Synaptic Field Theory

Jaeok Yi

Department of Physics, KAIST

May 19, 2025

based on arXiv:2503.08827
with Donghee Lee and Hye-Sung Lee

1/20



Overview

0 Introduction
© Machine Learning 101

© Synaptic Field Theory

e Summary

2/20



Introduction
@0000

|. Introduction

3/20



Introduction
(o] lelele]

Machine Learning

62D

Image and Video Recognition

Speech Recognition

Predictive Analytics

Fraud Detection

Natural Language Processing

Supply Chain Optimization

Recommendation System

L

Leewayhertz




Introduction
[e]e] Tele]

Machine Learning and High Energy Physics

iNSPIRE #xer Help
.
Selected Papers: 2,817 @ Machine learning is also a topic of great
Date of (NI interest in high energy physics.
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e Constraining Effective Field Theories
e Anomaly Detections
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Machine Learning is Still a Mystery

We have a rough idea of what it's doing,
but when it gets complicated,
we don’t know what's going on,
similar to our understanding of the brain.

Geoffrey Hinton
(2024 Nobel Laureate in Physics)

6/20



Introduction
0000e

Technology and Physics

@ Technological development sometimes comes before full theoretical
understanding. Once the physics is clear, progress tends to accelerate.

e Steam Engine & Thermodynamics:
Invention (18C) — Thermodynamics (19C)
= Steam locomotive and First industrial revolution.
o Electromagnetic Phenomena & Maxwell's Theory:
Static Electricity, Compass (Ancient) — Maxwell's Theory (19C)
= Powerplant, Telephone and Second Industrial Revolution.
e Transistor & Semiconductor Physics:
Invention (1947) — Semiconductor Theory (1950s)
= Computer, Internet and Third Industrial Revolution.

o Likewise, understanding the physics behind machine learning could
drive its future progress.
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Universal Approximation Theorem

@ For any arbitrary continuous function, there exists a set of synaptic
weights such that a neural network can approximate it.

o Infinite width cases: proved

Universal approximation theorem—Let C(X,R™) denote the set of continuous functions from a subset X of a
Euclidean R™ space to a Euclidean space R™. Let o € C(R, R). Note that (o 0 &); = o(;), so o o  denotes o applied

to each component of .

Then & is not polynomial if and only if for every n € N, m € N, compact K C R", f € C(K,R™), e > 0 there exist
ke N Aec R be R, C e R™F such that

sup [ f(z) — g(z)|| <e

zeK

where g(z) = C- (00 (A-z +b))

e Infinite depth or bounded depth and width cases: partially proved

@ The universal approximation theorem guarantees the existence of a
solution.
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Training of Neural Networks

@ However, the universal approximation theorem does not provide a
method for finding the solution.
e “We are not guaranteed, however, that the training algorithm will be able

to learn that function.”
[Goodfellow, 1., Bengio, Y., & Courville, A. (2018). Deep learning. MITP.]

@ The commonly used training algorithms are gradient descent and its
variants.

@ It is still unknown whether training algorithms actually find the
solutions guaranteed by the universal approximation theorem.
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Gradient Descent

@ Prepare the training set (X,-[I], Y,-[I]) and the define the cost function:

C = Z(Y'U] _ Z_[’])2
il
Ul

where Z;" is the result of the neural network for Xi[I].

o Update the synaptic weights and biases using gradient descent:

Awm _ _UL’ AB™ — _p oC ’
uy 8M/IJ(m) ! 8b’(m)

with the step size 7.
@ In the continuum limit, it becomes

12/20



Synaptic Field Theory
00000

I11. Synaptic Field Theory

13/20



Synaptic Field Theory
0Oe0000

Motivation

14/20



Synaptic Field Theory
0Oe0000

Motivation

14/20



Synaptic Field Theory
0Oe0000

Motivation

T

faaaa

B EoE G
geeea |11
i

14/20



Motivation




Synaptic Field Theory
[e]e] lelele]

Lagrangian Approach to Gradient Descent

@ The equation for gradient descent is

oC

W= 5w

@ It can be considered as the high-viscosity limit (y =771 > 1) of

oC
W—I—’yW—FaW 0.

@ This equation can be derived from the action given as
1 .
S= /dt et LW2 - C] = /dt vV—gLw

with \/—g = e and Ly = %Wz - C.
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Gradient Descent as the de Sitter Dynamics

@ Assume that Ly admits a continuum limit, meaning it can be
expressed as an integral over a Lagrangian density composed of fields:

Ly = /ddx Ly, [w(t,x)].
@ The action has the form of action of fields in the curved spacetime:
S= /dd+1x v—gLy.

@ In particular, \/—g = €' matches that of a universe dominated by a
positive cosmological constant, a typical example of de Sitter space.
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Synaptic Field Theory

This connection has been noted in previous work in the effective field
theory framework, but it still deserves further attention.

[S. Krippendorf and M. Spannowsky Mach.Learn.Sci.Tech. 3 (2022) 3, 035011]
@ Since synaptic weights and biases are their building blocks, a theory
focusing on them is worth exploring.

@ Ly includes a sum over the indices of synaptic weights and biases. By
taking the continuum limit of this summation to a spatial integral, we
can develop a field theory in a (de Sitter) curved spacetime.

@ The training dataset behaves as the external sources J(x), K(x) in the
synaptic field theory.

@ The resulting synaptic field theory would be a familiar framework to
those who study high energy physics.
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Toy Neural Network

= o(Wi X1 + WonXon-1)

= o(WsXs + WaXs)
Wy

Wi
= o(WsXs + WaXy)

W

oJofolo

Wy

, S= /dtdx { [Oew(t, x)]?

KOOt x)F

1 2
—EJ(X)W(t, x)
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Summary

@ It is necessary to study the underlying physics of machine learning.

@ The synaptic field theory suggests a friendly framework for physicists
to study machine learning.

Neural Network Synaptic Field Theory

Weight W™ Field w(t, x)
Training examples (X, Y) | External sources K, J,- -+
Indices i, j, m Space x
Training step T Time t

@ Understanding the nature of deep learning is the mission of physicists
so more physics is warranted.

Thank you for listening
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Discussions

@ The linear activation is used and results in the bilinear action.
o If we use non-polynomial activations, then higher order interaction terms
should be considered.
@ The previous example is not Lorentz invariant.
e With a time-dependent training algorithm such as stochastic gradient and
carefully designed training datasets, a Lorentz-invariant theory may emerge.
@ The previous example results in the local action due to the simple
structure and the practical indexing convention.

e For the finite depth neural networks, the naive approach of continuum limit
will result in nonlocal terms like

/dd"ddy A(x,y)w(t,x)w(t.y)

@ As shown in the example, the structure and the indexing convention will be
related to the geometry and locality of the space of the theory.
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High Viscosity Limit

@ In the high-viscosity limit, n = 1/~ is small, allowing a perturbative
expansion:
W = WO 1wl 1 0@?).

@ The equation from the action becomes

1. . . C
W 4 (W(O) w4 9¢ ) +0O(n) =0.
n OW |y —wo)
o At O(n~1), we find W(® = 0 at any t, which implies W(©) = 0.
Therefore, at O(n°), we have
wo 4 9¢ _o.
8W W=w(0)
It is the equation of motion for the training of neural networks.
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