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1. Introduc[on

An application of Machine Learning Technology to particle physics theory

A proposed theory: 	
simple,  high predictability	

“Beauty” 

Experimental data	
“Truth” fails to explain 

Extension with additional d.o.f	
“beauty is lost”

reconcile

• How much the original beauty is lost?  	

• What are “Good” parameter sets to conform the original Beauty?  
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1. Introduc[on

Machine Learning Tech: “Distance” = Loss function (L)	
                                             Optimization (minimization) of L

Matchev, Matcheva, Ramond & Verner (PLB 856 (2024) 138941) shows  
ML techniques can be usefully applied to handle this type of problem, 
based on their analysis for the flavor sector of the Standard Model

“Distance” between “beauty” and “extension,” 
and find “Good” parameter sets to conform 
the original beauty  
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Figure 1: A schematic depiction of the quantitative measure of “beauty” of a theory model as a function of the model parameters P1 and P2. In
the absence of any experimental data, model “1” is the most beautiful of all. An experimental measurement of a single observable O enforces a
constraint (shown with the dashed line) among the model parameters. Model “2” is the most beautiful model which is consistent with experiment.
Model “3” is an example of a true and not-as-beautiful model, while model “4” is an example of a model which is neither true nor beautiful.

depicted with the dashed line in the horizontal plane, which in turn defines a path (marked with the solid line) along
the “beauty surface”. Models along this path are “true”, and model “2” is the most beautiful one among them. Model
“3” is an example of a true and not-as-beautiful model, while model “4” is an example of a model which is neither
true nor beautiful.

Operationally, the optimization needed to arrive at model “2” can be performed in three different ways.

• Constrained optimization. The experimental constraints are incorporated into the beauty loss function (e.g.,
with Lagrange multipliers) and the optimization is done over the full domain of the parameters Pi.

• Unconstrained optimization. Alternatively, one may try to solve all the constraints explicitly. In the language
of Fig. 1, this means deriving an analytical parametrization of the dashed line in the horizontal plane, then
optimizing the beauty loss function along this line.

• Hybrid optimization. If not all constraints can be easily solved, one can use a hybrid approach, where some
constraints are solved explicitly while others are added to the loss. This will be our approach here.

In this paper, we focus on the flavor sector, which is arguably the “ugliest” part of the Standard Model. We consider
several possible choices for quantitative measures of the beauty of the model. In each case, we define corresponding
loss functions whose minimization by construction yields “the most truthful and beautiful” model. Preliminary results
from this work were reported at the 37th Conference on Neural Information Processing Systems (NeurIPS) [6]; here
we have added the additional constraint of CP-violation and a third illustrative example (described in Section 3.3).

Our approach should be viewed as part of a much broader program of trying to learn the laws of nature with
a machine, eliminating any human intervention whatsoever [7–17]. For example, it has been demonstrated that
the machine can re-derive the known classical physics laws from data [18–21]. Symbolic learning was recently
successfully applied to problems in a wide range of physics areas, e.g., in astrophysics [19, 22, 23], in astronomy for
the study of orbital dynamics [24, 25] and exoplanet transmission spectroscopy [26], in collider physics [27–31], in
materials science [32], and in behavioral science [33]. Our approach is slightly less ambitious than those studies, since
we already adopt the mathematical framework for the description of the phenomena, and instead focus only on the

2

1: Most beautiful w/o experimental data	
2: Most beautiful while reconciling the data	
3. Less beautiful while reconciling the data

Our work: we apply this idea to the flavor sector of 	
                   the supersymmetric SU(5) Grand Unified Model 
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2. SUSY SU(5) GUT 

Standard Model (SM): best theory in particle physics as of today 

Minimal Supersymmetric extension of the SM (MSSM) 
• alleviates the gauge hierarchy problem of the SM	
• provides the origin of Electroweak Symmetry Breaking	
• provides a dark matter candidate (neutralino/gravitino)	
• suggests Grand Unification paradigm 
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Minimal SUSY SU(5) GUT: Most Beautiful (Beauty)

2. SUSY SU(5) GUT 

SU(5) ⊃ SU(3)c × SU(2)L × U(1)YGauge group:

Matter multiplets: 

2

and one 24, one 5, one 5 and NF = 3 copies of 10

and 5 representation chiral supermultiplets that we de-
note by H24, H5, H5, F

i
10 and F

i
5
. The family indices

i, j, ... → {1, ..., NF } will be suppressed unless necessary.
The superpotential of this model is

Wmin =
M

2
Tr (H24)

2 +
!

3
Tr (H24)

3 +H5 (µ+ ωH24)H5

↑ y
5d
ij [F

i
5]

m[F j
10]mn[H5]

n

↑ y
5u
ij ε

mnpqr[F i
10]mn[F

j
10]pq[H5]r, (2)

where ε is the antisymmetric tensor, y
5u
ij and y

5d
ij are

the Yukawa couplings, m,n, ... → {1, 2, 3, 4, 5} are the
SU(5) indices, and M , !, µ and ω are parameters of
the model that may be adjusted to have successful sym-
metry breaking SU(5) ↓ SU(3)c ↔ SU(2)L ↔ U(1)Y ↓
SU(3)c ↔ U(1)EM . The quarks and leptons of the Stan-
dard Model are embedded in F5 and F10 as

[F5]
m =

[
d
c
1, d

c
2, d

c
3, e, ↑ϑe

]
, (3)

[F10]mn =
1↗
2





0 u
c
3 ↑u

c
2 ↑u1 ↑d1

↑u
c
3 0 u

c
1 ↑u2 ↑d2

u
c
2 ↑u

c
1 0 ↑u3 ↑d3

u1 u2 u3 0 ↑e
c

d1 d2 d3 e
c 0




(4)

where the lower indices 1, 2, 3 of the quarks u, d represent
the colour.

A. GUT mass relation of the minimal SU(5) model

Below the electroweak symmetry breaking scale, the 5

and 5 Higgs acquire vacuum expectation values

↘H5≃ = [0, 0, 0, 0,
vu↗
2
], ↘H5≃ = [0, 0, 0, 0,

vd↗
2
]. (5)

The Yukawa part of the Lagrangian then becomes

y
5d
ij

vd↗
2
[”i

5
]m[”j

10]m5 + y
5u
ij

vu↗
2
ε
mnpq5[”i

10]mn[”
j
10]pq

+ h.c., (6)

where ”i
5
, ”i

10 are the fermionic part of F i
5
and F

i
10. The

mass matrices are found to be

Mu = 4
vu↗
2
y
5u
ij , Md =

vd

2
y
5d
ij , Me =

vd

2
y
5d
ji = M

T
d .

(7)

The minimal SU(5) model thus predicts the relation for
the fermion masses (1) at the GUT scale. This is a
strong constraint on the renormalisation group flow of
the Yukawa couplings, and since it is not satisfied, one
needs to go beyond the minimal SU(5) model.

B. Extension with 45-Higgs

One approach to amend this fermion mass relation
[2] is by extending the Higgs sector with 45 represen-
tation field H45. In the supersymmetric theory that
we consider, its partner H45 belonging to the 45 rep-
resentation is also introduced to form a vector-like pair.
These are represented by [H45]

np
m and [H45]mnp such that

[H45]
np
m = ↑[H45]

pn
m , [H45]

mp
m = 0 and [H45]mnp =

↑[H45]mpn, [H45]mmp = 0. Introducing a new term of the
superpotential1

W45 = y
45d
ij [F i

5]
m[F j

10]np[H45]
np
m (8)

and assumimg SU(3)c ↔U(1)Y -invariant vacuum expec-
tation value

↘[H45]
n5
m ≃ = v45 diag(1, 1, 1,↑3, 0), (9)

the mass matrix may be computed. Combined with the
contributions from the minimal SU(5) part, one finds

Mu =2
↗
2vuy

5u
ij ,

Md =
vd

2
y
5d
ij +

v45↗
2
y
45d
ij ,

Me =
vd

2
y
5d
ji ↑ 3

v45↗
2
y
45d
ji . (10)

This breaks the relation (1). The Yukawa matrices y
5d
ij

and y
45d
ij may be adjusted to accommodate the observed

fermion mass spectrum.

C. Extension by nonrenormalisable coupling with
24-Higgs

An alternative approach is to consider contributions
from higher dimensional operators [3]. SU(5) gauge sin-
glet F5H24F10H5 ⇐ W gives Lagrangian of the form

y
24d
ij

mP
[”i

5
]m↘[H24]m

n≃[”j
10]np↘[H5]

p≃+ h.c., (11)

where y
24d
ij is a new Yukawa-like coupling and mP

is the Planck mass. Upon GUT symmetry break-
ing, H24 obtains vacuum expectation value H24 =
(M/!) diag(2, 2, 2,↑3,↑3). The expectation value of H5
is as given by (5). The fermion mass matrices then be-
come, including the minimal SU(5) contributions,

Mu =2
↗
2vuy

5u
ij ,

Md =
vd

2
y
5d
ij +

M

mP!

vd↗
2
y
24d
ij ,

Me =
vd

2
y
5d
ji ↑ 3

2

M

mP!

vd↗
2
y
24d
ji . (12)

1 A term of the form ω
mnprs[F i

10]mn[F
j
10]pq [H45]

q
rs may also be

included, but this will not a!ect the mass relation we discuss.
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The minimal SU(5) model thus predicts the relation for
the fermion masses (1) at the GUT scale. This is a
strong constraint on the renormalisation group flow of
the Yukawa couplings, and since it is not satisfied, one
needs to go beyond the minimal SU(5) model.

B. Extension with 45-Higgs

One approach to amend this fermion mass relation
[2] is by extending the Higgs sector with 45 represen-
tation field H45. In the supersymmetric theory that
we consider, its partner H45 belonging to the 45 rep-
resentation is also introduced to form a vector-like pair.
These are represented by [H45]

np
m and [H45]mnp such that

[H45]
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m = ↑[H45]

pn
m , [H45]

mp
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↑[H45]mpn, [H45]mmp = 0. Introducing a new term of the
superpotential1
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45d
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10]np[H45]
np
m (8)

and assumimg SU(3)c ↔U(1)Y -invariant vacuum expec-
tation value

↘[H45]
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m ≃ = v45 diag(1, 1, 1,↑3, 0), (9)

the mass matrix may be computed. Combined with the
contributions from the minimal SU(5) part, one finds
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↗
2vuy
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vd
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y
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ij +

v45↗
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y
45d
ij ,

Me =
vd
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y
5d
ji ↑ 3

v45↗
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y
45d
ji . (10)

This breaks the relation (1). The Yukawa matrices y
5d
ij

and y
45d
ij may be adjusted to accommodate the observed

fermion mass spectrum.

C. Extension by nonrenormalisable coupling with
24-Higgs

An alternative approach is to consider contributions
from higher dimensional operators [3]. SU(5) gauge sin-
glet F5H24F10H5 ⇐ W gives Lagrangian of the form

y
24d
ij

mP
[”i

5
]m↘[H24]m

n≃[”j
10]np↘[H5]

p≃+ h.c., (11)

where y
24d
ij is a new Yukawa-like coupling and mP

is the Planck mass. Upon GUT symmetry break-
ing, H24 obtains vacuum expectation value H24 =
(M/!) diag(2, 2, 2,↑3,↑3). The expectation value of H5
is as given by (5). The fermion mass matrices then be-
come, including the minimal SU(5) contributions,

Mu =2
↗
2vuy

5u
ij ,

Md =
vd

2
y
5d
ij +

M

mP!

vd↗
2
y
24d
ij ,

Me =
vd

2
y
5d
ji ↑ 3

2

M

mP!

vd↗
2
y
24d
ji . (12)

1 A term of the form ω
mnprs[F i

10]mn[F
j
10]pq [H45]

q
rs may also be

included, but this will not a!ect the mass relation we discuss.

Higgs multiplets: H5 ⊃ Hu H5̄ ⊃ Hd

H24

By ,  GUT symmetry is broken: 	
                             

⟨H24⟩ = vGUT diag(2, 2, 2, − 3, − 3)
SU(5) → SU(3)c × SU(2)L × U(1)Y
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3. SUSY SU(5) GUT - Flavor Sector -
GUT mass relation

2

and one 24, one 5, one 5 and NF = 3 copies of 10

and 5 representation chiral supermultiplets that we de-
note by H24, H5, H5, F

i
10 and F

i
5
. The family indices

i, j, ... → {1, ..., NF } will be suppressed unless necessary.
The superpotential of this model is

Wmin =
M

2
Tr (H24)

2 +
!

3
Tr (H24)

3 +H5 (µ+ ωH24)H5

↑ y
5d
ij [F

i
5]

m[F j
10]mn[H5]

n

↑ y
5u
ij ε

mnpqr[F i
10]mn[F

j
10]pq[H5]r, (2)
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SU(3)c ↔ U(1)EM . The quarks and leptons of the Stan-
dard Model are embedded in F5 and F10 as
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m =
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d
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3, e, ↑ϑe

]
, (3)

[F10]mn =
1↗
2





0 u
c
3 ↑u

c
2 ↑u1 ↑d1

↑u
c
3 0 u

c
1 ↑u2 ↑d2

u
c
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c
1 0 ↑u3 ↑d3

u1 u2 u3 0 ↑e
c

d1 d2 d3 e
c 0




(4)

where the lower indices 1, 2, 3 of the quarks u, d represent
the colour.

A. GUT mass relation of the minimal SU(5) model

Below the electroweak symmetry breaking scale, the 5

and 5 Higgs acquire vacuum expectation values

↘H5≃ = [0, 0, 0, 0,
vu↗
2
], ↘H5≃ = [0, 0, 0, 0,

vd↗
2
]. (5)

The Yukawa part of the Lagrangian then becomes

y
5d
ij

vd↗
2
[”i

5
]m[”j

10]m5 + y
5u
ij

vu↗
2
ε
mnpq5[”i

10]mn[”
j
10]pq

+ h.c., (6)

where ”i
5
, ”i

10 are the fermionic part of F i
5
and F

i
10. The

mass matrices are found to be

Mu = 4
vu↗
2
y
5u
ij , Md =

vd

2
y
5d
ij , Me =

vd

2
y
5d
ji = M

T
d .

(7)

The minimal SU(5) model thus predicts the relation for
the fermion masses (1) at the GUT scale. This is a
strong constraint on the renormalisation group flow of
the Yukawa couplings, and since it is not satisfied, one
needs to go beyond the minimal SU(5) model.

B. Extension with 45-Higgs

One approach to amend this fermion mass relation
[2] is by extending the Higgs sector with 45 represen-
tation field H45. In the supersymmetric theory that
we consider, its partner H45 belonging to the 45 rep-
resentation is also introduced to form a vector-like pair.
These are represented by [H45]

np
m and [H45]mnp such that

[H45]
np
m = ↑[H45]

pn
m , [H45]

mp
m = 0 and [H45]mnp =

↑[H45]mpn, [H45]mmp = 0. Introducing a new term of the
superpotential1

W45 = y
45d
ij [F i

5]
m[F j

10]np[H45]
np
m (8)

and assumimg SU(3)c ↔U(1)Y -invariant vacuum expec-
tation value

↘[H45]
n5
m ≃ = v45 diag(1, 1, 1,↑3, 0), (9)

the mass matrix may be computed. Combined with the
contributions from the minimal SU(5) part, one finds

Mu =2
↗
2vuy

5u
ij ,

Md =
vd

2
y
5d
ij +

v45↗
2
y
45d
ij ,

Me =
vd

2
y
5d
ji ↑ 3

v45↗
2
y
45d
ji . (10)

This breaks the relation (1). The Yukawa matrices y
5d
ij

and y
45d
ij may be adjusted to accommodate the observed

fermion mass spectrum.

C. Extension by nonrenormalisable coupling with
24-Higgs

An alternative approach is to consider contributions
from higher dimensional operators [3]. SU(5) gauge sin-
glet F5H24F10H5 ⇐ W gives Lagrangian of the form

y
24d
ij

mP
[”i

5
]m↘[H24]m

n≃[”j
10]np↘[H5]

p≃+ h.c., (11)

where y
24d
ij is a new Yukawa-like coupling and mP

is the Planck mass. Upon GUT symmetry break-
ing, H24 obtains vacuum expectation value H24 =
(M/!) diag(2, 2, 2,↑3,↑3). The expectation value of H5
is as given by (5). The fermion mass matrices then be-
come, including the minimal SU(5) contributions,

Mu =2
↗
2vuy

5u
ij ,

Md =
vd

2
y
5d
ij +

M

mP!

vd↗
2
y
24d
ij ,

Me =
vd

2
y
5d
ji ↑ 3

2

M

mP!

vd↗
2
y
24d
ji . (12)

1 A term of the form ω
mnprs[F i

10]mn[F
j
10]pq [H45]

q
rs may also be

included, but this will not a!ect the mass relation we discuss.

W ⊃

⟨Hu⟩ = (0,
vu

2 )
T

& ⟨Hd⟩ = ( vd

2
, 0)

T

ℒmass = − ucMuu − dcMdd − ecMT
e e

Wrong mass relation prediction:  Me = MT
d

RG extrapolation to  (in GeV):  MU

4

mu(MZ) = 0.00127, mc(MZ) = 0.634, mt(MZ) = 171,

md(MZ) = 0.00271, ms(MZ) = 0.0553, mb(MZ) = 2.86,

me(MZ) = 0.000487, mµ(MZ) = 0.103, mω (MZ) = 1.75, (20)

in GeV, and the CKM parameters

s12(MZ) = 0.225, s23(MZ) = 0.0411, s13(MZ) = 0.00357, ω13(MZ) = 1.24 (21)

for the standard parametrisation of the CKM matrix (i.e. the form of (32) below).
Solving the renormalisation group equations, the fermion mass parameters at the GUT scale µ = MU are

mu(MU ) = 0.000502, mc(MU ) = 0.251, mt(MU ) = 97.7,

md(MU ) = 0.000769, ms(MU ) = 0.0157, mb(MU ) = 0.922,

me(MU ) = 0.000324, mµ(MU ) = 0.0685, mω (MU ) = 1.17, (22)

in GeV. The CKM matrix elements at the GUT scale are found to be

VCKM(MU ) =




0.973 + 0.0534i 0.211→ 0.0769i 2.19↑ 10→6 → 0.00315i
→0.208→ 0.0845i 0.974→ 0.0184i 0.0363→ 1.91↑ 10→7

i

0.00774→ 1.35↑ 10→10
i →0.0356→ 2.94↑ 10→11

i 0.999→ 3.33↑ 10→16
i



 , (23)

in the standard parametrisation.

IV. NUMERICAL EXPLORATION OF THE
FLAVOUR SECTOR OF THE SU(5) MODEL

We reviewed in Sec. II the two well known approaches
of amending the GUT mass relation. One is by extending
the model with the new Higgs field belonging to the 45-
representation of SU(5), which we shall call the 45-Higgs
model. The other approach considers a higher dimen-
sional operator involving the 24-representation Higgs.
We shall call this the 24-Higgs model. These two ap-
proaches give di!erent predictions (10) and (12) of the
mass matrices. Denoting

M5 ↓ vd

2
y
5d
ij , M45 ↓ v45↔

2
y
45d
ij , M24 ↓ M

2mP”

vd↔
2
y
24d
ij ,

the mass relations are written

Md = M5 +M45,

Me = M
T
5 → 3MT

45 (24)

for the 45-Higgs model, and

Md = M5 + 2M24,

Me = M
T
5 → 3MT

24 (25)

for the 24-Higgs model.
Both of these systems have su#cient parametric de-

grees of freedom to reproduce the experimentally ob-
served values of the quark and lepton mass eigenvalues,
as well as of the CKM matrix elements. The remaining

space of free parameters is still vast, making an exhaus-
tive parameter search impossible. However, we are typ-
ically not interested in the entire parameter space. Our
interest lies in parameters that correspond to the theo-
retical model remaining close to the simple but experi-
mentally excluded original minimal SU(5) model. The
closeness to the minimal SU(5) model is certainly a de-
sirable feature for the 24-Higgs model, as it makes use
of the higher-dimensional operator. The relation (24) is
written as

M5 =
1

4
(3Md +M

T
e ),

M45 =
1

4
(Md →M

T
e ), (26)

and the closeness to the minimal SU(5) means smallness
of the mass matrix M45 relative to M5 in some way. As
a simple criterion of this condition satisfying invariance
under unitary transformations, we define the ratio of the
determinants

L45 ↓ | detM45|
| detM5|

=

∣∣∣∣
det(Md →M

T
e )

det(3Md +MT
e )

∣∣∣∣ (27)

and consider minimising it. By the same token, in the
case of the 24-Higgs model we consider minimisation of

L24 ↓ | detM24|
| detM5|

=

∣∣∣∣
det(Md →M

T
e )

det(3Md + 2MT
e )

∣∣∣∣ . (28)

A. Parametrisation

Numerical optimisation of a loss function is an es-
sential technique in machine learning. Considering L45
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3. SUSY SU(5) GUT - Flavor Sector -
“Beauty” 	

The Minimal SUSY SU(5) GUT 
“Truth” 	

Experimental data	
(down-type quark & charged-

lepton mass spectrum)

fails to explain 

Two well-known extensions 

“45-Extension”  by Georgi & Jarlskog, PLB 86 (1979) 297 

• Introduction of 45-plet Higgs ( ) 	
• New mass contribution from new H VEVs

H4̄5 ⊃ H′￼u + H′￼d

2

and one 24, one 5, one 5 and NF = 3 copies of 10

and 5 representation chiral supermultiplets that we de-
note by H24, H5, H5, F

i
10 and F

i
5
. The family indices

i, j, ... → {1, ..., NF } will be suppressed unless necessary.
The superpotential of this model is

Wmin =
M

2
Tr (H24)

2 +
!

3
Tr (H24)

3 +H5 (µ+ ωH24)H5

↑ y
5d
ij [F

i
5]

m[F j
10]mn[H5]

n

↑ y
5u
ij ε

mnpqr[F i
10]mn[F

j
10]pq[H5]r, (2)

where ε is the antisymmetric tensor, y
5u
ij and y

5d
ij are

the Yukawa couplings, m,n, ... → {1, 2, 3, 4, 5} are the
SU(5) indices, and M , !, µ and ω are parameters of
the model that may be adjusted to have successful sym-
metry breaking SU(5) ↓ SU(3)c ↔ SU(2)L ↔ U(1)Y ↓
SU(3)c ↔ U(1)EM . The quarks and leptons of the Stan-
dard Model are embedded in F5 and F10 as

[F5]
m =

[
d
c
1, d

c
2, d

c
3, e, ↑ϑe

]
, (3)

[F10]mn =
1↗
2





0 u
c
3 ↑u

c
2 ↑u1 ↑d1

↑u
c
3 0 u

c
1 ↑u2 ↑d2

u
c
2 ↑u

c
1 0 ↑u3 ↑d3

u1 u2 u3 0 ↑e
c

d1 d2 d3 e
c 0




(4)

where the lower indices 1, 2, 3 of the quarks u, d represent
the colour.

A. GUT mass relation of the minimal SU(5) model

Below the electroweak symmetry breaking scale, the 5

and 5 Higgs acquire vacuum expectation values

↘H5≃ = [0, 0, 0, 0,
vu↗
2
], ↘H5≃ = [0, 0, 0, 0,

vd↗
2
]. (5)

The Yukawa part of the Lagrangian then becomes

y
5d
ij

vd↗
2
[”i

5
]m[”j

10]m5 + y
5u
ij

vu↗
2
ε
mnpq5[”i

10]mn[”
j
10]pq

+ h.c., (6)

where ”i
5
, ”i

10 are the fermionic part of F i
5
and F

i
10. The

mass matrices are found to be

Mu = 4
vu↗
2
y
5u
ij , Md =

vd

2
y
5d
ij , Me =

vd

2
y
5d
ji = M

T
d .

(7)

The minimal SU(5) model thus predicts the relation for
the fermion masses (1) at the GUT scale. This is a
strong constraint on the renormalisation group flow of
the Yukawa couplings, and since it is not satisfied, one
needs to go beyond the minimal SU(5) model.

B. Extension with 45-Higgs

One approach to amend this fermion mass relation
[2] is by extending the Higgs sector with 45 represen-
tation field H45. In the supersymmetric theory that
we consider, its partner H45 belonging to the 45 rep-
resentation is also introduced to form a vector-like pair.
These are represented by [H45]

np
m and [H45]mnp such that

[H45]
np
m = ↑[H45]

pn
m , [H45]

mp
m = 0 and [H45]mnp =

↑[H45]mpn, [H45]mmp = 0. Introducing a new term of the
superpotential1

W45 = y
45d
ij [F i

5]
m[F j

10]np[H45]
np
m (8)

and assumimg SU(3)c ↔U(1)Y -invariant vacuum expec-
tation value

↘[H45]
n5
m ≃ = v45 diag(1, 1, 1,↑3, 0), (9)

the mass matrix may be computed. Combined with the
contributions from the minimal SU(5) part, one finds

Mu =2
↗
2vuy

5u
ij ,

Md =
vd

2
y
5d
ij +

v45↗
2
y
45d
ij ,

Me =
vd

2
y
5d
ji ↑ 3

v45↗
2
y
45d
ji . (10)

This breaks the relation (1). The Yukawa matrices y
5d
ij

and y
45d
ij may be adjusted to accommodate the observed

fermion mass spectrum.

C. Extension by nonrenormalisable coupling with
24-Higgs

An alternative approach is to consider contributions
from higher dimensional operators [3]. SU(5) gauge sin-
glet F5H24F10H5 ⇐ W gives Lagrangian of the form

y
24d
ij

mP
[”i

5
]m↘[H24]m

n≃[”j
10]np↘[H5]

p≃+ h.c., (11)

where y
24d
ij is a new Yukawa-like coupling and mP

is the Planck mass. Upon GUT symmetry break-
ing, H24 obtains vacuum expectation value H24 =
(M/!) diag(2, 2, 2,↑3,↑3). The expectation value of H5
is as given by (5). The fermion mass matrices then be-
come, including the minimal SU(5) contributions,

Mu =2
↗
2vuy

5u
ij ,

Md =
vd

2
y
5d
ij +

M

mP!

vd↗
2
y
24d
ij ,

Me =
vd

2
y
5d
ji ↑ 3

2

M

mP!

vd↗
2
y
24d
ji . (12)

1 A term of the form ω
mnprs[F i

10]mn[F
j
10]pq [H45]

q
rs may also be

included, but this will not a!ect the mass relation we discuss.

“24-Extension”  by Ellis & Gaillard, PLB 88 (1979) 315  

• Introduction of higher dim. OP with  	
• New mass contribution from 

H24
⟨H24⟩

W24 ⊃ F5H24F10H5
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4. Numerical explora[on

45-Extension

4

mu(MZ) = 0.00127, mc(MZ) = 0.634, mt(MZ) = 171,

md(MZ) = 0.00271, ms(MZ) = 0.0553, mb(MZ) = 2.86,

me(MZ) = 0.000487, mµ(MZ) = 0.103, mω (MZ) = 1.75, (20)

in GeV, and the CKM parameters

s12(MZ) = 0.225, s23(MZ) = 0.0411, s13(MZ) = 0.00357, ω13(MZ) = 1.24 (21)

for the standard parametrisation of the CKM matrix (i.e. the form of (32) below).
Solving the renormalisation group equations, the fermion mass parameters at the GUT scale µ = MU are

mu(MU ) = 0.000502, mc(MU ) = 0.251, mt(MU ) = 97.7,

md(MU ) = 0.000769, ms(MU ) = 0.0157, mb(MU ) = 0.922,

me(MU ) = 0.000324, mµ(MU ) = 0.0685, mω (MU ) = 1.17, (22)

in GeV. The CKM matrix elements at the GUT scale are found to be

VCKM(MU ) =




0.973 + 0.0534i 0.211→ 0.0769i 2.19↑ 10→6 → 0.00315i
→0.208→ 0.0845i 0.974→ 0.0184i 0.0363→ 1.91↑ 10→7

i

0.00774→ 1.35↑ 10→10
i →0.0356→ 2.94↑ 10→11

i 0.999→ 3.33↑ 10→16
i



 , (23)

in the standard parametrisation.

IV. NUMERICAL EXPLORATION OF THE
FLAVOUR SECTOR OF THE SU(5) MODEL

We reviewed in Sec. II the two well known approaches
of amending the GUT mass relation. One is by extending
the model with the new Higgs field belonging to the 45-
representation of SU(5), which we shall call the 45-Higgs
model. The other approach considers a higher dimen-
sional operator involving the 24-representation Higgs.
We shall call this the 24-Higgs model. These two ap-
proaches give di!erent predictions (10) and (12) of the
mass matrices. Denoting

M5 ↓ vd

2
y
5d
ij , M45 ↓ v45↔

2
y
45d
ij , M24 ↓ M

2mP”

vd↔
2
y
24d
ij ,

the mass relations are written

Md = M5 +M45,

Me = M
T
5 → 3MT

45 (24)

for the 45-Higgs model, and

Md = M5 + 2M24,

Me = M
T
5 → 3MT

24 (25)

for the 24-Higgs model.
Both of these systems have su#cient parametric de-

grees of freedom to reproduce the experimentally ob-
served values of the quark and lepton mass eigenvalues,
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4. Numerical explora[on

Strategy

1. RG analysis to extrapolate quark & charged lepton masses and 
CKM matrix at , and use them as inputsMU

2. Parametrization

Diagonal basis of Mu & Me

5

FIG. 1. Behaviour of the loss function upon optimisation. A
sample of the loss function for the 45-Higgs model (24-Higgs
model) is shown in blue (red). Same initial parameters are
used, and the optimisation is made up to Niter = 106 iteration
steps.

and L24 as loss functions, we may use this methodology
for our minimisation problem. To proceed, we need to
parametrise Me and Md appearing in (27) and (28), en-
suring that the constraints from the low energy fermion
masses are satisfied.

In (15), we may choose a basis in which Mu and Me

are diagonal:

Mu = Du = diag(mu,mc,mt),

Me = De = diag(me,mµ,mω ). (29)

Then Md cannot be made diagonal, and using Vd =
VuVCKM from (14) we may write

Md = VuVCKMDdU
†
d . (30)

Here, Vu is diagonal, but U†
d is an arbitrary unitary ma-

trix. We use parameterisation of a 3 → 3 unitary matrix
by 9 real variables

U(ω0,ω1,ω2, ε1, ε2, ϑ, ε3,ϖ1,ϖ2)

= e
iε0e

i(ε1ϑ3+ε2ϑ8)R(ε1, ε2, ϑ, ε3)e
i(ϖ1ϑ3+ϖ2ϑ8), (31)

where

R(ε1, ε2, ϑ, ε3) (32)

=




1 0 0
0 c1 s1

0 ↑s1 c1








c2 0 s2e

→iϱ

0 1 0
↑s2e

iϱ 0 c2








c3 s3 0
↑s3 c3 0
0 0 1





is a CKM-like matrix, with si ↓ sin εi, ci ↓ cos εi and
ϱ3 = diag(1,↑1, 0), ϱ8 = diag(1, 1,↑2)/

↔
3 (the Cartan

part of the Gell-Mann matrices).
The mass matrices Me and Md appearing in the loss

functions L45 and L24 are evaluated at the GUT scale.

FIG. 2. Distribution of the loss function values after optimi-
sation, for the 45-Higgs model (H45, blue) and the 24-Higgs
model (H24, red). Optimisation is made for Niter = 106 it-
erations, and Nsamp = 1000 samples are collected for each
model. The distribution of the loss function for the 24-Higgs
model is seen to be peaked at a smaller value than that of the
45-Higgs model.

Namely, we use

Me = Me(MU ) = (me(MU ),mµ(MU ),mω (MU )), (33)

with the mass parameters at the GUT scale given by
(22). Using (32) for U†

d and rearranging the communing
diagonal elements in (30), Md is parametrised as

Md = Md(MU )

= e
ix0 e

i(x1ϑ3+x2ϑ8) VCKM(MU )Dd(MU )

→ e
i(x3ϑ3+x4ϑ8)R(x5, x6, x7, x8) e

i(x9ϑ3+x10ϑ8). (34)

Here, the CKM matrix at the GUT scale is (23) and

Dd(MU ) = diag(md(MU ),ms(MU ),mb(MU )), (35)

with the fermion masses at the GUT scale given in (22).
The 11 parameters x0, · · · , x10 are all real and are as-
sumed to take initial values 0 ↗ xi < 2ς.

B. Sampling and optimisation

The problem we wish to tackle is to find a set of param-
eters x0, · · · , x10 that minimises the loss function (27) or
(28). Finding the global minimum is practically impos-
sible, due to the large number of parameters (which is
eleven). We thus take a statistical approach and proceed
as follows.

Sampling: We first generate a set of initial values for
the parameters xi, i = 0, 1, · · · , 10 by randomly
sampling values from the uniform distribution for
0 ↗ xi < 2ς.

Here,  is a CKM-like 3 x 3 unitary matrix with 	
                          3 angles ( ) and 1 CP-phase ( )

R
x5, x6, x8 x7

Loss function optimization with total 11 free-parameters (angles)
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4. Numerical explora[on

3. Sampling and Optimization

Sampling: randomly sampling initial values for 0 ≤ xi < 2π

Optimization: optimize the loss function for iteration steps  Niter

Statistics: Repeating Sampling & Optimization, collect  samples 
to observe the minimized loss function values and the optimized 
configurations of 

Nsample

x′￼is
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5. Numerical results 5

FIG. 1. Behaviour of the loss function upon optimisation. A
sample of the loss function for the 45-Higgs model (24-Higgs
model) is shown in blue (red). Same initial parameters are
used, and the optimisation is made up to Niter = 106 iteration
steps.
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for our minimisation problem. To proceed, we need to
parametrise M e and M d appearing in (27) and (28), en-
suring that the constraints from the low energy fermion
masses are satisfied.

In (15), we may choose a basis in which M u and M e
are diagonal:

M u = Du = diag(mu , mc, mt ),

M e = De = diag(me, mµ , m! ). (29)

Then M d cannot be made diagonal, and using Vd =
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FIG. 2. Distribution of the loss function values after optimi-
sation, for the 45-Higgs model (H45, blue) and the 24-Higgs
model (H24, red). Optimisation is made for Niter = 106 it-
erations, and Nsamp = 1000 samples are collected for each
model. The distribution of the loss function for the 24-Higgs
model is seen to be peaked at a smaller value than that of the
45-Higgs model.

Namely, we use

M e = M e(M U ) = (me(M U ), mµ (M U ), m! (M U )), (33)

with the mass parameters at the GUT scale given by
(22). Using (32) for U 

d and rearranging the communing
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M d = M d(M U )
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Here, the CKM matrix at the GUT scale is (23) and

Dd(M U ) = diag(md(M U ), ms(M U ), mb(M U )), (35)

with the fermion masses at the GUT scale given in (22).
The 11 parameters x0, á á á, x10 are all real and are as-
sumed to take initial values 0 % xi < 2&.
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The problem we wish to tackle is to find a set of param-
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FIG. 1. Behaviour of the loss function upon optimisation. A
sample of the loss function for the 45-Higgs model (24-Higgs
model) is shown in blue (red). Same initial parameters are
used, and the optimisation is made up to Niter = 10 6 iteration
steps.
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model (H24, red). Optimisation is made for Niter = 10 6 it-
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model is seen to be peaked at a smaller value than that of the
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Namely, we use

M e = M e(M U ) = ( me(M U ), mµ (M U ), m! (M U )) , (33)

with the mass parameters at the GUT scale given by
(22). Using (32) for U 

d and rearranging the communing
diagonal elements in (30),M d is parametrised as

M d = M d(M U )

= eix 0 ei (x 1 # 3 + x 2 # 8 ) VCKM (M U ) Dd(M U )

! ei (x 3 # 3 + x 4 # 8 ) R(x5, x6, x7, x8) ei (x 9 # 3 + x 10 # 8 ) . (34)

Here, the CKM matrix at the GUT scale is (23) and

Dd(M U ) = diag( md(M U ), ms(M U ), mb(M U )) , (35)

with the fermion masses at the GUT scale given in (22).
The 11 parametersx0, á á á, x10 are all real and are as-
sumed to take initial values 0% xi < 2&.

B. Sampling and optimisation

The problem we wish to tackle is to Þnd a set of param-
etersx0, á á á, x10 that minimises the loss function (27) or
(28). Finding the global minimum is practically impos-
sible, due to the large number of parameters (which is
eleven). We thus take a statistical approach and proceed
as follows.

Sampling: We Þrst generate a set of initial values for
the parameters xi , i = 0 , 1, á á á, 10 by randomly
sampling values from the uniform distribution for
0 % xi < 2&.

Distribution of the loss 
function values after 
optimization for 	

 samples are 
collected for each model

Niter = 106

Nsample = 1000
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6. Conclusion

• We have investigated the flavor sector of the SUSY SU(5) GUT model	

• The minimal SU(5) (Beauty) predicts fermion masses that disagree with 

the observed values (Truth)	

• Two well-known extensions (45 & 24) have been considered 	

• Introducing the loss function, we have applied the ML techniques to 

optimize it. 	

• We have found that 24-Extension gives smaller values of loss function 

after optimization
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FIG. 3. Example of the evolution of the eleven parameters xi , i = 0 , 2, ..., 10 in the optimisation process. The darkest blue
lines represent the initial random values of the parameters ( Niter = 0), and the brightest yellow lines represent the parameter
conÞguration at Niter = 1 , 000, after which the change of the parameter values is found to be small. The lines in-between show
parameter conÞgurations at an interval of 10 iteration steps. The left and the right panels show the results for the 45-Higgs
and 24-Higgs model, starting with a same initial parameter conÞguration. The parameters of the two models are seen to evolve
di! erently, toward di ! erent optimised conÞgurations.

Optimisation: Then using a optimisation scheme of
machine learning the loss function is optimised
(minimised), for Niter number of iteration steps.

Statistics: Repeating the process of sampling and opti-
misation, Nsamp samples of numerical minimisation
are collected. We then observe the minimised loss
function values and the optimised conÞgurations of
the parametersxi .

We summarise the obtained results in the next section.

V. NUMERICAL RESULTS

We randomly generated 1000 initial conÞgurations of
the 11 parameters, and for each of these 1000 samples we
optimised the parameters using the loss functions of the
45-Higgs model and the 24-Higgs model, up to 1,000,000
iterations. For numerical minimisation of the loss func-
tions (27) and (28), we used the standard optimisation
schemes of machine learning3.

A. Loss function

Fig. 1 shows a typical behaviour of the loss function in
the process of optimisation, for the 45-Higgs model (blue)

3 The results presented here are generated by the vanilla Adam
algorithm [16] with hyperparameters ! = 0 .001, " 1 = 0 .9, " 2 =
0.999 and # = 10 ! 8 . Smaller learning rate ( ! ) is found to give
smaller values of optimised loss functions (values averaged over
999,901st-1,000,000th data points). Similar results are obtained
by the Gradient Descent algorithm.

and the 24-Higgs model (red). In both models, the loss
function reaches a plateau beforeNiter ! 500, 000 itera-
tion steps and the optimisation is seen to be completed;
the decrease of the loss function afterwards is seen to be
minor.

Typical minimised values of the loss functions for the
45-Higgs model and the 24-Higgs model are found to be
di! erent. Fig. 2 shows the distribution of the 1000 sam-
ples of optimised loss function values, for the two models
with randomly chosen common initial conÞgurations. We
evaluate these values by averaging over the last 100 (i.e.
999,901st to 1,000,000th) steps, since the loss functions
exhibit spiky behaviour (which is common for this numer-
ical algorithm). The loss function of the 24-Higgs model
tends to be optimised to smaller values than that of the
45-Higgs model. This indicates that statistically the 24-
Higgs model can reach closer to the minimalSU(5) model
than the 45-Higgs model can. That is, in the parlance
of [12], the 24-Higgs model is more beautiful than the
45-Higgs model.

B. Optimisation of parameters

In the process of optimisation, the parametersxi are
adjusted to move so that the loss function takes smaller
values. A sample of the evolution of these parameters is
shown in Fig. 3, for the 45-Higgs model (the left penel)
and the 24-Higgs model (the right panel). Here, a com-
mon initial parameter set is chosen for the two models.
The parameter conÞgurations evolve di! erently and set-
tle to di ! erent optimised conÞgurations. In both panels
of Fig. 3, the parameter set for the initial (randomly as-
signed) parameter values are shown in the darkest blue,
and the (almost) optimised values at theNiter = 1 , 000th
iteration step are shown in the brightest yellow, with the



16

7

FIG. 4. ConÞgurations of the eleven parameters xi , i = 0 , á á á10 after optimisation. The case of the 45-Higgs model is shown
on the left and that of the 24-Higgs model is shown on the right. Each panel displays 100 samples that give rise to the smallest
10% of the optimised loss function values, out of 1000 samples. Darker lines indicate smaller values of the optimised loss
function.

intermediate steps (10 iteration intervals) shown in the
gradient colours. After Niter ! 1, 000, no appreciable
change of parameters is seen in this sample. The excur-
sions of the 11 parameters are seen to be relatively small.
The optimisation algorithm does not explore the whole
parameter space, but searches only the vicinity of the ini-
tial conÞguration and Þnds a local minimum nearby. This
indicates that the loss function has many local minima
distributed across the 11 dimensional parameter space.

Finally, Fig. 4 shows the optimised conÞgurations of
parameters, for the 45-Higgs model (left) and the 24-
Higgs model (right). We have chosen 100 samples that
give the smallest 10% of the optimised loss function out
of 1000 collected samples. Darker lines correspond to
smaller values of the optimised loss function. It is seen
that, in particular for x5-x8 corresponding to the CKM-
like nondiagonal part of our parametrisation (32), dark
lines are seen to congregate and there appear some blank
regions. The blank regions are apparently disfavoured
in the sense that the loss function is not optimised to a
very small value, suggesting that these parameters are
not beautiful. The contrast is more evident in the 24-
Higgs model than in the 45-Higgs model.

VI. FINAL REMARKS

The minimal SU(5) GUT model Þts all known particles
into simple representations of theSU(5) gauge group. It
certainly is a beautiful theory, but does not harmonise
with experimentally supported, truth. By extending the
theory, either with the 45 representation Higgs or in-
cluding the higher dimensional operator involving the
24 representation Higgs, the theory can be reconciled
with the truth. These extensions of the SU(5) model in-
troduce many degrees of freedom and the model su! ers
from a curse of dimensionality; a comprehensive param-
eter search is practically impossible. In this paper we

analysed these two extensions of theSU(5) GUT model,
making use of techniques from machine learning. Instead
of performing an exhaustive parameter search, we intro-
duced a criterion of goodnessof parameters, which is
encoded in the form of the loss function, and then ex-
plored the parameter space through sampling and opti-
misation. The results indicate that overall, the 24-Higgs
model gives smaller values of loss function after optimi-
sation, compared to the 45-Higgs model. This indicates
that the 24-Higgs model can reach closer to the original
SU(5) model

Let us conclude with some comments on possible di-
rections of future research. While a common attitude
in machine learning is data-driven, that is, to avoid hu-
man intervention on data processing wherever possible,
we had to make a choice of the loss function in which
our prejudice on good parameters is reßected. We chose
the speciÞc form of the loss function, which we think is
reasonable and also is suitable for optimisation by the
back propagation algorithm of machine learning. Our
loss function of the determinant form ((27) and (28))
treats the contributions from the three families equally.
Concerning the SU(5) GUT mass relation, it is known
that the disagreement in the third generation (the bot-
tom mass and the tau mass) is not as intense as the Þrst
and the second generations (the down mass-electron mass
and the strange mass-muon mass). If one wants to dis-
cuss family-dependent features of mass relations, the loss
function needs to be suitably modiÞed so that weights on
generations are included.

The second point concerns the choice of parameters.
We Þxed the mass matricesM e and M u using the ex-
perimental central values and parameterisedM d with 11
parameters. This is an economical choice that fully cov-
ers the ßavour sector while respecting current observa-
tional constraints. As we examine Fig. 4, the appearance
of blank regions may suggest some parameters are dis-
favoured. There might be a better way to parameterise


