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Field Space Geometry

o Physics invariant under field redefinition & coordinate transformation?

[Callan, Coleman, Wess, Zumino] [Honerkamp] [Volkov]
[Tataru] [Alvarez-Gaume, Freedman, Mukhi] [Vilkovisky] [DeWitt] [Gaillard] [Georgi]
[Alonso, Jenkins, Manohar, arXiv: 1511.00724, 1605.03602]

o Field Space Geometry
> N flavors of ¢',i.e.i=1,...,N = coordinates of N dimensional field space
o Under non-derivative field redefinition ¢* = ©*(}):

S . )
L= E‘i(__)'+ ?rggg@[(?__z(aﬂ 7) 4+ 0(8%) V(@) = V(e(p)) = Scalar
r————=— ]_/ ______ k l\ ——— _; 6952
= —:V(<P(90))'+ —:gkz(SO(@)):agf. '8—%1(3 Nor@) + 08 (0u0°) = 507 (0,¢7) = Vector
—————— 20108t 0pi-=== ?
= Metric
o Metric g;; ® connection, curvature, covariant derivative, ...
. 1 .
T = EQZl(glk,j + gk — giks) Ry = 8kI‘lJ + T8 T — (k<> 1)
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Amplitudes in Field Space Geometry

o Tree-level amplitude:

Miy iy = Firin (A Vs }) = Firoia (A% Viar -}

T T

assembled using assembled using on-shell
normal Feynman rules covariant Feynman rules “Covariant”
. ] ) in the sence of ¢ = ¢(®)
> With covariant vertices: >
(- N 1r ) vertices in Riemann
Val' - @m (Pl, T ’pm) :[’3"2; f@(_pl’_' ;'_’?Tl ___[5‘11; fﬁ;l normal coordinates (RNC)
J J -1
L o)Vt Z Llar. ot...amBia. (pe)

1eo-
vanishing when vacuum + on-shell /
originate from Field = RNC

[Cohen, XXL, Lu, Zhang, in preparation]
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Amplitudes in Field Space Geometry

o Tree-level amplitude:

Miy iy = Firin (A Vs }) = Firoia (A% Viar -}

T T

assembled using assembled using on-shell
normal Feynman rules covariant Feynman rules “Covariant”

, , ) in the sence of ¥ = ()
o  With covariant vertices:

e \ Gees in R What about
vertices in Riemann ~ .
Va1. . (p17 S 7pm) II\@@:@Z@EC ;:?Tz ___[{;21: f’l)l normal coordinates (RNC) Y = 90(907 8/L907 .. ) ?
J J —1
Tlarram Ui T 22 Tlarr sty Dian ()
ccext

1eo-
vanishing when vacuum + on-shell /
originate from Field = RNC

[Cohen, XXL, Lu, Zhang, in preparation]
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Functional Manifold

(z)] = ¢" (@, 0,5, 0,0,5, - - -)(z) involves new degrees of freedom

AWy

o “coordinate transformation” ¢’(z) = ¢'|

R [Cheung, Helset, Parra-Martinez, arXiv: 2202.06972]
= Extend to the functional space [Cohen, Lu, Zhang, arXiv: 2410 21378]

o Coordinates o = 9 (09", (0.0,9), - or ¢i(z) or ¢ (p)

______________

o Dimension Nfavor =)  Npayor X 00 -

infinite dimension

function space | P becomes |
i part of index !
o Vector '~ T emTTmmer
NN - 0% () o0 iy s ' dp'(p)
a ? — — 8 90‘7 8 L XL :/ — . a J loeo p ’ p :/ ~ q J q
O = 5508) =D 0@ = [ HEEN) e ne'e) = | )

o Covariant derivative

i o’ i 11p1 5U(i1p1)[90] 11p1 a
Ui = 8_90] + I‘jk(go)vk ':{> yli? );(izpz)[SD] = T / ng2£2§(apa) [SO]U( Pa) ]

p
See also jet bundle: R

[Craig, Lee, arXiv: 2307.15742] .
[Alminawi, Brivio, Davighi, arXiv: 2308.00017] connection TBD

[Lee, arXiv: 2410.21395] Xu-Xiang Li (xuxiang.li@utah.Edu) a



Amplitudes on Functional Manifold

o Feynman rules given by ordinary derivatives:

S = Slp] = Slp|@]] <= scalar field

—ab —-1
propagator a b — A" = S = ( ab +Fal§<) <}:| tensor (at vacuum)
11
3-point vertex }1} is = Vi = Vi, (p1,02,03) = S 123
19
not tensors!
11 14
4'P0int vertex }Z{ — ‘_/1234 = Vz'lm'm (Php2,p3ap4) - 5,1234
19 13
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Amplitudes on Functional Manifold

o Feynman rules given by ordinary derivatives:

S = Slp] = Slp|@]] <= scalar field

—ab  ——1
propagator a b — A" = S = ( .ab + I‘a% <:l tensor (at vacuum)
11
. _ _ _ RNC o
3-point vertex 13 = V123 = Viigi,(P1,02,03) = S 123 S (123)
()
not tensors! still covariant!
11 14
. _ _ a RNC B
4-point vertex = V1234 = Visigisi,(P1, P2, P3, 1) = S 1234 S (1234)
19 13
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Amplitudes on Functional Manifold

o Tree-level amplitude:

Miy iy = Firin (A Vs }) = Firoia (A% Viar -}

T T

assembled using assembled using on-shell
normal Feynman rules covariant Feynman rules

o  With covariant vertices:

vertices in Riemann
N normal coordinates (RNC) What is the

T a0y P15, Pm) S i(p) + > F? o) (P11 PE yoo s Pm)AL (Pc) [ connection?

ceext

R A

vanishing when vacuum + on-shell
originate from Field = RNC

[Cohen, Lu, Zhang, arXiv: 2410.21378]
[Cohen, XXL, Lu, Zhang, in preparation]
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What is the Connection?

o We hope the “covariant derivative” is covariant:

~ 50 53¢ dp¢ Spf o 52d
Sio. = xSy, mmh Tg =P T pd | OF D
6ot 6p* dpt 0p° ¢ dpd 6pP65¢
o Levi-Civita connection?
lr—=——=> (IS
Siel = [ —590,0lelpe Gla" o) )
pg 44—~ S [Cohen, Lu, Zhang, arXiv: 2410.21378]

See other potential connections on field space:
[Craig, Lee, Lu, Sutherland, arXiv: 2305.09722]

° Example: /1¢4 theOl‘y metric? vector
. 44 m’ A 44
metric 9o, (p1,p2) = (2m)°6% (p12)( 1 + + (2m)%0% (P12 + q12)p(q1)p(q2)
P1 D2 12p1 - p2 J g0
— 1 1 1 1 1
curvature Risss = (27)*6*(p1234) )\( - - 4 >
12 \p1*ps p2-Ps P1°DP3 DP2°D3
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What is the Connection?

o Levi-Civita connection? Not yet completely fixed!

lr—=——2 O EER but hi;(p, - q)¢' (p)¢’(q) =0 hij(p,q) =0
Slp| = / —?fgij(p, 9)lelpue’(p)a“e’ () " /p,q b, )(p - )¢ (p)¢(d) # hij(:q)
q < - ST TTTT 0007

010 jik
e.g. hip,q) = —= / @2m)**p+q+r)e*(r)x (p-r+q-T—2p-q)
metric? vector p-q Jr

antisymmetric under

o Example: /1¢4 theory cycle of (p,q,r)

) 2 A/ 1 1
:l,> another metric gy, (p1,p2) = (27)"0" (p12) (1 + pm ) +3 (—2 + p—2) / (2m)*6% (p12 + q12)p(a1) ¢ (g2)
2 q1,92
curvature R4 =0

For every local theory, one can always define a curvatureless metric... (order by order)

[Cohen, Lu, Zhang, arXiv: 2410.21378]
[Cohen, XXL, Lu, Zhang, in progress]
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Reduction to Field Space Geometry

o If we hope the “covariant derivative” is covariant under “reduced geometry” only

_ =o _ 08" 0¢° OpT L | 0p"  0%pf
Saa... = oo X Siap. I = > Ae tef T o
12, 951 052 ;ab — be ™ apd ozt age ¢ apd apbage

o We already have one: field space geometry connection

1 . .
For L= -Ulp) + 59:()(8,¢")(8"¢"),
connection T'yp] = / e' PP, (p(x)) curvature Ripslp] = / e P Ry iyigis (0())
T T w
‘connection’ on connection on
functional manifold field space
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Reduction to Field Space Geometry

> We can obtain amplitudes in field space geometry: (even for higher points)

Sl] = / “U(0) + = g5(0) (8,07 (8)

z 3
V;S: vacuum —Us(p) 9 () (") (891
@ @ at vacuum
V(2Vy)S: propagator = Ujaz)(#) 9an(9)(80"):2(8"9) 1 + Rarop(0,9°) (0" 9%) == —g12(p2-p1)

[Cohen, XXL, Lu, Zhang, in progress]
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Reduction to Field Space Geometry

> We can obtain amplitudes in field space geometry: (even for higher points)

Sl] = / “U(0) + = g5(0) (8,07 (8)

7z 1
V18: vacuum ~U.1(p) gab(‘P)(auSOb)(a'u@a);l
@ @ at vacuum
V(2V1)S: propagator —Uj2)(9) 9ap(©)(0,0%).2(8*9).1 + Raran(0,9°) (0% ") =) —gua(p2 - p1)
V(3V2Vy)S: 3-point — Ui (%) Ra126(8,9") (8% 0%) 3 + - - > 0
: " 4

V(4V3V2V1)S: 4-point — U, 1234) () Ra12b(8u(,0b);4(8’u90 )s+ - —> -3 [R3124(p4 'pg)]3terms

vertices in Riemann (T T T T T T N
normal coordinates (RNC) | _[_]fl_"_'a’f _____ 73' ar-- fﬂl(?i’_' _:?T_nzjl [Cohen, XXL, Lu, Zhang, in progress]
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Outlook: Consistent EFT Interpretation

____________________________

' Classification of EFTs !
based on functional !
geometry

_________________

[Cohen, Craig, Lu, Sutherland, arXiv: 2008.08597]
Nathaniel Craig, HEFT 2021
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Outlook: Consistent EFT Interpretation

____________________________

] Classification of EFTs
based on functional

Forbidden SMEFT
SMEFT & HEFT Allowed

L}
L}
[}
[}
1
1
\

geometry
\ 7
=~ - -/—, P z
,:, -- [Cohen, Craig, Lu, Sutherland, arXiv: 2008.08597]
. Nathaniel Craig, HEFT 2021 %
)
[Remmen, Rodd, arXiv: 2412.07827] >\
v 2
(o)
%,
(o)
%2

. Reinterpretation of
v v . EFT criterion, e.g.

. positivity bounds
HEFT ~HEFT N o

T
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Outlook: Consistent EFT Interpretation

____________________________

] Classification of EFTs
based on functional !

Forbidden | SMEFT
SMEFT & HEFT | Allowed

L}
L}
[}
[}
1
1
\

geometry
N - ,l
7 _oeTTTTTTTSm S
e - [Cohen, Craig, Lu, Sutherland, arXiv: 2008.08597]
- Nathaniel Craig, HEFT 2021

[Remmen, Rodd, arXiv: 2412.07827]

Greater dream:
basis-independent
formalism of EFT

Reinterpretation of
EFT criterion, e.g.
positivity bounds

T
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Summary

o Amplitudes assembled using on-shell covariant Feynman rules
11 7 i1 U4 11 U4 i1 U4
. a a b
S80I =0 S O RIS OO
19 13 19 13 19 13 19 13

—ab ——1 — —c -1
propagators: A =S5, = (S;ab + I, X ) vertices: Vg,...q,, = Siay-a,, +

m

Levi-Civita connection on field space

with arbitrary connection { Levi-Civita connection on functional space

[Cohen, XXL, Lu, Zhang, in preparation]
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Thank you!

Xu-Xiang Li (xuxiang.li@utah.edu)



