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Introduction

* Introduction to the Bubble wall velocity
One of the biggest problems of our universe

Matter and Antimatter asymmetry

One solution: < Electroweak Baryogenesis
 Many BSM achieve it through FOEWPT
« Predict Stochastic GW signal as observable
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Key input parameter: bubble wall velocity to decribe how
fast did the bubble growth 2/10
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Introduction

* Introduction to the Bubble wall velocity
One of the biggest problems of our universe

Matter and Antimatter asymmetry
Electroweak Baryogenesis
 Many BSM achieve it through FOEWPT

« Predict Stochastic GW signal as observable
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CoIIision>

1. Will there a terminal velocity(bubble expand stably)?
2. Ifis, how fast the terminal velocity is? )10
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Introduction

« How we study the Bubble wall velocity

O O
O O Driving force AV

EWSB Friction Force

* First method
Force is momentum transport thus consider the Boltzmann equation

pa / dz/ (gﬂr)’ Flat2. / dz / (;’;';szqfal — A[V(9))3:
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Introduction

« How we study the Bubble wall velocity

O O Driving force AV

EWSB Friction Force

* First method
Force is momentum transport thus consider the Boltzmann equation

sl Z/ dz/ (gﬂr)’ F fa +‘Z | / dz / (;’;';szqfal f AV (@)1,

4+ === Equilibrium only
—— Qut-of-equilibrium

-3/ Run away

Pt (@rbitrary units)
P (arbitrary units)

Vi

Benoit Laurent and James M. Cline. Phys. Rev. D, 106(2):023501, 2022.
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Introduction

« How we study the Bubble wall velocity

« Second method
However, what if the we considering the interaction between particle

and background field(VEV) Dietrich Bodeker and Guy D. Moore. JCAP, 05:025,2017.
Fa—>b0 d3 2
fric _ ' Pa p_a AP 2 _pE 2
i b0 LU
flux X momentum transfer

4/10
[1] Bubble wall dynamics from nonequilibrium quantum field theory. arXiv:2504.13725
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« How we study the Bubble wall velocity

Second method _ _
However, what if the we considering the interaction between particle

and background field(VEV) Dietrich Bodeker and Guy D. Moore. JCAP, 05:025,2017.

a—be 3 2 .
Firic = d"Pa Pa dP 2 LE _LF '| Non-conservation
3 fa a—bc pa, 'b ’(:)7
A (2m)° E, Of momentum
flux X momentum transfer
Momentum conservation broken between particle interaction, because
the existence of background field [1]
= b ® ®
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[1] Bubble wall dynamics from nonequilibrium quantum field theory. arXiv:2504.13725
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Introduction

« How we study the Bubble wall velocity

« Second method _ _
However, what if the we considering the interaction between particle

and background field(VEV) Dietrich Bodeker and Guy D. Moore. JCAP, 05:025,2017.
a—be 3 2 .
Fric — d"Pa p_af dP “ Kk — k) '| Non-conservation
A 2 3 E Ja AL a—be pa b ‘e ]
(2m)° B, Of momentum

flux X momentum transfer
Momentum conservation broken between particle interaction, because

the existence of background field [1]

® ®

~— Splitting Effect ' ', ‘J" )

Not exist in ordinary Boltzmann equation which stop the run-away bubble

[1] Bubble wall dynamics from nonequilibrium quantum field theory. arXiv:2504.13725
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Introduction

« How we study the Bubble wall velocity

* First method » Second method

10 ‘ . ,
_:l_E ~297 H 4 ~—— Spliting Effect ' — ,'l“l ) ‘
§ _3/ Run away |// |
© ; E
7 % |
8 } |
< E

0.80 0.85 0.90 0.95

The first method encoding the transport behavior through the Boltzmann
equations which only contain local effect

The second method encoding the non-local effect bring by the background
field(momentum non-conservation).

Question: Two method give a different description. Is that possible to
build a framework to track transport + non-local?

Our goal: build such a framework 5/10
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Modified Boltzmann equation from the K- B equation

e How do we build such a frameworks?

Idea: Starting from the most general quantum transport equation

rather than direct start from the Boltzmann equation:
the Dyson-Schwinger Equation for two point function + The Closed

Time Path formalism!t2]
However, in order to introduce the momentum, we can start from the

equation which describe the Wigner transformed two point function
Gk X ) = /([41‘ " G’(z )

Kadanoff-Baym equation:

1 — : - ~ =
(55)& - 21;2) 2k, X+ e {m?(X),G(k, X)} = =21 — ie *(k, X ||G(k, X)

— 2k - OxG(k, X) He *m*(X), G(k, X)) = —ie ®°[lI(k, X), G(k, X)]

N

Ak + %ax,x . %ak) (k, X) = e~ (A(k, X)B(k, X))

Implication: Include the Non-local effect bring by the Non-trivial VEV field
6/10

[1] G. Z. Zhou, Z. B. Su, B. |. Hao and L. Yu, Phys. Rev. B 22, 3385-3407 (1980)
[2] V. Cirigliano, C. Lee, M. J. Ramsey-Musolf and S. Tulin, Phys. Rev. D 2010
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Modified Boltzmann equation from the K- B equation

 New aspect: The modified BE from KBE

In order to counting those effect, we start from more general kinetic
equation: Kadanoff-Baym equation in Close Path Formalism

And derived the modified version of Boltzmann equation

d dm*(z) 0 ] T:dk2) ,

Oy — = dee)

[ “ 0z dz (')kz] E} Clisl
But now the momentum non-conservation induced by background field
exist in collision terms

q_ d’p d’p’ 1+ fo(p,2) 1+ fo(P, 2)
W=~ / (2r)? / anpt ) 5p, 2E,
x (2m)°6(Ey — E, — Ey)0%(k. —p1L — P') + (Ap, < —Ap,)

+ InverseProcess,

A\ 4

Momentum non-conservation between the particles

The F is the non-local interaction matrix element related dependent on
specific interaction for 1 — 2 process

Pk ) = /(1’,,3"]”(;',(/,':,,:"))”'(3'))”'(2,:' — )~ 20ra(2=2) 7/10
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Modified Boltzmann equation from the K- B equation

* The friction force from the modified BE

Let us discussed the friction force come from this modified Boltzmann
equation, to find the physics

. d3p z d)t
Pioy = za:/ d?«’. Ja:t Za:/ dz / (2%)31) Clfal — A[V(Qb)]qbf
After some algebra and ballistic approximation , one can prove

Z/*/ mp? Cllel ‘/é% 5 fa/dPa%Apz—kz—kz),

It is momentum transfer rate between bubble and all the particle inside the 3-
particle interaction

'_
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Modified Boltzmann equation from the K B equation

« Example
Toy model:

0.7

00E

Lint = 19*®?

where ¢ is a light scalar field, ® is a heavy scalar field with my < mg.

This model is prevalent in the BSM model, also called as the Higgs
portal model, which generates the FOEWPT
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Summary

¢« Summary

1. We build a systematic frameworks to compute v,, by the modified
BE which include the information do not exit in ordinary one.

2. We find, in principle, those effect can be found by solving the K-B
equation, and discuss v, for any i — f interaction.

3. Those 2 - 2 in ¢?®? theory will induce a friction force o y,, and

eliminate run-aways bubble configuration.
= I
& hanks:
P // .
e s é

-~

Wall frame

P(z)

10/10



. ’t‘li 'fL.’ﬁ’

TSUNG-DAO Lm: INSTITUTE

Backup

 Where did this inconsistency come from?

The key equation to study the force is momentum transport between the
bubble and particle, let us focus on the Boltzmann equation(BE)

(p"0, + mF*9,.)0(p")6(p* — m*) f = C[f],

h-phase
Suppose bubble is

. Cdp
bigger enough and /d: / |'f> ,___)_xp“

. . . . 2r)
moving in z-direction ' T

s—phase

position z \4
If the bubble reach the stable state, we can stablish the relation between
microscopic force and fluid energy momentum tensor

3y p i d3p d'p
A [/ (ZW")%[Ezf(p,:)] :/d:/(z E - Fof (b, ~)Jr/(z',,/ ]41)C =0
z=b

T#* component of fluid EMT Classical force Particle interaction

So, the BE in ordinary QFT can never solve the inconsistency
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Backup

 General Boltzmann Equation

P!

E.

P

—Opfal@, 0, 1) + Op [F* fu(z, 1, 8)] = Clfal,

Normal collision terms

. d°p; d’p
Clfa] = ~fa(z,p,1) H/ 7)32FE; /2Ef 2:_ ‘M| f(>4 ZP pr )+Inverse Process.

1(1,

For 1 — 2 decay process the pressure contributed by sum of all particle form
as

d‘%
3> [ s st o (S - S S-S =
i f i f
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Backup

« Can we get those Result from the first principle?

The Kadanoff-Baym Equation Is the Wigner transformation (k. X) = /',/-*,-(_;[.,-..«/'J.'**r
of CTPDSE X = =2 =0 —y '

S 4 : :
(5% — 24° ;|< G> . 11<)),

¢'"||m G?} = —ie *({I1", G?} + {1} G*} + =[II”, G~

2ik - OxG? + €7°[m?, GZ] = —ie~ ([, G + 12, G*]

One can prove that in the approximation 1= ... = —- above two equation
Twall
will give us the Boltzmann equation

V. Cirigliano, C. Lee, M. J. Ramsey-Musolf and S.

. . . Tulin, Phys. Rev. D 81, 103503 (2010)
Solution for constrain equation

G (k. X) = 278[k* — m(X)*)(O(K")[1 + f(k, X)] + O(=k") f(—=k. X))
G=(k, X) = 2md[k* — m(X)*)(O(K") f(k, X) + O(—=k")[1 + f(—k.X))])

Solution for kinetic equation

k. X k" 1 ,
ok - By — V(X)) - 2. | LX) / 55 {I7.G<} — (15,67},
()l\ 1:_)\- JO
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Focus on Non-local effect of K-B equations

However when deriving the Boltzmann equation, we have ignore some
important terms when discussing the non-local effect

> O 9 A = P 2 remal = r > J- s - 1 ~ -
- 2ik - 9xG? + €7 °[m?, G¥] = —ie” (1", G?] + [II%, G"] + -{I1>, G} — ={G™, [17}),

—_

Consider ¢*®? interaction

0

) \ : X8 e e ,
f'. ,.'} => [1%2,9) = —?(}:{,(.r. Y)Gela. y)Golr. y).

The collision terms will be

Non-local term inside §
we should not expand it

A 4

, i N[ dyp [ dY d* K e i
—10 a by o \45471. K !
e A G = -5 / i | / (.27)4(2,.) 0" (k+ 31/: —k"—p—1p)

- ~ ¢ \ (1 L < a / [ : Ya " z 0 \
‘]:',"‘k'_: == [() ()’ () {):A‘) (7([,([). Z — :;()k_. )(,1,],(‘[) NG :;();‘.;) ,1(‘_‘(l\-/, Z — ;()/‘.; )(1{](/\ :)

We ignored all derive inside this terms since each of term will give order of

s
fant

I = Ewall —

Twall
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 Focus on Non-local effect of K-B equations

To recover the non-local effect in K-B equation, we apply the Wigner
transform in the average coordinate X = =*

(k1) = / d* X *G*(k; X) Gk.X) = / d*le Gk, ).

The we can counter the non-local effect inside §-function by substituting it
into collision terms in kinetic equation

1 "tk . '
eI, G} = - / . / : [))4/ (.(.)_-)4{277)4()4(/v' - %r/; =ik = p—yp)

“ ! : ' |
Go(p.2 — 50k.)Go (. 2 — —()A )G3(k' 2 — _()L )Go(k. 2)

ﬂ Ap, =k, —kl —p, —pl

—— X% [ id*® d*p dy’ . ,
€ O{“ ‘('I} - _? / (27‘.)4 / (_27)4 (/ (‘2:)4(27)"0(/"1) o l"() —Po— /)1,))

(k) — K| —py — PL)G% (0, 2)G5 (0, 2)GE(K', 2) Gl (k, 2D, e %0
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Backup

* Deriving the effect in Modified BE from KBE

Assuming, the general solution of Green’s function is still hold

GZ(k;-X)
Gk X)=

2m0[k* — m(X)?](O(K°)[1 + f(k, X)] + O(—=k") f(—Fk, X))
2mo[k?* — m( X)) (O(K°) f(k, X) + O(—=k")[1 + _f<,~A-..\ )])

Deriving the modified non-local modified Boltzmann equation from KBE

2k 0 d'l’l’llz(g) () ! (A M/)

___/dm’/(h)/WﬁwavﬂMW£H+¢MH@l+ﬁMﬂ@
2m)3 J (2m)3 ) (2n)3” V777 2Ey 2E, 2E,,

X (27)*0(Ey + Ey — E, — E,)0%(k, + k; —PpPL— pl_)—i— (Ap. <> —Ap.)
+ InverseProcess, ‘

The collision term do not have full
momentum conservations anymore

Fw@%—/ﬁimwam«ay@g_yy2ﬁmZﬂ.
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Backup

 Friction force from KBE

Integral the collision terms in K-B kinetic equation by /f.f f Ik, to

extract the corresponding friction force

II\B l:& mA) /:‘k, '{n A/) . l;; l;; / .

e _ [ o ierD [t [ o [ ARG+ K -~ )

A J (27)* 2B, J (2x«)3 2bk’ . ('._T)"')b (')']"2[‘,,,' ’ ’
(27)*0(Ex + Ep — E, — Ey)0*(ky + k| —pL — p'))

We have assumed that f(k.X) is equilibriums distribution function

Flkz) = /dz'fd,(/;:,z')Y(z')Y(Qz — ,3')(;172""A”3(7‘*zl).|:> |A]? = | /‘/-'-‘/\( 2)e™ 0P |2 s | M3y q0

The friction force from BE in BOFT

il [ ' ) [ &' f0) [ &k 1 A 1
fru I 2 [ l 1 2 g i 4
A _/ (2r)? 2E, / (2r)? 2E, /( k) Eepam bt ek =)

x (2n°)0(E, + E, — Ex — E})0® (pL +p) — k1 —K))

the effect in BQFT BE can be derived from KBE




