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A new group theoretical method

role of Symmetries &
finite ones in model
building
ad hoc choices :-(
e.g. 4HDM?!
NO. papers ∼ 102

use our method in
group theory
⇒ a list of options
allowed by math
4HDM as example
hope you find this
helpful
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The idea: from known to unknown

•Known: rephasing ϕk → ϕk e
2πink

N

ZN ' 〈a〉

ZN1 × ZN2 × . . . ' 〈a, a′, . . .〉

•Abelian, are they all symmetries?
•No. Allowed for 4HDM: |A| ≤ 8.
•Must not lead to continuous
symmetries — [arXiv:1112.1660]

Z8 , Z7 , Z6 , Z5 , Z4 , Z3 , Z2

Z2 × Z2 , Z4 × Z2 , Z2 × Z2 × Z2

•my code, 4HDM toolbox

•Unknown: non-abelian
symmetries

0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0

 ⇒
ϕ1 7→ ϕ2 7→ ϕ3

7→ ϕ4 7→ ϕ1


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 ⇒
ϕ1 ↔ ϕ3

ϕ2 ↔ ϕ4

•Simplest: permutation.
•How to get a list of them? s.t. no
accedential symmetries
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https://github.com/JiazhenShao/4HDM-Toolbox.git


Constructing non-abelian groups

Start with rephasing symmetry groups A ' ZN ' 〈a〉
Add permutation transformation.
Again, which permutation to pick? — No ad hoc choices!

b =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 ,
a = diag(eiθ1 , eiθ2 , eiθ3 , eiθ4)

a′ = diag(eiθ2 , eiθ1 , eiθ4 , eiθ3)


ϕ1
ϕ2
ϕ3
ϕ4

 b7→


ϕ2
ϕ1
ϕ4
ϕ3

 a7→


ϕ2eiθ1

ϕ1eiθ2

ϕ4eiθ3

ϕ3eiθ4

 b−1
7→


ϕ1eiθ2

ϕ2eiθ1

ϕ3eiθ4

ϕ4eiθ3

 , |a| = |a′|

So define b ∈ Aut(A). By studying structure of Aut(A), we can get
legit b’s by solving b−1ab = a′.
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The strategy / method

1 pick one A from the rephasing group list

2 study Aut(A), obtain possible a′ for matrix equation b−1ab = a′

3 go back to the lagrangian of the model, e.g. the 4HDM potential

4 check whether there’re accidental symmetries. my case, use a code to
brute force check

5 if not, we obtained a model with a new non-abelian finite symmetry!

!!! A systematical approach to obtain a list of symmetry groups
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https://github.com/JiazhenShao/4HDM-Toolbox.git


Flashing the results

•What’re “extensions” and ⋊?
math stuff in group theory;
details see [arXiv:2501.01977]

•G ' 〈A, b〉

•All b ∈ Aut(Z8) lead to
continuous symmetries

•Some models like Z4 have
different b choices ⇒ different
resulting G

•New symmetry discovered:
affine group GA(1, 5)

A extensions G order |G|
Z2 — — —
Z3 Z3 ⋊ Z2 S3 6
Z4 Z4 ⋊ Z2 D4 8

Z4 .Z2 Q4 8
Z5 Z5 ⋊ Z4 GA(1, 5) 20

Z5 ⋊ Z2 D5 10
Z6 Z6 ⋊ Z2 D6 12
Z7 Z7 ⋊ Z3 T7 21
Z8 — — —
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Flashing the remaining results

•Most are “hidden”: e.g.
SmallGroup(192, 955)

•the ID in a finite group
library (small group lib)

•Classification complete
under this method: extend
rephasing groups

•Here’s the list, pick
whichever I want

•Not selling these 4HDM
models; introducing this
method is more important

A extensions G |G|

Z2 × Z2
(Z2 × Z2) ⋊ Z2 D4 8
(Z2 × Z2) ⋊ Z3 A4 12
(Z2 × Z2) ⋊ S3 S4 24

Z4 × Z2

(Z4 × Z2) ⋊ Z2 Z2 × D4 16
(Z4 × Z2) ⋊ Z2 SmallGroup(16, 3) 16
(Z4 × Z2) ⋊ Z2 SmallGroup(16, 13) 16
(Z4 × Z2) ⋊ Z4 SmallGroup(32, 6) 32

(Z4 × Z2) ⋊ (Z2 × Z2) 25
+ 32

(Z4 × Z2) ⋊ (Z2 × Z2) SmallGroup(32, 27) 32
(Z4 × Z2) ⋊ D4 UT(4, 2) 64

(Z2)
3

(Z2)
3 ⋊ Z2 Z2 × D4 16

(Z2)
3 · Z2 SmallGroup(16, 3) 16

(Z2)
3 ⋊ Z3 Z2 × A4 24

(Z2)
3 ⋊ Z4 SmallGroup(32, 6) 32

(Z2)
5
+ 25

+ 32
(Z2)

3 ⋊ (Z2 × Z2) SmallGroup(32, 27) 32
(Z2)

3 · (Z2 × Z2) SmallGroup(32, 34) 32
(Z2)

3 ⋊ S3 Z2 × S4 48
(Z2)

3 ⋊ D4 UT(4, 2) 64
(Z2)

3 ⋊ S4 SmallGroup(192, 955) 192
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Overall lessons?

A mathematical way to make wise choices for model building

Useful for Multi-Higgs, neutrino physics, flavor physics, any other area
using finite groups

Idea: build non-abelian groups from easier abelian ones

4HDM as an example, classification complete under this method.
there may be other symmetries using unknown methods

15 min talk, no chance for showing more details: math rigor,
completeness, we’ve even proved a theorem!

If interested in this method, find me during coffee breaks, or see the
papers on page 1, or my thesis [arXiv:2501.01977]
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Thank you for your attention!

Work in colaboration with: Igor Ivanov1 , Mikko Korhonen2

1School of Physics and Astronomy, Sun Yat Sen University, China
2Shenzhen International Center for Mathematics, Southern University of Science

and Technology, China

Jiazhen Shao (WashU) Pheno 2025 May 13, 2025 9 / 9


