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Motivation
In flat space, Wick rotation relates Euclidean paradise to Lorentzian reality. In
Euclidean QFT we have

◮ Exponential damping in functional integrals: e−S vs e iS .
◮ Genuine functions and not distributions as correlators.
◮ Well studied heat kernel vs. poorly understood Schrödinger kernel.

Complexification of the time-coordinate t = e−iθtE relates Lorentzian (θ = 0)
to Euclidean (θ = π/2) flat metric

ηµνdyµdyν = −dt2 + δijdx i dx j = −e−2iθ
󰁿 󰁾󰁽 󰂀

=+1 for θ=π/2

dt2
E + δijdx i dx j

Formally converts Lorentzian i
󰄁SL into Euclidean − 1

󰄁SE ≤ 0 if all fields have
two real sections! E.g. for a scalar field

real → φ(t, x) = φ(−itE , x) = φE (tE , x) ← must be real as well

Deep results in axiomatic QFT:
◮ Wightman distributions admit an analytic continuation into the “permuted

extended tube”: Lorentzian → Euclidean
◮ Osterwalder-Schrader Theorem: Euclidean → Lorentzian

Together they allow one to stay in Euclidean paradise!
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The coordinate-complexification Wick rotation extends to static geometries:

gµνdyµdyν = −N(x)2dt2 + γij(x)dx i dx j

E.g.
◮ Static part of de Sitter.
◮ Exterior Schwarzschild.

Does not generally work beyond the static case
◮ Cosmological Friedmann-Lemaître spacetimes.
◮ Gravitational wave spacetimes.
◮ . . .



Notions of Wick rotation on (non-static) curved space(time)

◮ Coordinate Wick rotation on real analytic spacetimes or spacetimes with
analytic Cauchy surfaces [Gérard-Wrochna (2017), Gérard-Murro-Wrochna (2022),
Gérard (2023), Gérard-Wrochna (2024), Dang et al. (2024)].

◮ On smooth spacetimes, a ‘local’ coordinate Wick rotation arises from local
approx. of smooth g smooth

µν by (non-unique) analytic ganalytic
µν [Moretti (2000)].

Highly coordinate dependent, far from physics.
◮ Assume existence of a global Vielbein frame gµν = ηABEA

µ EB
ν , and

complexify ηAB . Leads to ‘admissible complex metrics’ [Louko-Sorkin (1997),
Kontsevich-Segal (2021), Witten (2021), Visser (2022)].

This talk:
Wick rotation in the lapse field

N(t, x) 󰀁→ e−iθN(t, x) θ ∈ [0, π/2] ,

not in time, on a smooth real manifold.
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The lapse-Wick rotation
Consider a real, foliated 1 + d dimensional Lorentzian
manifold. Fixing fiducial a foliation M ∼= R × Σ we have
the ADM parametrization of the metric

ds2 = −N2dt2 + γab(dx a + Nadt)(dxb + Nbdt) .

Lorentzian (real) scalar field action

with e0 := N−1(∂t − L󰂓N) the derivative transversal to the foliation leaves.

Lapse-Wick rotation
Complexify the lapse function

(N, Na, γab) 󰀁→ (e−iθN, Na, γab) , θ ∈

The resulting line element is

ds2
θ = −e−2iθNdt2 + γab(dx a + Nadt)(dxb + Nbdt)

but all coordinates and (non-gravitational) fields stay real – do not need scalar
field to have two real sections or complex structure on the spacetime!

SL[φ] =
ˆ

dtdd x √
γ

󰁱 1
2N e0(φ)2 − 1

2 Nγ ij∂i φ∂jφ − N U(φ)
󰁲

, U(φ) > 0 ,
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Admissibility of the complex metric for scalars

The metric ds2
θ = −e−2iθNdt2 + γab(dx a + Nadt)(dxb + Nbdt) is complexified

in an admissible way:
◮ The Wick rotated scalar field action is Sθ := SL

󰀏󰀏
N 󰀁→e−iθN

.
◮ The exponential in the functional integral now has a damping real part

e
i
󰄁 SL 󰀁−→ e

i
󰄁 Re(Sθ)− 1

󰄁 Im(Sθ)

Im(Sθ) = sin θ

ˆ

dtddx √
γ
󰁱 1

2N e0(φ)2 + 1
2Nγ ij∂i φ∂jφ + NU(φ)

󰁲
> 0

for θ ∈ (0, π/2].
◮ Under a change of the fiducial foliation in which the lapse-Wick rotation is

defined, the resulting Im(S ′
θ) will typically not coincide with Im(Sθ).

However, positivity is preserved, hence admissibility of the complex metric
obtained via the lapse Wick rotation is a foliation independent notion.



The complexified Hessian and ∆θ

A central object for QFT on curved backgrounds is the Hessian δ2Sθ/δφδφ of a
local action Sθ. For the scalar field action, this reads explicitly

iδ2Sθ/δφδφ = sin θ ∆ + i cos θ □󰁿 󰁾󰁽 󰂀
∆θ

−ie−iθU ′′(φ) ,

◮ ∆ is the (negative-definite) Laplacian of the Euclidean metric resulting
from the Wick rotation.

◮ □ is the (indefinite) d’Alembertian of the original Lorentzian metric.

In Euclidean signature, the heat kernel Kτ (y , y ′)

(∂τ − ∆)Kτ (y , y ′) = 0 lim
τ→0

Kτ (y , y ′) = δ(y , y ′) .

is a key tool for computations:
◮ The small τ -expansion of Kτ (y , y) captures the UV divergences in

renormalization (even beyond one-loop).
◮ The Euclidean propagator can be recovered from the heat kernel by a

Laplace transform.
Does this extend to general θ?



Minkowski spacetime and the Feynman propagator

On Minkowski spacetime,

∆θ = sin θ(+∂2
t + δij∂x i ∂x j ) + i cos θ(−∂2

t + δij∂x i ∂x j ) .

The associated heat equation

(∂τ − ∆y
θ)Kθ

τ (y , y ′) = 0 , lim
τ→0+

Kθ
τ (y , y ′) = δ(1+d)(y − y ′) .

can be solved explicitly by Fourier transform to get the generalized heat kernel

Kθ
τ (y , y ′) = (−ie iθ)

d−1
2

(4πτ) d+1
2

e− 1
2τ

σθ(y,y′) , ∆yµ := yµ − y ′µ ,

σθ(y , y ′) := 1
2

󰀅
sin θδµν∆yµ∆yν − i cos θηµν∆yµ∆yν

󰀆
.



Minkowski spacetime and the Feynman propagator

The Feynman propagator for a scalar field of mass m can be obtained via

Gθ
F (p0, p) =

ˆ ∞

0
dτ e−ie−iθm2τ K̂θ

τ (p0, p) = ie−iθ

p2
0 − e−2iθ(p2 + m2) .

For small θ the denominator reads −p2
L − m2 + i2θ(p2+m2). As if

󰂃 → 2θ(p2+m2) in the covariant Feynman propagator i/[−p2
L − m2 + i󰂃].

Replacement [Zimmerman 1968]:
◮ Produces absolutely convergent (as opposed to conditionally convergent,

distributional) Feynman integrals.
◮ Bounds on the propagator

1
p2

E + m2 ≤
󰀏󰀏Gθ

F (p0, p)
󰀏󰀏 ≤

1
sin θ

1
p2

E + m2 ,

allow one to apply Weinberg’s power-counting theorem.
◮ Limit θ → 0+ exists for all n-point functions to all orders of perturbation

theory as Lorentz covariant tempered distributions.



The general case

On generic foliated Lorentzian spacetimes:
◮ No useful notation of (exact) spacetime Fourier transform.
◮ Even the free wave/Klein Gordon equation not exactly soluble.

The way forward: replace explicit computations with Functional Analysis.

Theorem (RB and MN, J. Funct. Anal. 289 (2025))
1. Existence: For all θ ∈ (0, π): ∆θ and generates a semigroup eτ∆θ , with a

unique smooth integration kernel Kθ
τ (y , y ′) – the generalized heat kernel.

2. Asymptotic expansion: For all θ ∈ (0, π), there is a small τ asymptotic
expansion

Kθ
τ (y , y) ∼ (−ie iθ)

d−1
2

(4πτ) d+1
2

󰁛

n≥0

aθ
n (y)(ie−iθτ)n .

3. Schrödinger unitary group in Lorentzian limit: When □ is essentially
self-adjoint on C∞

c (M), the generalized heat semigroup eτ∆θ converges to
the Schrödinger unitary group e−iτ□ as θ → 0 (in the weak-star topology).
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c (M), the generalized heat semigroup eτ∆θ converges to
the Schrödinger unitary group e−iτ□ as θ → 0 under well-defined traces.
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Conclusions and Outlook

We have defined a Wick rotation that links Lorentzian and Euclidean signature
metrics through complex metric intermediaries on real manifolds. In particular,
it is applicable on any globally hyperbolic Lorentzian manifold.
The Wick rotation gives rise to a generalized heat semigroup τ 󰀁→ eτ∆θ with
smooth kernel and a well-defined Lorentzian limit.
Future plans.

◮ Extension to other Lichnerowicz Laplacians needed for applications to
higher spin fields.

◮ Use in Functional Renormalization Group to get ‘apples-to-apples’
comparison between Euclidean and Lorentzian signature results.

◮ Study origin of state dependence in propagator 〈vac|(z − ∆θ)−1|vac〉 in
the Lorentzian limit, θ → 0.



Thank you!


