 2.5104 | -0.038 |
sinZ 01 0.303540.0115 0.30372 0.019
sin? 03 0.5694940.0205 0.44981 -0.92
sin? 613 0.02201540.000575 0.021472 -0.94
52 205.5£335 31.341 -
\ X’ \ - \ - [ 103 ]

Best fit for fermion observables in SO(10) x U(1)pq



E¢ Dark Matter Candidates

Fermionic dark matter: Exotic fermions L'(1,2, —3) 4+ L'°(1,2,+3)
and n(1,1,0) are Eg-parity even, while all SM fermions are odd.
This leads to singlet-doublet dark matter, which is widely studied.

This can lead to inealstic dark mater.
Cohen, Kearney, Pierce, Tucker-Smith (2011); Calibbi, Mariotti, Tziveloglou (2015); ....

Scalar doublet from 16 of SO(10) are present in 27,351,650 fields.
The lightest of these acts as inert doublet dark matter.
Barbieri, Hall, Rychkov (2006); Ma (2006); Honorez, Nezri, Oliver, Tytgat (2007),...

Gauge bosons in adjoint 78 contains 16 + 16* of SO(10). There is a
SM neutral gauge boson, which could be a vector dark matter.
Babu, Jana, Thapa (2022)

All these candidats are phenomenologically viable. They prefer an
additioanl U(1) at the TeV scale.

In all cases vector-like quarks and leptons should also have masses of
order TeV.



Es Symmetry Breaking: Maximal Subgroups
650 is used for Eg symmetry breaking:
1. SU(3)c x SU(3). x SU(3)r) — Regular, 650 has SM singlet
SU(6) x SU(2) — Regular, 650 has SM singlet
S50(10) x U(1) — Regular, 650 has SM singlet
F, — Special, 650 has no SM singlet
SU(3)c x Gy — Special, 650 has no SM singlet
SU(3) — Special, 650 has no SM singlet
Sp(8) — Special, 650 has no SM singlet

N o a A w N

e Higgs potential with a 650 (X) is given as
Veso(X) = M2 . Tr(X?)
+ omy - Te(X3) 4 mo - X X XK, d ™ dy
+ A1 (Te(X) 4+ A2 - Te(XY) + As- (X)) (X3 DTy

. . s 1y H i
+ X X X X X D DE s X X (XP)E ™ de
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Benchmark Points

Table: A list of benchmark points. We provide for each a label, the parameter
values (M2, my, \/), the existence of local minima for regular cases (v for yes
and — for no), and the symmetry in the “global” minimum.

point M2 my my /\1 )\2 )\3 )\4 /\5 610’1 G62 G333 “global” minimum
A -1 10 0002 00 02 0000 v — — SO(10)x U(1)

B -1 0.0 1.0 0.2 00 00 0.0 0.0 - v - Geg2

C -1 05 1.0 015 02 02 0.2 0.15 - -V G333

D -1 10 1.0 0.1 00 00 0.0 0.0 — v — Py

E -1 1.0 1.0 05 06 00 0.2 00 v v = SUQB)xG2

F -1 06 0703 00 03 0204 v v v S0(10)x U(1)



Gauge Coupling Unification
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SU(3)c x SU(3)L x SU(3)r x Zp with and without threshold effects
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Proton Decay

e Proton decay is mediated by X, X’ gauge bosons of Eg

e Dominant decay channles are p — 7%t and p — 717

2
e’
F(p" = n'e") = 2 =2 lanl*RL(1+ F + DY’ (Ai-R <

E mpa

2
ript —» «to) = S Y |ay®RE(1 + F 4+ D)? (A@R <

e Experimental bounds/sensitivity:

1
M5
1
M5

+

+

1 2+
Mz,

process Super-K Hyper-K
pt — et 2.4.10%y 1.4-10%y

pm —aty  3.9.10%y

1\2
M2, '

2
4As,

M4

3
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Proton Decay Predictions
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Figure: Left panel: the 1-, 2- and 3-0 highest probability density intervals for
the intermediate and GUT scales t; and ty. Right panel: the 1-, 2- and 3-0

HPD intervals of proton lifetime estimates under the two dominant channels
p" = 7l and p" —» 7t D

Extended survival hypothesis, with one order variation in scalar masses
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Conclusions

Exceptional unification based on Eg offers new possibilities
Fermion masses and mixings are more predictive than SO(10) alone

There is a natural dark matter candidate in Eg due to an unbroken
Eg-parity

New intermeidate symmetries are realized with Higgs sector
containing a 650

Proton decay typically within reach, but threshold corrections make
precise predictions difficult
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