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SCATTERING PROCESS
Scattering of elementary particles: predictions of outcomes

many possible outcomes
we can only talk about probabilities

<latexit sha1_base64="YpI6PoAjKfTBUeEvvZyCuY/aGwk="></latexit>

� =

Z
d⌦ |A|2

cross section amplitude

Calculating amplitudes: at weak coupling in principle solved



PERTURBATION THEORY
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An ⇠ Atree
n + g2A1�loop

n + g4A2�loop
n + g6A3�loop

n + . . .

asymptotic series

Feynman diagrams: diagrammatic organization
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Main object of interest: amplitudes in QCD
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needed for Standard model background
most complex part: gluon amplitudes

standard procedure:
Feynman diagrams



PRE-HISTORY
Calculation of gluon amplitudes: status in late 1970s

Most complicated process:
2->3 process = 5pt amplitude

at tree-level

(k1 · k4)(✏2 · k1)(✏1 · ✏3)(✏4 · ✏5)

Brute force calculation:
24 pages of result

SSC approved in 1983: higher-point calculations needed

Energy 40 TeV: many gluons!
Next on the list: 6pt amplitude

gg ! gggg



PARKE-TAYLOR FORMULA
Calculation completed in 1984

(Parke, Taylor)

220 Feynman diagrams, 100 pages of algebra

result compressed
to 14-page paper
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Calculation completed in 1984

(Parke, Taylor)

220 Feynman diagrams, 100 pages of algebra

Conclusion of the paper:

|A6|2 ⇠ (p1 · p2)3

(p2 · p3)(p3 · p4)(p4 · p5)(p5 · p6)(p6 · p1)

Within a year of the publication they found an extraordinary simplification:

PARKE-TAYLOR FORMULA



MODERN METHODS
What is the scattering amplitude?

Feynman diagrams
Analytic S-matrix:

not successful

Modern methods use both: 
Expose simplicity of amplitudes
Use perturbation theory

Many new methods: generalized unitarity, 
recursion relations, string-based methods,… (Bern, Dixon, Kosower)



TREE-LEVEL AMPLITUDES

2485 Feynman
diagrams

gg ! 4g gg ! 5g gg ! 6g

Feynman diagrams
Terms in recursion

220
3

2485
6

34300
20

Very efficient recursion relations

For gluon amplitudes: 
very efficient implementation 
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on-shell diagrams
positive Grassmannian

(Arkani-Hamed, Bourjaily, Cachazo,
Goncharov, Postnikov, JT)

(Britto, Cachazo, Feng, Witten 2005)



Loop amplitude: complicated function of kinematics

transcendental functions
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log,Li2, Ga1,a2,...am , . . .

rational function:
 “loop integrand”

loop 
integration

<latexit sha1_base64="FTR1pBDHLYFNYTIdiq8cZYhkvRM="></latexit>

A`�loop
n =

Z
d4`L I`�loop

n

LOOP AMPLITUDES

Unitarity methods: re-organizaton of the expansion

calculate coefficients 
from cuts

basis integrals to 
calculate: critical 

to choose good basis
IBP methods, differential equations,…
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I`�loop
n =

X

k

ckBk



Lesson learnt: convenient choice of integrals dramatically 
simplifies calculation, sometimes you get result almost for free

LOOP INTEGRATION

make analytic properties, UV and IR manifest

Mathematical properties: transcendentality, bootstrap methods, 
cluster algebras, differential equations

Time-proven method: develop the methods in toy models, 
provides a useful organizational principle

special numerator

state of the art: 2-loop 5pt, 3-loop 4pt



SIMPLEST QFT
Planar N=4 super Yang-Mills theory: our favorite toy model

✤ maximal supersymmetry in D=4, superpartners to gluons, cancelations
✤ limit of an infinite number of colors, only planar diagrams contribute
✤ AdS/CFT correspondence: dual to supergravity

✤ UV finite theory, no confinement

What do we loose?

Why is it a good toy model?
✤ tree-level amplitudes of gluons: same as in QCD
✤ loop amplitudes simpler, convergent perturbative series
✤ past experience: new computational methods developed first here



HIGHER LOOP CALCULATIONS
Huge simplifications in planar N=4 SYM amplitudes

in some cases due to symmetries of the theory, otherwise unexplained

Integrands of 2->2 scattering amplitudes calculated up to 11-loops 
(Bern, Dixon, Kosower 2005,…. Bourjaily, Heslop, Tran 2016)

number of Feynman diagrams
grows very very fast, but even in
the most compressed form the 
result is complicated

progress on integration using 
new techniques (dlog forms, 
differential equations)



SYMBOLS
Skip the integrand step, using the knowledge of the function space to 
construct the amplitude directly

Reduce information in the function to a symbol  

encodes branch cuts
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)

symbol letters

(Goncharov, Spradlin, Vergu, Volovich 2009)

This originated from another surprising simplification
In 2009 Del Duca, Duhr and Smirnov calculated a certain 2-loop 
6pt amplitude in the planar N=4 SYM theory, 30 pages of result



SYMBOLS



SYMBOLS
The 30 pages result simplifies into a single line formula

This can be seen when writing down the symbol

Write the symbol for 30 pages, almost everything cancels, and then 
promote the symbol to a function

Hexagon bootstrap: write down consistent symbol
(Dixon and collaborators) results up to 8-loops



AMPLITUHEDRON
Geometric picture for tree-level amplitudes and loop integrands
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(
“Volume”: differential form 

with logarithmic singularities 
on the boundaries of the space

Amplituhedron defined 
by a set of inequalities

in the kinematical space

(Arkani-Hamed, JT 2013)
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I`�loop
n = ⌦

Dynamics of particle scattering -> static geometry

Different ways to express amplitudes (Feynman diagrams, unitarity 
methods, recursion relations,…) correspond to different triangulations



POSITIVE GEOMETRY
Amplituhedron is one example of positive geometries

(Arkani-Hamed, Bai, He, Yan 2017)

Geometric picture for        amplitudes - associahedron
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Figure 7: Combinatorial structure of the n=5 associahedron (left) and the n=6 associa-
hedron (right). For simplicity, only vertices are labeled for the latter.

A boundary of a polytope refers to a boundary of any codimension. A k-boundary is a
boundary of dimension k. A facet is a codimension 1 boundary. Given a convex n-gon, a
diagonal is a straight line between any two non-adjacent vertices. A partial triangulation is a
collection of mutually non-crossing diagonals. A full triangulation or simply a triangulation
is a partial triangulation with maximal number of diagonals, namely (n�3).

For any n�3, consider a convex polytope of dimension (n�3) with the following prop-
erties:

1. For every d = 0, 1, . . . , n�3, there exists a one-to-one correspondence between the
codimension d boundaries and the d-diagonal partial triangulations of a convex n-
gon.

2. A codimension d boundary F1 and a codimension d+k boundary F2 are adjacent if
and only if the partial triangulation of F2 can be obtained by addition of k diagonals
to the partial triangulation of F1.

In particular, the triangulation with no diagonals corresponds to the polytope’s interior,
and:

The vertices correspond to the full triangulations. (3.1)

A classic result in combinatorics says that the number of full triangulations, and hence the
number of vertices of our polytope, is the Catalan number Cn�2 [24]. Any polytope An

satisfying these properties is an associahedron. See Figure 7 for examples.
Before establishing a precise connection to scattering amplitudes, we make a few ob-

servations that provide some of the guiding principles. Let us order the edges of the n-gon
cyclically with 1, . . . , n, and recall that:

d-diagonal partial triangulations of the n-gon are in one-to-one correspondence
with d-cuts on n-particle planar cubic diagrams. (See Figure 5) (3.2)

– 12 –

Later also generalized to loops - surfacehedron

(see talk by Tonnis ter Veldhuis on Tuesday)
hidden zeroes, also for NLSM and other theories

(Arkani-Hamed, Cao, Dong, He, Figueiredo 2023)

More examples of positive geometries: cosmological correlators 
<latexit sha1_base64="ygtOxdrSOJAkKWNGTDqeQCcskRY=">AAACHnicbVDLSsNAFJ34rPEVdelmsBVclUQouhGqRXBZwarQlDCZTtvBmUmYuVFKyJe48VfcuFBEcKV/4/Sx8HXgwuGce7n3njgV3IDvfzozs3PzC4ulJXd5ZXVt3dvYvDRJpilr0UQk+jomhgmuWAs4CHadakZkLNhVfNMY+Ve3TBueqAsYpqwjSV/xHqcErBR5tUrFDQWXUX4a5aGWGBIoQs37AyBaJ3d+gfOQEoEbRaTwET6OlFupRF7Zr/pj4L8kmJIymqIZee9hN6GZZAqoIMa0Az+FTk40cCpY4YaZYSmhN6TP2pYqIpnp5OP3CrxrlS7uJdqWAjxWv0/kRBozlLHtlAQG5rc3Ev/z2hn0Djs5V2kGTNHJol4mbAZ4lBXucs0oiKElhGpub8V0QDShYBN1bQjB75f/ksv9alCr+uf75frJNI4S2kY7aA8F6ADV0Rlqohai6B49omf04jw4T86r8zZpnXGmM1voB5yPL5VPoNo=</latexit>

lim
Etot!0

Cn = An reproduce amplitudes 
on the energy poles

Positive geometries seem to be a more
general language for amplitudes



TOWARDS ALL-LOOPS
IN PLANAR N=4 SYM THEORY
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Taro Brown Shruti ParanjapeUmut Oktem
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<latexit sha1_base64="gTPsFCW1locjUeaB0/FXa8vZ7ag=">AAAB9HicbVBNS8NAEJ34WeNX1aOXxUbwICUpiB6LXjxWsB/QhLLZbtqlm03c3RRK6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzwpQzpV3321pb39jc2i7t2Lt7+weH5aPjlkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD0d3Mb4+pVCwRj3qS0iDGA8EiRrA2UuA4tn/LBgN/ajtOr1xxq+4caJV4BalAgUav/OX3E5LFVGjCsVJdz011kGOpGeF0avuZoikmIzygXUMFjqkK8vnRU3RulD6KEmlKaDRXf0/kOFZqEoemM8Z6qJa9mfif1810dBPkTKSZpoIsFkUZRzpBswRQn0lKNJ8Ygolk5lZEhlhiok1OtgnBW355lbRqVe+q6j7UKvXLIo4SnMIZXIAH11CHe2hAEwg8wTO8wps1tl6sd+tj0bpmFTMn8AfW5w8BqZA6</latexit>

)
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COLLABORATORS
I will review the progress more broadly but my work is done with

based on an earlier work 
on the Amplituhedron

2312.17736

+

Lance Dixon 

in-progress



MAIN GOAL
Both the integrands and symbols get eventually more 
complicated at higher loop order -> new ideas needed

We want to calculate amplitudes to all loops: full non-
perturbative result (no non-perturbative effects in this theory)

We have indirect evidence some simplicity must be there
✤ calculation of the amplitude at strong coupling from AdS/CFT

✤ integrability predicts the gamma cusp

exponentiation of IR divergencies

(in dim-reg)

<latexit sha1_base64="vnWpOBdb0uMf35gTd8mq7FNZbYU="></latexit>

lnMn =
�cusp
✏2

+ . . .
conjectured to all loops but can not 
be derived from amplitudes



AMPLITUDE LOGARITHM
Instead of the amplitude, we consider a logarithm for 4pt amplitude

very mildly divergent

integrand for 
the logarithm

<latexit sha1_base64="xTkRUGzMcvVCdOAK72oNbTJgJXA="></latexit>

lnM4 =
�cusp
✏2

+ . . .

<latexit sha1_base64="ZEiYNuq48fNQpjHiKVlNufruwYM="></latexit>

lnM4 =
1X

`=0

g2` fM `�loop
4

<latexit sha1_base64="LBggbkqDnC0+OlEMaz+Dn3bF4To=">AAACQXicbVBNS9xAGJ5YtTb1Y22PvQzuFgRxSVKLXgSpF48Kri5s1vBmdhKHnUnCzJvCGvLXvPgPvHnvpQel9OrF2XUFvx4YeHg+mJknLqQw6Hk3zsyH2bn5jwuf3M+LS8srjdUvJ yYvNeMdlstcd2MwXIqMd1Cg5N1Cc1Cx5KfxcH/sn/7m2og8O8ZRwfsK0kwkggFaKWp0Wy03TEEpiKpQK8pKU9R0l26lZwHdpDvhBUeIApqebdENGg5yNNYNUuuFiQZW/QhlngZ1FYSFqJ8ibqsVNZpe25uAviX+lDTJFIdR49pWWal4hkyCMT3fK7BfgUbBJK/dsDS8ADaElPcszUBx068mC9T0u1UGNMm1PRnSifq8UYEyZqRim1SA5+a1Nxbf83olJjv9SmRFiTxjjxclpaSY0/GcdCA0ZyhHlgDTwr6VsnOww6Ad3bUj+K+//JacBG3/Z9s7Cpp7v6ZzLJBvZI2sE59skz1yQA5JhzBySf6QW3LnXDl/nX/O/8fojDPtfCUv4Nw/AGRSq2s=</latexit>

�cusp = 4g2 � 8⇣2g
4 + · · · = 2g � 3 log 2

2⇡
+ . . .

<latexit sha1_base64="gTPsFCW1locjUeaB0/FXa8vZ7ag=">AAAB9HicbVBNS8NAEJ34WeNX1aOXxUbwICUpiB6LXjxWsB/QhLLZbtqlm03c3RRK6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzwpQzpV3321pb39jc2i7t2Lt7+weH5aPjlkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD0d3Mb4+pVCwRj3qS0iDGA8EiRrA2UuA4tn/LBgN/ajtOr1xxq+4caJV4BalAgUav/OX3E5LFVGjCsVJdz011kGOpGeF0avuZoikmIzygXUMFjqkK8vnRU3RulD6KEmlKaDRXf0/kOFZqEoemM8Z6qJa9mfif1810dBPkTKSZpoIsFkUZRzpBswRQn0lKNJ8Ygolk5lZEhlhiok1OtgnBW355lbRqVe+q6j7UKvXLIo4SnMIZXIAH11CHe2hAEwg8wTO8wps1tl6sd+tj0bpmFTMn8AfW5w8BqZA6</latexit>

)

weak coupling strong coupling
<latexit sha1_base64="gTPsFCW1locjUeaB0/FXa8vZ7ag=">AAAB9HicbVBNS8NAEJ34WeNX1aOXxUbwICUpiB6LXjxWsB/QhLLZbtqlm03c3RRK6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPzwpQzpV3321pb39jc2i7t2Lt7+weH5aPjlkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD0d3Mb4+pVCwRj3qS0iDGA8EiRrA2UuA4tn/LBgN/ajtOr1xxq+4caJV4BalAgUav/OX3E5LFVGjCsVJdz011kGOpGeF0avuZoikmIzygXUMFjqkK8vnRU3RulD6KEmlKaDRXf0/kOFZqEoemM8Z6qJa9mfif1810dBPkTKSZpoIsFkUZRzpBswRQn0lKNJ8Ygolk5lZEhlhiok1OtgnBW355lbRqVe+q6j7UKvXLIo4SnMIZXIAH11CHe2hAEwg8wTO8wps1tl6sd+tj0bpmFTMn8AfW5w8BqZA6</latexit>

)
<latexit sha1_base64="bWtKpKlc0jcv50GtGGZjp6b8YAU="></latexit>

fM `�loop
4 =

Z
d4`L eI`�loop

4

Integrate over all loops except one: IR finite function
<latexit sha1_base64="676YviLqb6ArQ2GcnpiAICPhJcY="></latexit>

F(g, z) =
1X

`=0

g2`F`(z)

<latexit sha1_base64="CRfipVO7Q6RLbGHAuq2pwkl34yI="></latexit>

F`(z) =

Z
d4(`�1)L eI`�loop

4

amplitude-like function of one kinematical variable contains the last 
unintegrated loop



AMPLITUDE LOGARITHM
Fortunately, there is an Amplituhedron also for the logarithm

geometric definition for the integrand
<latexit sha1_base64="KuIUQE2+LwHLM8zQuTUSXZQluzU=">AAACFXicbVBNS8NAEN34bfyKevSy2AgetCRF0aPoRW8KthaaGjababt0kw27G6WE/Akv/hUvHhTxKnjz37itPfj1YODx3gwz86KMM6U978OamJyanpmdm7cXFpeWV5zVtYYSuaRQp4IL2YyIAs5SqGumOTQzCSSJOFxF/ZOhf3UDUjGRXupBBu2EdFPWYZRoI4XOjuvawS2LQTMeQxFQwvFZGe5dFwFwvlsEMsFciKwsbdcNnYpX9UbAf4k/JhU0xnnovAexoHkCqaacKNXyvUy3CyI1oxxKO8gVZIT2SRdahqYkAdUuRl+VeMsoMe4IaSrVeKR+nyhIotQgiUxnQnRP/faG4n9eK9edw3bB0izXkNKvRZ2cYy3wMCIcMwlU84EhhEpmbsW0RySh2gRpmxD83y//JY1a1d+vehe1ytHxOI45tIE20Tby0QE6QqfoHNURRXfoAT2hZ+veerRerNev1glrPLOOfsB6+wSFG53J</latexit>

eI`�loop
4

Triangulate the geometry and find
<latexit sha1_base64="KuIUQE2+LwHLM8zQuTUSXZQluzU=">AAACFXicbVBNS8NAEN34bfyKevSy2AgetCRF0aPoRW8KthaaGjababt0kw27G6WE/Akv/hUvHhTxKnjz37itPfj1YODx3gwz86KMM6U978OamJyanpmdm7cXFpeWV5zVtYYSuaRQp4IL2YyIAs5SqGumOTQzCSSJOFxF/ZOhf3UDUjGRXupBBu2EdFPWYZRoI4XOjuvawS2LQTMeQxFQwvFZGe5dFwFwvlsEMsFciKwsbdcNnYpX9UbAf4k/JhU0xnnovAexoHkCqaacKNXyvUy3CyI1oxxKO8gVZIT2SRdahqYkAdUuRl+VeMsoMe4IaSrVeKR+nyhIotQgiUxnQnRP/faG4n9eK9edw3bB0izXkNKvRZ2cYy3wMCIcMwlU84EhhEpmbsW0RySh2gRpmxD83y//JY1a1d+vehe1ytHxOI45tIE20Tby0QE6QqfoHNURRXfoAT2hZ+veerRerNev1glrPLOOfsB6+wSFG53J</latexit>

eI`�loop
4 too difficult

Integrate the object to get 
<latexit sha1_base64="i5KGZzSwZYV3a9tR3RiwBIvmCXo=">AAAB/3icbVDLSsNAFJ34rPEVFdy4GWyEuilJQXRZFMRlBfuAJoTJdNIOnUzCzESosQt/xY0LRdz6G+78G6dtFtp64MLhnHu5954wZVQqx/k2lpZXVtfWSxvm5tb2zq61t9+SSSYwaeKEJaITIkkY5aSpqGKkkwqC4pCRdji8mvjteyIkTfidGqXEj1Gf04hipLQUWIe2beYeRgxejwOPMFZ5ODVtO7DKTtWZAi4StyBlUKARWF9eL8FZTLjCDEnZdZ1U+TkSimJGxqaXSZIiPER90tWUo5hIP5/eP4YnWunBKBG6uIJT9fdEjmIpR3GoO2OkBnLem4j/ed1MRRd+TnmaKcLxbFGUMagSOAkD9qggWLGRJggLqm+FeIAEwkpHZuoQ3PmXF0mrVnXPqs5trVy/LOIogSNwDCrABeegDm5AAzQBBo/gGbyCN+PJeDHejY9Z65JRzByAPzA+fwCJw5Pa</latexit>

F`(z) too difficult

Are we completely stuck here?

Can we keep only “simple” terms in the triangulation we can calculate?

Tried before with Feynman diagrams: ladder resummation

<latexit sha1_base64="1pzhU/aiLYeRR/IHoEDYeyEgR2Y=">AAACFnicbVC7TsMwFHV4lvAqMLJYNEgsrZJKiI6VWBiLRB9SUyrHcVKrdhxsB1FF+QoWfoWFAYRYERt/Q9J2gJYzHZ1zr+65x4sZVdq2v42V1bX1jc3Slrm9s7u3Xz447CiRSEzaWDAhex5ShNGItDXVjPRiSRD3GOl648vC794TqaiIbvQkJgOOwogGFCOdS8Ny1bJMV1EOyW1aDTPo3iXIhy73xEMaCAmt0A1D6FgZhKZlDcsVu2ZPAZeJMycVMEdrWP5yfYETTiKNGVKq79ixHqRIaooZyUw3USRGeIxC0s9phDhRg3T6VgZPc8WHRYpARBpO1d8bKeJKTbiXT3KkR2rRK8T/vH6ig8YgpVGcaBLh2aEgYVALWHQEfSoJ1mySE4QlzbNCPEISYZ03aeYlOIsvL5NOveac1+zreqXZmNdRAsfgBJwBB1yAJrgCLdAGGDyCZ/AK3own48V4Nz5moyvGfOcI/IHx+QNJJJw/</latexit>

⇠ e�g for g � 1

exponentially suppressed vs linear growth

(Broadhurst, Davydychev 2010)

very bad approximation



APPROXIMATION
We use a specific triangulation in terms of negative geometries

satisfy a differential equation
only keep simplest pieces

“tree graphs” in the loop space 

<latexit sha1_base64="Utge++toFzzxTf4yZuswHz/MrbU="></latexit>

(@2
z + g2)Ftree(g, z) = 0

which we can solve 

Easy to expand at strong coupling:
<latexit sha1_base64="1b1C+aWTrS0Mvdpoa86dFFD7APU="></latexit>

Ftree(g, z) = �
z

(1 + z)2
+O

✓
1

g

◆ misses the leading term

has 1/g expansion

<latexit sha1_base64="SRP2ryEBrC5auXsFK09EBi75Xp4="></latexit>

�tree(g) !
(

4g2 � 8⇣2g4 + . . . g ⌧ 1
8
⇡ g � 1 + . . . g � 1

<latexit sha1_base64="SRP2ryEBrC5auXsFK09EBi75Xp4="></latexit>

�tree(g) !
(

4g2 � 8⇣2g4 + . . . g ⌧ 1
8
⇡ g � 1 + . . . g � 1

exact

our approximation
qualitatively correct 

behavior at strong coupling
<latexit sha1_base64="9ffu/pA6qmZLp3OqjJ+4Jqatiu0=">AAACAHicbVDLSsNAFJ3UV42vqAsXbgYbwVVJCqLLohuXFewDmhAm00k7dGYSZiZCCd34K25cKOLWz3Dn3zhts9DWAxcO59zLvffEGaNKe963VVlb39jcqm7bO7t7+wfO4VFHpbnEpI1TlspejBRhVJC2ppqRXiYJ4jEj3Xh8O/O7j0QqmooHPclIyNFQ0IRipI0UOSeuawdDxDmKikByiHOVTW3XjZyaV/fmgKvEL0kNlGhFzlcwSHHOidCYIaX6vpfpsEBSU8zI1A5yRTKEx2hI+oYKxIkKi/kDU3hulAFMUmlKaDhXf08UiCs14bHp5EiP1LI3E//z+rlOrsOCiizXRODFoiRnUKdwlgYcUEmwZhNDEJbU3ArxCEmEtcnMNiH4yy+vkk6j7l/WvftGrXlTxlEFp+AMXAAfXIEmuAMt0AYYTMEzeAVv1pP1Yr1bH4vWilXOHIM/sD5/AG6MlQM=</latexit>�cusp

(Arkani-Hamed, Henn, JT 2021)



LOOP OF LOOPS EXPANSION
Systematic expansion in terms of “negative geometries”

(Brown, Oktem, Paranjape JT 2023)

each vertex represents a loop

more internal cycles 
= more complicated

Solved for integrands for all one-cycle geometries
still needs to be integrated/find the differential equation

<latexit sha1_base64="M47TMHz2T3HQIwDaae5L8PZkLcg=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURA8eil48VrC10ISy2W7SpZtN3N0USunv8OJBEa/+GG/+G7dtDtr6YODx3gwz88KMM6Vd99sqra1vbG6Vt+2d3b39g8rhUVuluSS0RVKeyk6IFeVM0JZmmtNOJilOQk4fw+HtzH8cUalYKh70OKNBgmPBIkawNlLgOLZ/w+LYn9qO06tU3Zo7B1olXkGqUKDZq3z5/ZTkCRWacKxU13MzHUyw1IxwOrX9XNEMkyGOaddQgROqgsn86Ck6M0ofRak0JTSaq78nJjhRapyEpjPBeqCWvZn4n9fNdXQVTJjIck0FWSyKco50imYJoD6TlGg+NgQTycytiAywxESbnGwTgrf88ipp12veRc29r1cb10UcZTiBUzgHDy6hAXfQhBYQeIJneIU3a2S9WO/Wx6K1ZBUzx/AH1ucPBnmQSg==</latexit>)
simple “tree”

 geometry

complicated
“one-loop” 
geometry

<latexit sha1_base64="yF5m7mWYBnztX3mtk7Eqj11iAbQ="></latexit>

= � 1

12

⇥
⇡2 + log2 z

⇤
⇥

⇥
5⇡2 + log2 z

⇤

<latexit sha1_base64="M47TMHz2T3HQIwDaae5L8PZkLcg=">AAAB9HicbVBNS8NAEJ3Urxq/qh69LDaCp5IURA8eil48VrC10ISy2W7SpZtN3N0USunv8OJBEa/+GG/+G7dtDtr6YODx3gwz88KMM6Vd99sqra1vbG6Vt+2d3b39g8rhUVuluSS0RVKeyk6IFeVM0JZmmtNOJilOQk4fw+HtzH8cUalYKh70OKNBgmPBIkawNlLgOLZ/w+LYn9qO06tU3Zo7B1olXkGqUKDZq3z5/ZTkCRWacKxU13MzHUyw1IxwOrX9XNEMkyGOaddQgROqgsn86Ck6M0ofRak0JTSaq78nJjhRapyEpjPBeqCWvZn4n9fNdXQVTJjIck0FWSyKco50imYJoD6TlGg+NgQTycytiAywxESbnGwTgrf88ipp12veRc29r1cb10UcZTiBUzgHDy6hAXfQhBYQeIJneIU3a2S9WO/Wx6K1ZBUzx/AH1ucPBnmQSg==</latexit>)

(Brown, Dixon, Oktem, Paranjape, JT in progress)



SUMMARY

Huge progress on all fronts of amplitudes field: progress in the loop 
integrations, applications to gravitational waves and also 

planar N=4 SYM amplitudes and positive geometries

All-loop resummation: defined an IR finite function containing 4pt 
scattering amplitudes, used negative geometries to approximate it to 

all loops -> surprisingly good strong coupling behavior

Future: more orders in loops of loops expansion, geometry at 
strong coupling? Can we use the same set of ideas for 

amplitudes in other theories?



Thank you!


