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The Effective Potential (Zero-Temp)

* The effective potential origins: how do radiative corrections modify spontaneous symmetry
breaking?

* Defined as the generating function of single particle irreducible Green’s functions at zero
momentum transfer.

* Usefulin understanding phase transitions in quantum field theories.

* While originally computed using Feynman diagrams or functional methods, Symanzik (1970)
gave a more expedient and intuitive Hamiltonian derivation (for zero temperature):

Vers(e) = 3, (B[H|2)

Volume / \ Coherent State



The Effective Potential (Zero-Temp)

-2 .
» Consider areal scalar field Hamiltonian: [ = /d?’g’;{z + (Vj) -+ V(q@)}

« With the following conditions: @ = (D|p(Z,1)|®) ; (D|7(Z,1)|®) =0
* Therefore, the field is in a coherent state/condensate.

« Decompose into “classical”’/mean field and fluctuation:

(T, t) = o+ 0(Z,t) ; #(Z,t) = 75(Z,t)

Spacetime constant /

mean field



The Effective Potential (Finite-Temp)

Extending to Finite Temperature: How do thermal effects modify spontaneous symmetry
breaking? Phase transitions?

* Developedin 1974 by Dolan, Jackiw, and Weinberg

Couple field(s) to an external “classical source”/reservoir:

H,l¢) = H[¢] + / P27 (3) (@)

T Thermal Bath

Introduce canonical partition function:

Z|T;J] = e~ BFIT:5l — Ty e—BHs[4]

From which a variational derivative gives the mean field:

. 1 9 5 3
(L) = _Eéj(f) In [Z] — 5,](5;’)F[T; J] ‘ J(Z) = Jd|p(Z)]




The Effective Potential (Finite-Temp)

* The Effective Potential is then defined as Generalized Gibbs free energy density in
equilibrium at temperature, T

Q[T; ] = FIT; Jlel] - / B2J[p(@)] 0(@)

Q0 =V Vers(T9)



The Effective Potential (Finite-Temp)

* [tis usefulto decompose into mean field and fluctuation:

¢(fa t) — 90+5(fvt) 5 ﬁ'(fl_j’,t) E’fm(fvt) ¥ = <q)|g;(f7t)|(1)> 3 <(I)|ﬁ-(fat)|q)> =0
Spacetime constant Quantum Fluctuation
mean field

* Now, the Gibbs free energy is Helmholtz free energy of the fluctuation:

1
QOT; ¢] = F5[T; J[p]] ~ where  F3[T;J] = —— In [Tr e‘ﬁHJ[‘s]}

B



The Effective Potential (Finite-Temp)

* [tis usefulto decompose into mean field and fluctuation:

AT, 1) = p+0(Z,t) 3 7(&,t) =7s(Z,1) o = (BO(Z,1)|®) ; (P[F(Z,1)|®) =
Spacetime constant Quantum Fluctuation
mean field

* Now, the Gibbs free energy is Helmholtz free energy of the fluctuation:

1
Q[T; (p] = F5[T; J[(p“ where  Fs [T; J] — _E In [Tl“ 6—5HJ[5]}

* Thus, the finite temperature effective potentialis the fluctuation Helmholtz free energy density:

Fslidh J
VerslT; @] = sl T3 J]
% ;




The Effective Potential (Finite-Temp)

* Thus, the finite temperature effective potentialis the fluctuation Helmholtz free energy density:
E5[T; J]
)%

* This entails a necessary thermodynamic connection between the effective potential and the
entropy density:

ST, ] = — o Vel T, 4]

Vers | Tsw| =

Ramifications:
1. The effective potential is inherently a thermal equilibrium quantity.

2. Statements about the dynamics of the effective potential directly
relate to statements about the dynamics of the entropy density.



The Effective Potential (Finite-Temp)

* Using this formalism, we can obtain the 1-loop finite temperature effective potential for a real

scalar field:

vyl

~Vid+3 [

(2m)°

d°k d3k -
wi(p) + T / — In {1 — e_ﬁh""’k(‘p)}

Pk

* From which we obtain the concomitant entropy density:

= @

d3

1 + ng(p)) In(1 + ne(p)) — nr(e) 111(7?4;-(99))}

ni(p) =

1

eﬁwk (p) — 1

(Bose-Einstein Distribution)
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The Dynamical Scenario—QOpen Quantum System

* Increasingly, phenomenologists have used the (finite-temp) effective potential to describe the
time evolution of the expectation values of homogeneous fields/condensates.

* Theidea is to use the equation of motion:

A1) + %Veff(%o(t)) =0

e Butis this ultimately consistent?

11



The Dynamical Scenario—QOpen Quantum System

* Increasingly, phenomenologists have used the (finite-temp) effective potential to describe the
time evolution of the expectation values of homogeneous fields/condensates.

* Theidea is to use the equation of motion:

A1) + %Veff(ﬂo(t)) =0

e Butis this ultimately consistent?

* First note that such an equation features a conserved energy:

1
§(p)2 + Vestle] = € = constant

» Asthe field velocity changes, the potential must compensate = entropy density changes!
* But wait! We derive effective potential by assuming thermal equilibrium...

Entropy should be maximized!
12



The Dynamical Scenario—Open Quantum System

* |nthe case of a dynamical condensate, the entropy density is also time-dependent:

s V)]s / &k
272 (2533

k() (1 + ni(p))

* This result can lead to gross violations of the 2"d law of thermodynamics!

13



Problems for Dynamical Scenarios

Parametric Resonance Case: b4
* Consider a simple tree level potential:
1 A
Vip) = §m2g02 4 Zgo4 Where m? > 0

V" (0(t)) = 6 Ap(2)

* Consider mean field oscillations around

minimum.

p(t) = p(0) cos(mt) A |2

* This entails an oscillating entropy density! 2 Q
S o sin(2mt)

* Non-monotonic entropy density inconsistent
with thermal equilibrium. 14



Problems for Dynamical Scenarios

. crey- Vv
Spinodal Instabilities (w/SSB) Case:
* Consider a simple tree level potential:
1 99 Ay
Vip) = MY + 1% Where m? = —p?
* This potential features a spinodal region: y
Stam:‘d
/ - e ey
9 5 ! : |
pm < ptf3 Vo] < 0 ! \ ?
wrle] = VE2 + V" [g]
* Region features a wave-vector band with imaginary

frequencies.

* Thus, for these modes the entropy density is
complex-valued!
15



Problems for Dynamical Scenarios

Slow Roll Beneath the Spinodal:

Vv
* What if my condensate avoids these pathological /
regions?
* Problem: Is Thermal Equilibrium present?
d
ong(t) = =T —npe(k;t) T = = Relation timescale
H8) =T ggruel 0 n<ov> \
5nk(t)
’I’the(k,t)
* Inthe high temp. limit considering long wavelengths:
1 .
: e g = coupling to thermal bath. 174
4 [@] ¥ «< 1 * Verymodelsensitive. “Slow Roll” A <1
2¢2TV" (] . Possible fine-tuning Simple Example: 3
concerns?
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Work-Around: Closed Quantum System Approach

* Modeling a dynamical condensate with the finite temp. effective potential makes necessary
tacit assumptions about persistent LTE which are trivially violated.

* |Instead consider a related scenario: condensate in LTE decouples and evolves in time
* Treat evolution through unitary time-evolution of an initial thermal density matrix:
e—BoHo

* Either using the Schwinger-Keldysh (In-In) Formalism or computing the expectation value of
the Heisenberg equations of motion (w/ the initial density matrix) one obtains:

p(to) =

3
GO +V (6l0) + 5V (00 [ slan®F (1+2m(0)) =0

\ Fluctuation Mode Function

17




Work-Around: Closed Quantum System Approach

* This equation of motion for the condensate has an associated conserved energy density:

A3k

5. (@) + V(p(t)) + B / @) [|(}g(f)|2 + wi(t) |gr (1‘)\2} (1 + 27%(0)) = constant

£=3

"

v

gcl g 11

* Asthe condensate evolves out of equilibrium energy is transferred to the fluctuation—Particle Production!

18



Work-Around: Closed Quantum System Approach

* This equation of motion for the condensate has an associated conserved energy density:

~ 1. h Bk T ;
E =3 (W) +V(et) +5 / Ok 136(8) 2 + w}(2) lg (0] (1+ 20(0) ) = constant
£ z,

* Asthe condensate evolves out of equilibrium energy is transferred to the fluctuation—Particle Production!

* And from the initial thermal density matrix there is an associated entropy density:
>k
S = f (2r)? {(1 + nr(0)) In(1 + ng(0)) — ni(0) In(n;ﬁ({)))}

* Which is necessarily constant, as required by unitary evolution!

19



Summary

* The finite temperature effective potentialis invaluable for understanding the phase structure of
QFTs when including thermal and radiative corrections.

 BUT itis inherently a static and thermal equilibrium quantity. Using it in phenomenologically
motivated equations of motion for dynamical condensates is problematic:

1. Parametric resonance yields non-monotonic entropy, invalidating the notion of thermal equilibrium.

2. Potentials with SSB feature regions where the entropy becomes complex-valued, invalidating the notion of
thermal equilibrium.

3. Evenintame “slow-roll” scenarios, thermal equilibrium likely involves fine-tuning of couplings.

20



Summary

* The finite temperature effective potentialis invaluable for understanding the phase structure of
QFTs when including thermal and radiative corrections.

 BUT itis inherently a static and thermal equilibrium quantity. Using it in phenomenologically
motivated equations of motion for dynamical condensates is problematic:

1. Parametric resonance yields non-monotonic entropy, invalidating the notion of thermal equilibrium.

2. Potentials with SSB feature regions where the entropy becomes complex-valued, invalidating the notion of
thermal equilibrium.

3. Evenintame “slow-roll” scenarios, thermal equilibrium likely involves fine-tuning of couplings.

* How to handle dynamical case? Closed QM, Unitary Evolution of Density Matrix:

4o, * Closed set of equations.

W / h " 9

BE)+V (1) +5 V" (p(®)) / Gl @ (14 20(0)) =0
Can renormalize away UV divergences.

. 2 : i - e gy

g (t) + wi(t)gr(t) =0 5 wi(t) = [k + 1 (79(”)] « Can be solved numerically via
appropriate initial conditions on
@V, (p' Ik gk 21



