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Why warm inflation ( )?T > H

Ordinary cold inflation solves the horizon and the 
flatness problems and accounts for inhomogeneities. 


BUT…


• Transplankian Problem: Inflaton field slow rolls over a 
flat potential, : Hard to UV-complete 

• Fine-tuning Problem: Tensor-scalar-ratio  and 
spectral tilt  measurements rule out simple 
renormalizable cold inflation models.


Δϕ > mPl

r
(ns − 1)
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Source: https://nhsjs.com/2024/field-theories-in-inflationary-cosmology/



A Short Story of Warm Inflation
What?
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Key Ingredient (Important but often ignored): 

Chemical Potential  response of the Thermal bathμ



How do we sustain the bath?

·ρr = − 4Hρr

··ϕ + (3H+γ) ·ϕ + V′￼(ϕ) = ξ

Thermal Friction

Hubble Friction Noise Term
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·ρr = − 4Hρr+γ ·ϕ2

Sustains the bath against exponential dilution, relaxes to ·ρr → 0

Cold inflation Dilution of bath⟹ Warm inflation Bath sustained⟹



Challenges to Building a Model

It is usually challenging to satisfy the 3 major handles together,

1. The thermal friction term  (can be smaller than Hubble)

2. Thermal Fluctuations  Quantum Fluctuations

3. Low thermal backreaction (pseudoscalar inflaton-shift symmetry)

γ
≫

∫ d3xδℒ = ∫ d3x
∂μϕ

f
Jμ → ∫ d3x

·ϕ
f

J0 ∼ `` ”μ Q Breaks CPT
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Response of the Thermal Bath

Key take: Want interaction term to not have a chemical-potential-like effect!
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δℒ =
∂μϕ

f
Jμ homogeneous−ϕ

→ = −
ϕ
f

Δ ·n
thermal−equilibrium

→ 0 ⟹ γ → 0



A Simple Toy Model

• Start with a Lagrangian,

ℒ =
1
2

(∂μϕ)2 − 𝒱(ϕ) + |∂μχ |2 − m2
χ |χ |2 − λχ |χ |4 − ( α1

4!
χ4e4iϕ/f +

α2

4!
χ4e5iϕ/f + h . c . )

Inflaton Part Free part of 
radiation field

Thermalization 
term Interaction term

Conditions: ;      ;     ;     λχ ∼ 𝒪(1) mχ ≪ T μ ∼ ·ϕ/f < mχ α1,2 ≪ 16π2
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 or We can write the interaction term like  
which is balanced out by the bath!

α1 → 0 α2 → 0 ⟹ ∼ μQ



Defining Thermal Friction and Noise Terms

• The Equation of Motion,


                    where, 


• The Thermal Noise Term, 


• Expand to leading order in  and first order in slow-roll parameters, take .


⟨𝒪⟩ = − γ ·ϕ − V′￼thermal(T, ϕ)

ξ = 𝒪 − ⟨𝒪⟩

α1,2 μ, ·ϕ/f ≪ T

··ϕ + 3H ·ϕ + V′￼(ϕ) = − 4
i
f

α1

4!
χ4e4iϕ/f − 5

i
f

α2

4!
χ4e5iϕ/f + h . c . ≡ 𝒪

Thermal Backreaction termThermal Friction term
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Boltzmann Equation

• The form of the Boltzmann equation, ℒint = −
α1

4!
e4i

·ϕ
f tχ4 + h . c .

(
dΔnχ

dt )
α1

= 4∏
i, f

∫ dΠidΠfα2
1

Particles minus antiparticles

Energy conservation

With pumping term

f̄i =
1

eβ(ωi+μ) − 1

fi =
1

eβ(ωi−μ) − 1

× (2π)3δ3( ⃗pi − ⃗pf)

× (f̄3 f̄4(1 + f1)(1 + f2) − f1 f2(1 + f̄3)(1 + f̄4)

χ

χ

χ†

χ†

4
·ϕ
f
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(2π)δ(Ei − Ef + 4
·ϕ
f

)



The Thermal Friction Term
Bath at Equilibrium

• At equilibrium, we put , to get the attractor solution,
dΔnχ

dt
= 0

μ =
α2

1 + 5
4 α2

2

α2
1 + α2

2

·ϕ
f

dρ
dt

=
α2

1α2
2

α2
1 + α2

2
c1T3 (

·ϕ
f )

2

= − ·ϕ⟨𝒪⟩ ⟹ γ = c1
α2

1α2
2

α2
1 + α2

2

T3

f2

α1 → 0 or α2 → 0 ⟹ γ → 0 Consistent!

 Changing number density  Energy per interaction = ∼ ×
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Normalization of the Noise Term

• Recall, , for distances larger than correlation length, 


• Fluctuation-Dissipation theorem: 

For a process that dissipates energy, there is a reverse process related 
to thermal fluctuations, for example, Drag and Brownian motion.

ξ = 𝒪 − ⟨𝒪⟩

⟨ξ(x)ξ(y)⟩ ≈ Aδ4(x − y) ⟹ A = ∫ d4y⟨ξ(x)ξ(y)⟩
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Fluctuation-Dissipation Theorem

• The field theory version, including chemical potentials, can be stated,


• We get the same value of 


• But … without the chemical potential correction, we have .

A = 2γT
(α2

1 + α2
2)(16α2

1 + 25α2
2)

α2
1α2

2

A = 2γT

ρ𝒪(k) =
1
2 (eβ(k0−μq) − 1) Π<

𝒪(k)

Related to friction 
term (dissipation)

Related to normalization of the noise 
term (fluctuations)
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The Toy Model Power Spectrum

• For our toy model, we obtain the power spectrum of inflaton fluctuations 
due to thermal (classical) fluctuations,


• Where, the function, , with  being 

the Green’s function for  equation of motion.

F2(Q) = k3 ∫
0

−∞
dη η4GΦk

(0,η)2 GΦk

Φk
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P(k) =
1
k3

AH2

·ϕ2
0

F2(Q) =
1
k3

H2

·ϕ2

2c1T4

f 2
(16α2

1 + 25α2
2)F2(Q)



Conclusions

• Went through a toy model to calculate the friction and thermal fluctuations. 


• Thermal bath develops a chemical potential that drastically alters them.


• We get a small thermal backreaction (Backup slides)


• Works for  warm inflation, which was excluded in the cold scenario! 
(Backup slides)

ϕ4
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Thank You!



Backups



Thermal Backreaction



Simplest Calculation

Recall 


The oscillatory part of  can be integrated over to obtain . 


(Although we derive it using a three-loop vacuum diagram in imaginary-time 
Matsubara formalism) [arXiv:hep-ph/9510408]


⟨𝒪⟩ = − γ ·ϕ − V′￼thermal(T, ϕ)

⟨𝒪⟩ Vthermal(T, ϕ)

VT(ϕcl) =
1.72
4!

α1α2

16π2
T4 cos(ϕcl/f )



Slow Roll Needs to be Maintained
Slow Roll over a bumpy potential

The net effect is to create small bumps over the inflaton potential.


The inflaton kinetic energy should be large enough so that these bumps are 
literally invisible. [arXiv:1607.01786]

·ϕ2 ≫
1.72
4!

α1α2

16π2
T4

→
backreaction

Exaggerated bumps

 (High frequency has an 


averaging effect)
V(ϕ)

ϕ



 Inflationϕ4



Observations

We start from the CMB observables, Planck 2018 [arXiv:1807.06211]


• The Power Spectrum,


• The Spectral Tilt,


ΔR = 2.09 × 10−9 =
c1T4

π2f 2 (16α2
1 + 25α2

2) H2

·ϕ2
F2 ( γ

H )

ns − 1 = − 0.0335 =
d log ΔR

dN
= 4

2 − Q
1 + 7Q

ϵ − 6
1 + Q
1 + 7Q

η +
d log F2

d log(γ/H)
1 + Q
1 + 7Q

(10ϵ − 6η)



Checklist!

• Thermal Fluctuations dominate over Quantum fluctuations,


• We are still in the perturbative regime,


• The  particles are actually radiation,
χ

H4

·ϕ2
≪

4c1T4

f 2 (16α2
1 + 25α2

2) H2

·ϕ2
F2 ( γ

H )

·ϕ/f ≪ T

mχ /T < 1



Checklist!

• We don’t get a condensate,


• We are in the strong regime of Warm inflation,


• The EFT does not break down,


μ ∼
·ϕ
f

< mχ

Q ≫ 1

3T
4πf

≪ 1



Checklist!

• Tensor-to-scalar ratio,


• Starting VEV of  is still super-Planckian,
ϕ

r = (
·ϕ

Mpl )
2

2f2

c1(16α2
1 + 25α2

2)T4F2(γ/H)
= 1.36 × 10−23 ≪ 0.065

ϕ = 1.35Mpl

Need more than a toy model!



Next Steps …

• Can the thermal bath under consideration be the Standard Model?


• The non-Gaussian predictions of warm inflation.


• Gravitational wave predictions from warm inflation.


• Literature on the above topics has overlooked the chemical potential term.


• Can warm inflation successfully address some of the typical criticisms of 
cold inflation without introducing its own problems?


