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Field Space Geometry

◦ Physics invariant under field redefinition ⇔ coordinate transformation? 

◦ Field Space Geometry
◦ N flavors of 𝝋𝒊, i.e. i = 𝟏,… ,𝑵 ⇨ coordinates of N dimensional field space
◦ Under non-derivative field redefinition :

◦ Metric       ⇨ connection, curvature, covariant derivative, …
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⇨ Scalar

⇨ Vector

⇨ Metric

[Callan, Coleman, Wess, Zumino] [Honerkamp] [Volkov] 
[Tataru] [Alvarez-Gaume, Freedman, Mukhi] [Vilkovisky] [DeWitt] [Gaillard] [Georgi]
[Alonso, Jenkins, Manohar, arXiv: 1511.00724, 1605.03602]



Amplitudes in Field Space Geometry

◦ Tree-level amplitude:

◦ With covariant vertices:
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[Cohen, XXL, Lu, Zhang, in preparation]

assembled using 
normal Feynman rules

assembled using on-shell 
covariant Feynman rules

vertices in Riemann 
normal coordinates (RNC)

“Covariant”
in the sence of

vanishing when vacuum + on-shell
originate from Field ≠ RNC



Amplitudes in Field Space Geometry

◦ Tree-level amplitude:

◦ With covariant vertices:
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[Cohen, XXL, Lu, Zhang, in preparation]

assembled using 
normal Feynman rules

assembled using on-shell 
covariant Feynman rules

vertices in Riemann 
normal coordinates (RNC)

“Covariant”
in the sence of

What about
?

vanishing when vacuum + on-shell
originate from Field ≠ RNC



◦ “coordinate transformation” involves new degrees of freedom

⇨ Extend to the functional space

Functional Manifold
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i.e.

[Cheung, Helset, Parra-Martinez, arXiv: 2202.06972]
[Cohen, Lu, Zhang, arXiv: 2410.21378] 

connection TBD

infinite dimension 
function space

◦ Coordinates or

◦ Vector

or

◦ Covariant derivative

𝒑 becomes 
part of index

◦ Dimension

See also jet bundle:
[Craig, Lee, arXiv: 2307.15742] 
[Alminawi, Brivio, Davighi, arXiv: 2308.00017]
[Lee, arXiv: 2410.21395] 3



◦ Feynman rules given by ordinary derivatives:

Amplitudes on Functional Manifold
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scalar field

3-point vertex

4-point vertex

propagator tensor (at vacuum)

not tensors!
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◦ Feynman rules given by ordinary derivatives:

Amplitudes on Functional Manifold
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scalar field

3-point vertex

4-point vertex

RNC

propagator tensor (at vacuum)

4

not tensors!

RNC

still covariant!



Amplitudes on Functional Manifold

◦ Tree-level amplitude:

◦ With covariant vertices:

Xu-Xiang Li (xuxiang.li@utah.edu) 5

[Cohen, Lu, Zhang, arXiv: 2410.21378]
[Cohen, XXL, Lu, Zhang, in preparation]

vertices in Riemann 
normal coordinates (RNC)

vanishing when vacuum + on-shell
originate from Field ≠ RNC

assembled using 
normal Feynman rules

What is the 
connection?

assembled using on-shell 
covariant Feynman rules



◦ We hope the “covariant derivative” is covariant:

◦ Levi-Civita connection?

◦ Example: 𝝀𝝓𝟒 theory

What is the Connection?
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vectormetric?

[Cohen, Lu, Zhang, arXiv: 2410.21378]

See other potential connections on field space: 
[Craig, Lee, Lu, Sutherland, arXiv: 2305.09722]

6

metric

curvature



◦ Levi-Civita connection? Not yet completely fixed!

◦ Example: 𝝀𝝓𝟒 theory

What is the Connection?
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vectormetric?

but

antisymmetric under 
cycle of (p,q,r)

curvature

another metric

For every local theory, one can always define a curvatureless metric… (order by order) 

e.g.

[Cohen, Lu, Zhang, arXiv: 2410.21378]
[Cohen, XXL, Lu, Zhang, in progress]
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◦ If we hope the “covariant derivative” is covariant under “reduced geometry” only

◦ We already have one: field space geometry connection

Reduction to Field Space Geometry
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For ,

‘connection’ on 
functional manifold

connection on 
field space

connection curvature
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◦ We can obtain amplitudes in field space geometry: (even for higher points)

Reduction to Field Space Geometry

𝛁𝟏𝑺: vacuum

𝛁(𝟐𝛁𝟏)𝑺: propagator
at vacuum

[Cohen, XXL, Lu, Zhang, in progress]
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◦ We can obtain amplitudes in field space geometry: (even for higher points)

Reduction to Field Space Geometry

[Cohen, XXL, Lu, Zhang, in progress]

𝛁𝟏𝑺: vacuum

𝛁(𝟐𝛁𝟏)𝑺: propagator

𝛁(𝟑𝛁𝟐𝛁𝟏)𝑺: 3-point

𝛁(𝟒𝛁𝟑𝛁𝟐𝛁𝟏)𝑺: 4-point

𝟎

at vacuum

9

vertices in Riemann 
normal coordinates (RNC)



Outlook: Consistent EFT Interpretation
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Classification of EFTs 
based on functional 

geometry

[Cohen, Craig, Lu, Sutherland, arXiv: 2008.08597]
Nathaniel Craig, HEFT 2021



Outlook: Consistent EFT Interpretation
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Classification of EFTs 
based on functional 

geometry

Reinterpretation of 
EFT criterion, e.g.
positivity bounds

[Cohen, Craig, Lu, Sutherland, arXiv: 2008.08597]
Nathaniel Craig, HEFT 2021

[Remmen, Rodd, arXiv: 2412.07827]



Outlook: Consistent EFT Interpretation
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Classification of EFTs 
based on functional 

geometry

Reinterpretation of 
EFT criterion, e.g.
positivity bounds

[Cohen, Craig, Lu, Sutherland, arXiv: 2008.08597]
Nathaniel Craig, HEFT 2021

Greater dream: 
basis-independent 
formalism of EFT

[Remmen, Rodd, arXiv: 2412.07827]



vertices:

Summary

◦ Amplitudes assembled using on-shell covariant Feynman rules
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[Cohen, XXL, Lu, Zhang, in preparation]

propagators:

Levi-Civita connection on field space
Levi-Civita connection on functional space

…

with arbitrary connection



Thank you!
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