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exponential Yukawa 
suppression if neutrino 

mass is included( )
Feinberg, Sucher (1968)  PhysRev.166.1638

Grifols, Tortosa (1994) 9404249
● Quantum forces are the leading order effect for most axion 5th-force experiments! 

Brax et al (2017) 1710.00850 , Fichet (2018) 1705.10331

● Computed Casimir forces between nucleons arising from dark quantum forces
● Looked at a very generic set of operators

BSM
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No Yukawa 
suppression at 
large r !!

Horowitz et al (1994)  9306222
Ghosh et al (2022) 2209.07082
Van Tilburg (2024) 2401.08745
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● Simple QM cross section  …
● Enhanced cross section    …
● Analytic expression for Coulomb!  

Diagrammatic Interpretation: 

Long-range, Nonperturbative (QM/resum) Short-range, Perturbative (QFT)

Sommerfeld (1931) Annalen der Physik Vol 403, 3, 257-330
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● Simple QM cross section  …
● Enhanced cross section    …
● Analytic expression for Coulomb!  

● Considered Neutralino dark matter,  mediator
● DM annihilation gets corrections from Sommerfeld:

Hisano et al (2002-2007) 0212022, 0412403, 0511118, 0610249
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● Simple QM cross section  …
● Enhanced cross section    …
● Analytic expression for Coulomb!  

● Considered Neutralino dark matter,  mediator
● DM annihilation gets corrections from Sommerfeld:
● Cross sections may be enhanced by several orders of magnitude !!
● Affects freeze-out, indirect detection, CMB Distortion, etc…        

Hisano et al (2003-2007)  

Sommerfeld (1931) Annalen der Physik Vol 403, 3, 257-330

https://onlinelibrary.wiley.com/journal/15213889
https://onlinelibrary.wiley.com/toc/15213889/1931/403/3
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Start by choosing a 
generic set of 

quadratic operators 

Our Motivation: Sommerfeld for Quantum Forces!
                                                   (& Background Effects!) 
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● Calculate Potential: 
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● Calculate Potential: 

● Substitute into Schrödinger equation and calculate Sommerfeld factor:   

Sommerfeld Enhancement of Quantum Forces
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Plan: 



● V0 for scalar, fermion, vector-coupled fermion:
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● V0 for scalar, fermion, vector-coupled fermion
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● Singular, need to regulate!
● Impose a cutoff at 

Sommerfeld (Suppression) of Fermion~ Vacuum Force
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Analytic Understanding of Vacuum Sommerfeld effect
Numerics Analytic

(gets within 
factor of 2) 

Box / Bound 
State Approx

WKB
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Sommerfeld Enhancement for Vbkg  (setting                ) 
● Vbkg for a Maxwell-Boltzmann background: 
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● No need to regulate! 
● Temperature acts as regulator

Sommerfeld Enhancement of Fermion Background Force
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Analytic Understanding of Background Sommerfeld Effect 

WKB

Numerics Analytic

● Oscillations due to quasi-bound states  



Sommerfeld Enhancement for Vtotal (for scalar) 
● Add V0 and Vbkg, re-solve Schrodinger equation … 
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Applications -- CMB Distortions for Scalar
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Applications -- CMB Distortions for Fermion~

14



● Sommerfeld enhancement for Quantum Forces is significant 

● Gives rise to novel features in the S-Mass plot for Background force

● Can have effects for DM observables -- Freeze-out & CMB Distortion 

Summary

15

Outlook
● Non-thermal case can affect freeze-out more significantly … (( coming soon! ))  

● Direct detection, Self-Interactions, other follow-ups are exciting … 
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● Consider Neutralino dark matter      ,  mediator
● DM annihilation gets corrections from Sommerfeld: 
● Cross sections may be enhanced by several orders of magnitude !!
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● Consider Neutralino dark matter      ,  mediator
● DM annihilation gets corrections from Sommerfeld: 
● Cross sections may be enhanced by several orders of magnitude !!

Sommerfeld Enhancement -- BSM 
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Hisano et al (2003-2007)  

Why are there peaks? 

● Bound states correspond reasonably well with resonances: 

Hydrogen 
Problem!
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Modified Propagator Formalism

● Matrix element in background: 

● Potential in background: 



● Approximate potential as Coulomb + Constant: 

● Use Hydrogen spectrum to approximate the peak locations

● Predicts masses within factor of 2!   ( outperforms Box for scalar, not for fermion … )

Approximations for attractive potentials 

89

Bound-State Approximation 



Approximations for repulsive potentials 
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WKB Approximation

● The repulsive case is like a tunneling problem: 
● WKB transmission probability:

● Matches Sommerfeld suppression ! 
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● Neutrino forces in a thermal bath
● Small      … no background … 
● Large      …  strong effect    …                    ! 
● Could use to probe C  B, but too small

Horowitz et al (1993)



● Neutrino forces in a non-thermal bath
●                       for large     , parallel beam
● Large effect from reactor / solar neutrinos!    

Background Forces -- SM
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● Small      … no background … 
● Large      …  strong effect    …                    ! 
● Could use to probe C  B, but too small
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