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Gravitational Waves Theory

Gravitational waves arise as solutions to Einstein's field equations.

1 8
R,ul/ — §g,LLI/R — A T/u/

g,ul/ — T}/LV —I_ h,uu; |h//,u/‘ << 1



Gravitational Waves Theory

Gravitational waves arise as solutions to Einstein's field equations.
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The linearized equations of motion, using Lorentz gauge reduce to:
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Plane Wave Decomposition

This expression represents the gravitational wave strain in terms of contributions from different polarization modes (+, x)
and directions of propagation.

Polarization Mode

Metric perturbation A= , X Polarization tensor

Equation expressed in the transverse-traceless (TT) gauge



Sources of Gravitational Waves in nHz Band

e Astrophysical (SMBHBs):

Formed during galaxy mergers, SMBHBs emit powerful low-frequency gravitational waves as

they orbit and eventually coalesce. These are prime targets for detection by Pulsar Timing Arrays
(PTASs).



Sources of Gravitational Waves in nHz Band

e Astrophysical (SMBHBs):

Formed during galaxy mergers, SMBHBs emit powerful low-frequency gravitational waves as

they orbit and eventually coalesce. These are prime targets for detection by Pulsar Timing Arrays
(PTASs).

e Cosmological:
Includes inflationary GWs from quantum vacuum fluctuations stretched during primordial

inflation; cosmic-string GWs from oscillating loops of topological defects; phase-transition GWs
from bubble collisions and turbulence in strong first-order transitions.



Quantum Fluctations In Early Universe
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Stochastic Background

The stochastic background arises from the superposition of unresolved gravitational wave signals from various
astrophysical and cosmological sources:

<h>\(f7 ﬁ)hi’(fla 7A7“/)> — 5(f - f/)é(A R ﬁ’/)PA)\’(fv ﬁ)
Pox (f, 1) = Sp(f)P(n)

In case of the isotropic background one can show that:
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Log,,(dP/dt)

Image from M. Maggiore, Gravitational Waves. Vol. 2: Astrophysics and Cosmology

il
1l

14

~16f.._

—18F...

—20¢

0.001

0.01

P (sec)

Millisecond Pulsars

e Millisecond pulsars (MSPs) are highly stable
'‘Cosmic Clocks' with rotation periods of a few
milliseconds, enabling precise timing
measurements.
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Image from M. Maggiore, Gravitational Waves. Vol. 2: Astrophysics and Cosmology
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Millisecond Pulsars

e Millisecond pulsars (MSPs) are highly stable
'‘Cosmic Clocks' with rotation periods of a few
milliseconds, enabling precise timing
measurements.

e Their stability arises from their rapid spin and
reduced magnetic field.
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History of PTA

Idea of Detection of nHz GW using Galactic
millisecond pulsars was proposed by
Sazhin (1978) and Detwiler (1979)
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History of PTA

e Idea of Detection of nHz GW using Galactic
millisecond pulsars was proposed by
Sazhin (1978) and Detwiler (1979)

e Hellings and Downs (1983) Correlation
between time-of-arrival perturbations of
multiple pulsars could reveal a GW signal
buried in pulsar noise
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History of PTA

e Idea of Detection of nHz GW using Galactic
millisecond pulsars was proposed by
Sazhin (1978) and Detwiler (1979)

e Hellings and Downs (1983) Correlation
between time-of-arrival perturbations of
multiple pulsars could reveal a GW signal
buried in pulsar noise

e Compelling evidence of the nanohertz
SGWB by the PTAs (2023)
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Correlation Functions

Timing Residual, encodes how gravitational waves perturb pulse arrival times

At, > . A L | -
Za(t) = = Z / df/d2nhA(f, n)Df(n)e 2mift [1 . GQWZfTa(lJrn-na)]

t
a A=+,x “

At - The timing residual, induced by GWs
- ta

DA(AY Geometric response function of the pulsar to the gravitational wave in
polarization mode A



Correlation Functions

Quantifies the correlation of timing residuals between pulsars a and b, allowing detection of gravitational wave
signals.

(alt) () = [ dpermre

3 / PADA () DY (A)Pay (/)

AN

Pax (f ﬂ) :Power spectral density of the gravitational wave background

Df(-ﬁ,)Db I(ﬂ) :Geometric factor coupling the two pulsars to the gravitational wave, in case of isotropic background
this integral gives HD correlation
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I(f,n) :Intensity component
Q(f,n) U(f,n) :Linear polarization components

V(f, Il) :Circular polarization

(fn)= I(f?")""@(f?n) U(f,n)—lV(f,n)
Pav(sn) (U(f,n>+z'V<f,n> I(fm)—Q(fm))

Connection to ORFs:

e ORFs describe how pulsar pairs respond to the
gravitational wave background. In multipole
space, the decomposition projects the ORF onto
spherical harmonics.

e Stokes parameters encode anisotropies and
polarization.



Vector modes
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Study of Anisotropies
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Results of Analysis

NANOGrav positions, Typs ~ 15 yr
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Results of Analysis

A key source of anisotropy in the gravitational wave background is the kinematic dipole, caused by the solar
system'’s motion relative to the GWB rest frame, similar to the CMB dipole.

CMB Dipole Simulation (Aligned with Planck Data) 0.00288
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Detecting this dipole would not only confirm the presence of the GWB but also provide a direct measurement
of our motion relative to the cosmological rest frame of the GWB.
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Conclusions

Anisotropies in PTA signals are critical to understanding the origin of the detected gravitational
wave background.

Current PTA datasets are limited, but they set the stage for robust estimates and constraints with
future datasets that will include more pulsars, longer observation times, and improved sensitivity.

Thank You!
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Numerical Simulations
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Timing Model

Key Components of Time of Arrival Corrections:

1. Solar System Barycenter Corrections:
2. Interstellar Medium Corrections:
3. Binary System Corrections:

tpsr = ttoa — Ao — Ansm — Ap

The lighthouse model describes a beam sweeping into our line-of-sight every pulsar rotation, given
frequency and initial observations time pulsar phase can be estimated as:

_ _ 2 X
¢(tPSR):¢0+27T(tPSR—PtO)—%27T [M] P+...

Discussion follows Stephen R. Taylor (2021) 29



0.3 1

0.2 1

0.1

Vol

0.0 1

-0.11

—0.2 1

—0.05 1

Ya(d)

—0.10 1
—0.15 4
—0.20

—0.25 4

V50

—0.20 1

—0.25 1

—0.30 1

0.25

0.20 -

0.15

Va3

0.10

0.05 -

— v=1.0

=—-= v=0.1

{ [degrees]
Discussion rolows Slepnen K. laylor (£usi)

V40

V50

—0.025

—0.050
—0.075 A

50 100 150
{ [degrees]

30



10° +

Ce/Co

1071

Image from: P. F. Depta et al

NANOGrav positions, Tops ~ 15yr

—— Only prior
—4— Fisher
—4— Fisher with prior i

X NANOGrav limits

1 1 1

4 5 6

Results of Analysis

Squared angular power in each multipole mode:
Cy = N Z |Com|?
204+14=~"""

Increasing the number of pulsars and
observation time will further tighten these limits



Study of Anisotropies

The stochastic background is characterized by the correlation of strain components:

<h)\(f7 )hA’(f/ A/)> :5(f—f/) (A A,)PAX(f ﬁ)

max ‘e

Pox (f;n) = Su(f)P(7) =2 D cmYen(6,9)

=0 m=—¢

~

101 4

The coefficients C¢y, represent the anisotropy
structure of the gravitational wave background in
multipole space.
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