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Overview

• A Brief Introduction to the QCD Axion & (Axion) Dark Matter 
• The  Model 
• The Life of the  QCD Axion 
• Why Lattice Simulations? — Nonlinear Dynamics 
• Results (Preliminary) 

Z𝒩
Z𝒩
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The Canonical QCD Axion
ℒ ⊃

ϕ
fa

αs

8π
Ga

μνG̃aμνDynamically solving the strong-CP problem: 
PQ Mechanism

θ̄ → θ̄eff = θ̄ + ϕ

Φ ∼ [ fa + ρ(t)]eiϕ(t)/fa

θ̄eff → 0

V(ϕ) = − m2
π f 2

π 1 −
4mumd

(mu + md)2
sin2 ( ϕ

2fa )
A. Pargner 2019
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Dark Matter | Axion Probes

ΩDM ≈ 0.27 [ΛCDM]
• Cold (free-streaming scale) 
• Non-baryonic (BBN) 
• Weakly interacting (hence dark matter)

Axions as DM?
• Cold  
• Non-baryonic  
• Weakly coupled ( )  

• Can source  

✓
✓

gaγγ, gaNN ∝ 1/fa ✓
ΩDM = 0.27 ✓

Probing axion DM? • Eg.) Haloscopes, helioscopes, dipole moment 
oscillations (model dependent)
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The Current State of the Axion Parameter Space 9

C. O’hare 10.5281/zenodo.3932430
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The Current State of the Axion Parameter Space

Suppose the axion is discovered away from the canonical QCD band
Can it still be the QCD axion? 
Can it account for the observed DM abundance?
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The  QCD AxionZ𝒩

ℒ =
𝒩−1

∑
j=0

(θ +
2πj
𝒩 ) GjG̃j

11

A. Hook (2018) arXiv:1802.10093
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The  QCD AxionZ𝒩 ℒ =
𝒩−1

∑
j=0

(θ +
2πj
𝒩 ) GjG̃j

VDS(θ) = − m2
π f 2

π

𝒩−1

∑
j=1

1 −
4mumd

(mu + md)2
sin2 ( θ

2
+

jπ
𝒩 )

V(θ) = VSM(θ) + VDS(θ)

12

VSM : j = 0
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VSM : j = 0

θ ≡ ϕ/fa
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The  QCD AxionZ𝒩 ℒ =
𝒩−1

∑
j=0

(θ +
2πj
𝒩 ) GjG̃j

VDS(θ) = − m2
π f 2

π

𝒩−1

∑
j=1

1 −
4mumd

(mu + md)2
sin2 ( θ

2
+

jπ
𝒩 )

Including temperature dependance: 
Only  has power-law  dependence, characterizing the breakdown of the potential for 

:
VSM T

T > TQCD ∼ 150 MeV

V(θ, T ) = VSM(θ) × h(T ) + VDS(θ) h(T ) ≡ ( TQCD

T )
8

T > TQCD

1 T < TQCD

V(θ) = VSM(θ) + VDS(θ)
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VSM : j = 0

arXiv:2102.01082



Story Time
The Life of the  QCD AxionZ𝒩
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Potential Evolution

e.g.) 𝒩 = 3

17

θ

V(ϕ)/(mπ fπ)2 − V0

T = 100TQCD

T ∼ TQCD

T = 0.01TQCD

θ

•   

•

T > TQCD → V(θ, T ) = VSM(θ, T ) + VDS(θ)
T < TQCD → V(θ, T ) = VSM(θ) + VDS(θ)

ma ∝ 𝒩3/2z𝒩 ; z =
mu

md
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Potential Evolution e.g.) 𝒩 = 3
18

Only  solves 
the strong CP 
problem

θ = 0

θ

V (ϕ)/(mπ fπ)2 − V0

T = 100TQCD

T ∼ TQCD

T = 0.01TQCD

θ

In the linear regime, probability of ending in  is claimed to be  θ = 0 1/𝒩

θ

θ
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A Lighter QCD Axion

Cano
nic

al
QCD

Axio
n

𝒩
= 7𝒩

= 45

𝒩
= 25

𝒩
= 63
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A Lighter QCD Axion

Constrained down 
to 𝒩 = 25
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Why Lattice Simulations?
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Nonlinear Field Dynamics
The  model naturally generates evolution scenarios where the field  
probes the anharmonic regions of its potential

Z𝒩

i.e. V(ϕ) =
1
2

m2ϕ2 +
λ

24
ϕ4 + 𝒪(6) + . . . ≉

1
2

m2ϕ2

22

(V (ϕ) − V0)/(mπ fπ)2
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Nonlinear Field Dynamics

Parametric resonance: The exponential growth of specific k-modes under self-
interaction 
Back Reaction: The reciprocal interaction between the k-modes and the zero mode 
when parametric resonance is strong

23
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Nonlinear Field Dynamics

δ ··ϕk + 3Hδ ·ϕk + [( k
a )

2

+ V′￼′￼(ϕ0)] δϕk = 0

Parametric resonance: The exponential growth of specific k-modes under self-
interaction 
Back Reaction: The reciprocal interaction between the k-modes and the zero mode 
when parametric resonance is strong

 : k mode of the field fluctuations , where  
   : Homogeneous zero mode of  
    : Hubble parameter 
     : Scale factor

δϕk δϕ ϕ = ϕ0 + δϕ
ϕ0 ϕ
H
a

24
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25Lattice vs. Linear Numerics — Zero Mode Evolution
e.g.) , , 𝒩 = 15 ma,i = 1.1 × 10−7 eV ma, f = 1.7 × 10−9 eV

t̃

: Mean field in dimensionless program units 
  ( ) : conformal (cosmic) time in dimensionless 

program units

⟨ϕ̃⟩
η̃ t̃

100 1000 104 105
t

3.2

3.4

3.6

3.8

4.0

4.2

4.4

θ(t)
Mathematica

η̃

⟨ϕ̃
⟩

𝒞osmoℒattice
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Effect of Nonlinearity on CP Conservation and Relic Abundances

e.g.) , , 𝒩 = 15 ma,i = 1.1 × 10−7 eV ma, f = 1.7 × 10−9 eV

CP Conservation: probability of 
settling in  is not simply  

DM Abundances: Overestimation of 
the number density from typical 
calculation which assumes 

θ = 0 1/𝒩

n = ρtot /m ≈ ρ0/m

η̃

⟨ϕ̃
⟩
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The Goal

Previous work on DM abundances and CP conservation in the  model has 
been done in the linear numerical and analytical limit. 

Z𝒩

We use  to conduct the first lattice simulations of the  model to 
determine new constraints on CP conservation and DM relic abundances for the model, 
fully accounting any nonlinear field dynamics.

𝒞osmoℒattice Z𝒩

Importantly, we also determine how significant the effects of nonlinear dynamics are on 
these observables in the  model.Z𝒩
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Results (Preliminary)
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Preliminary

Preliminary

Preliminary

Preliminary Blue-hashed region:  
Green-hashed region:  
Red shaded regions : Strong parametric resonance

(1/3)0.44 < ρ /s < (3)0.44 eV
(barriers overcome)/(barriers to θ = 0) > 1

Experimentally Observed DM Abundance: ρ /s ≈ 0.44 eV

DM Yields and Solving the Strong CP Problem
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32Visualizing Parametric Resonance

Δ̃ϕ̃

k̃

 : Power spectrum in dimensionless program units 
   : Wave number in dimensionless program units 

 : root mean square of 

Δ̃ϕ̃
k̃
rms(ϕ̃) ϕ̃

rm
s(

ϕ̃)

η̃


