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Three flavour mixing
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Parametrizing the PMNS matrix:

Define: X = |Ue1|2, Y = |Ue2|2, Z = |Uµ1|2, W = |Uµ2|2 such that

θ12 = arctan

√

Y

X

θ13 = arccos
√

X + Y

θ23 = arcsin

√

1 − W − Z

X + Y
,

and

δ = arccos
(X + Y )2Z − Y (X + Y + Z + W − 1) − X(1 − W − Z)(1 − X − Y )

2
√

XY (1 − X − Y )(1 − Z − W )(X + Y + Z + W − 1)
.

Thus the matrix of squared PMNS elements is given by:

U2 = |Uαi|2 =

[

X Y 1 − X − Y
Z W 1 − Z − W

1 − X − Z 1 − Y − W X + Y + Z + W − 1

]

.

The allowed 3σ ranges of the parameters X, Y, Z, and W [NuFIT 5.1 (2021)]:

X ∈ [0.64 − 0.71] Y ∈ [0.26 − 0.34] Z ∈ [0.05 − 0.26] W ∈ [0.21 − 0.48] .
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Current status of neutrino masses:
The current 1σ ranges of the mass splittings [NuFIT 5.1 (2021)]:

∆m
2
21 = 7.42

+0.21
−0.20 × 10

−5
eV

2
,

NO: ∆m
2
31 = 2.515

+0.028
−0.028 × 10

−3
eV

2
,

IO: ∆m
2
32 = −2.498

+0.028
−0.029 × 10

−3
eV

2
.

From Planck data:
∑

i=1,2,3

mi < 0.12 eV.

Note:
1. Degenerate regime i.e., m1 ≈ m2 ≈ m3, is excluded at 95% C.L. by Planck data for both NO and IO.
2. The allowed largest neutrino masses at upper end:

NO : m1 = 0.030 eV, m2 = 0.031 eV, m3 = 0.058 eV,

3. For hierarchical regime: the lightest neutrino can be much lighter than the other two (actually, it can
even be massless), whose masses saturate at:

NO : m2 = 0.009 eV, m3 = 0.050 eV,
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Inverted Ordering
Similarly for IO:

Note: 1. The allowed largest neutrino masses at upper end:

IO : m1 = 0.052 eV, m2 = 0.052 eV, m3 = 0.016 eV.

2. Hierarchical regime:

IO : m1 = 0.049 eV, m2 = 0.050 eV.
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Extension of SM : Adding 3 right-handed neutrinos

Neutrinos are massless within SM.

Popular ways of giving mass to neutrinos:
Tree Level : See-saw Mechanism

Loop level : Radiative neutrino mass models

In this work: To give masses to neutrinos ⇒ Extend SM by 3 right-handed neutrinos
νR,i, i = 1, 2, 3 (singlets under the SM gauge group):

LD = −yij
ν νR,i (H

c)†Lj + H.c. ,

Lj → SM lepton SU(2)L doublets, H → the SM Higgs boson doublet under SU(2)L and
Hc ≡ iσ2H

∗ → charged conjugate doublet.

Neutrino Dirac mass: mD ∼ yνv/
√
2, where v = 246GeV.

To match experimental data:

yν ∼ 10−13 whereas Yukawa couplings of other SM fermions ranges between 10−5 to 1.

Motivation ⇒ Generate these small yukawa couplings naturally from trans-Planckian
asymptotic safety.
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General discussion of AS gravity

There are evidence from Quantum Gravity that there exists Fixed Points (FP) for
gravity couplings

Gravity can couple with matter and its impact is captured in the new terms in the β
functions

We assume: Above the Planck scale, the SM couples to quantum gravity or some
other New Physics (NP) leading to generation of FP for beta functions of all
dimensionless couplings.
So, above the Planck scale the beta functions (βx ≡ dx/d log k) gets modified:

βg = β
SM
g − g fg,

βy = β
SM
y − y fy,

Effects of the new AS trans-Planckian interactions are parametrized with fg and fy.

fg and fy ⇒ Determined from gravitational dynamics.
We treat fg and fy as free parameters and determine them by matching the low-scale
experimental constraints.
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Fixed Points (FP)

FPs of gauge-Yukawa system is any set {g∗, y∗} for which βg(g
∗, y∗) = βy(g

∗, y∗) = 0.

Gaussian FP: If the FP value of the coupling is zero at FP i.e., (α∗
i = 0) where {αi} ≡ {g, y}.

Interactive FP: If the FP value of the coupling is nonzero at FP i.e., (α∗
i 6= 0) where

{αi} ≡ {g, y}.
No fg, fy With fg, fy
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Stability Matrix:
Stability Matrix: In order to determine FP structure, the RGEs system of the
couplings can be linearized around the FP and the stability matrix Mij can be defined
as:

Mij = ∂βi/∂αj |{α∗
i
} , where {αi} ≡ {g, y}.

Critical Exponents (θi): Opposite of the Eigenvalues of the stability matrix Mij

Note:

θi > 0 ⇒ Corresponding eigendirection is relevant and UV-attractive i.e., IR-repulsive.
θi < 0 ⇒ Corresponding eigendirection is irrelevant and UV-repulsive i.e., IR-attractive.
θi = 0 ⇒ Marginal Eigendirection

Note: This figure is taken from a slide of a talk by Kamila Kowalska at Portoroz 2021:

Physics of the flavourful Universe (September, 2021)
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Determining fg and fy:

fg and fy ⇒ Determined from gravitational dynamics.

Calculations with functional RG in AS quantum gravity
has shown fg > 0 irrespective of chosen RG scheme and
fg > 0 is required to ensure asymptotic freedom in gauge sector.

No general results and definite conclusions about size and sign of fy available.

In this work we treat fg and fy as free parameters and determine them by matching
the low-scale experimental constraints.

Determining fg:

The RGE (one-loop) of the U(1)Y gauge coupling gY with trans-Planckian correction included:

dgY

dt
=

g3
Y

16π2

41

6
− fg gY

This develops an interactive FP and matching the low-scale value of gY gives:

g∗
Y = 0.47 and fg = 0.0096 for MPl = 1019 GeV.

Determining fy:
Similarly, fy is determined by yt:

dyt

dt
=

yt

16π2

[

9

2
y
2
t + ...... − 17

12
g
2
Y

]

− fy yt

Matching the low-scale value of yt determines fy.
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Toy Model (top/neutrino scenario)

Consider a toy model consisting of the SM top quark and neutrino Yukawa couplings.
Assume, all SM Yukawa couplings, other than yt and yν , originate from relevant Gaussian
fixed-point directions in the UV.

The Trans-Planckian RGEs for this system:

dgY

dt
=

g3
Y

16π2

41

6
− fg gY

dyt

dt
=

yt

16π2

[

9

2
y
2
t + y

2
ν − 17

12
g
2
Y

]

− fy yt

dyν

dt
=

yν

16π2

[

3y
2
t +

5

2
y
2
ν − 3

4
g
2
Y

]

− fy yν .

Several FPs exists (Asterisk indicates non-zero value)

g∗
Y y∗

t y∗
ν θY θt θν

FPA 0 0 0 + + +
FPB 0 0 ∗ + + −
FPC 0 ∗ 0 + − +
FPD 0 ∗ ∗ + − −
FPE ∗ 0 0 − + +
FPF ∗ ∗ 0 − − −
FPG ∗ 0 ∗ − + −

Note: FPF is irrelevant in all directions.
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Toy Model (top/neutrino scenario) continued ....
The real FPs of Toy Model (Asterisk indicates non-zero value):

g∗
Y y∗

t y∗
ν θY θt θν

FPA 0 0 0 + + +
FPB 0 0 ∗ + + −
FPC 0 ∗ 0 + − +
FPD 0 ∗ ∗ + − −
FPE ∗ 0 0 − + +
FPF ∗ ∗ 0 − − −
FPG ∗ 0 ∗ − + −

FPF FPG
Left panel: Phase diagram for FPE, FPF, FPG. RG flow directions point towards UV. Right

panel: Flow of top (red) and neutrino (blue) Yukawa coupling for three different choices (solid,

dashed, dotted) of yt joining the UV FP (FPG) to the IR FP (FPF ). gY is in solid green. Here,

fg = 0.0096 and fy = 0.0002.
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SM + 3 right-handed neutrinos
Coming back to the SM + 3 right-handed neutrinos:
Assume neutrinos are Dirac.

X∗ Y ∗ Z∗ W∗ θX θY θZ θW
FPIR,1 1 − Y ∗ ind. Y ∗ 1 − Y ∗ 0 − − −
FPIR,2 0 1 1 0 − − − −
FP3 0 1 ind. 0 − − + 0
FP4 0 0 ind. 1 + + + −
FP5 0 0 1 − W∗ ind. + + + 0
FP6 0 0 1 0 + + − +
FP7 0 1 0 0 − 0 + 0
FP8 0 0 0 1 + + + −
FP9 0 0 1 1 + + − −

FPs with y∗
ν3 6= 0 and all other lepton Yukawa couplings set at zero. “ind.” indicates an indeterminate

value of the corresponding mixing parameter.

RGE trajectories from FP5, producing neutrino Yukawa couplings and mixing parameters for NO in the
IR for hierarchical (left panel) and nearly degenerate (right panel) situations. Here, fg = 0.0096,
fy = 0.00025.
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Conclusions

Neutrino masses and mixing in general

Generation of small Yukawa couplings naturally from trans-Planckian asymptotic safety:

(1) General idea about AS gravity

(2) Toy Model (top/neutrino scenario)

(3) SM + 3 right-handed neutrinos: For one of the FPs (FP5), flowing into the fully
irrelevant FPIR,1 for NO both in hierarchical and nearly degenerate situations correct
low-scale values of neutrino mass and mixing could be achieved. No such solution for IO.

(4) The same mechanism can be extended to explain the feeble Yukawa couplings needed to
generate the correct relic abundance for a sterile-neutrino dark matter via freeze-in.

Thank you
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Sterile-neutrino dark matter : a freeze-in scenario
Consider: A scalar field S that decays to a sterile neutrino νR (only one generation is
considered for simplicity) dark matter that freezes in.

L ⊃ −YS S νRνR − YL Sχ ξ + H.c. ,

where, additional Yukawa interaction of S with two NP Weyl spinors ξ, χ of opposite dark (or SM) charge
−QD, QD , which may be the (left-chiral) components of a Dirac fermion or else (given by the YL term)
can also be present.

Relic Abundance: Ωh2 ≈ 0.12
(

YS
10−8

)2
(

MN
10−8 mS

)

.

mS → mass of scalar S and MN → the Majorana mass
RGEs (1-loop) for this system:

dgD

dt
=

g3D

16π2

4

3
Q

2
D − fg gD

dYS

dt
=

YS

16π2

(

Y
2
L + 6Y

2
S

)

− fy YS

dYL

dt
=

YL

16π2

(

2Y
2
S + 2Y

2
L − 6Q

2
D g

2
D

)

− fy YL ,

Here: gD → Dark U(1)D gauge coupling.

Small YS is generated naturally if the trans-Planckian RGEs admit an IR-attractive fixed point, g∗D 6= 0,

Y ∗
L 6= 0, Y ∗

S = 0. Recall the general discussion with two Yukawas (yX and yZ) and identify: X = L,
Y = D, Z = S.

⇒ QD = 1, fg = 0.0096, fy = 0.00025.
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Extension of SM : Adding 3 right-handed neutrinos
Neutrinos are massless within SM.
To give masses to neutrinos ⇒ Extend SM by 3 right-handed neutrinos νR,i, i = 1, 2, 3
(singlets under the SM gauge group):

LD = −yij
ν νR,i (H

c)†Lj + H.c. ,

Lj → SM lepton SU(2)L doublets, H → the SM Higgs boson doublet under SU(2)L and
Hc ≡ iσ2H

∗ → charged conjugate doublet.

Neutrino Dirac mass: mD ∼ yνv/
√
2, where v = 246GeV.

To match experimental data:

yν ∼ 10−13 whereas Yukawa couplings of other SM fermions ranges between 10−5 to 1.
Motivation ⇒ Generate these small yukawa couplings naturally from trans-Planckian
asymptotic safety.

RGEs for this system

dgY

dt
=

g3
Y

16π2

41

6
− fg gY

dg2

dt
= −

g32

16π2

19

6
− fg g2

dg3

dt
= −

g33

16π2
7 − fg g3

dyt

dt
=

yt

16π2

[ 9

2
y
2
t +

3

2
y
2
b −

( 17

12
g
2
Y +

9

4
g
2
2 + 8g

2
3

)

+ y
2
e + y

2
µ + y

2
τ + y

2
ν1 + y

2
ν2 + y

2
ν3

]

− fy yt

dyb

dt
=

yb

16π2

[ 9

2
y
2
b +

3

2
y
2
t −

( 5

12
g
2
Y +

9

4
g
2
2 + 8g

2
3

)

+ y
2
e + y

2
µ + y

2
τ + y

2
ν1 + y

2
ν2 + y

2
ν3

]

− fy yb .
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RGEs for SM+3 right-handed neutrinos continued .. ...
dye

dt
=

ye

16π2

{ 3

2
y

2

e
−

3

2

[

Xy
2

ν1
+ Y y

2

ν2
+ (1 − X − Y )y

2

ν3

]

+ y
2

e
+ y

2

µ
+ y

2

τ
+ y

2

ν1
+ y

2

ν2
+ y

2

ν3

−

( 15

4
g

2

Y
+

9

4
g

2

2

)

+ 3
(

y
2

t
+ y

2

b

)

}

− fy ye

dyµ

dt
=

yµ

16π2

{ 3

2
y

2

µ
−

3

2

[

Zy
2

ν1
+ Wy

2

ν2
+ (1 − Z − W )y

2

ν3

]

+ y
2

e
+ y

2

µ
+ y

2

τ
+ y

2

ν1
+ y

2

ν2
+ y

2

ν3

−

( 15

4
g

2

Y
+

9

4
g

2

2

)

+ 3
(

y
2

t
+ y

2

b

)

}

− fy yµ

dyτ

dt
=

yτ

16π2

{ 3

2
y

2

τ
−

3

2

[

(1 − X − Z)y
2

ν1
+ (1 − Y − W )y

2

ν2
+ (X + Y + Z + W − 1)y

2

ν3

]

+ y
2

e
+ y

2

µ
+ y

2

τ
+ y

2

ν1
+ y

2

ν2
+ y

2

ν3
−

( 15

4
g

2

Y
+

9

4
g

2

2

)

+ 3
(

y
2

t
+ y

2

b

)

}

− fy yτ

dyν1

dt
=

yν1

16π2

{ 3

2
y

2

ν1
−

3

2

[

Xy
2

e
+ Zy

2

µ
+ (1 − X − Z)y

2

τ

]

+ y
2

e
+ y

2

µ
+ y

2

τ
+ y

2

ν1
+ y

2

ν2
+ y

2

ν3

−

( 3

4
g

2

Y
+

9

4
g

2

2

)

+ 3
(

y
2

t
+ y

2

b

)

}

− fy yν1

dyν2

dt
=

yν2

16π2

{ 3

2
y

2

ν2
−

3

2

[

Y y
2

e
+ Wy

2

µ
+ (1 − Y − W )y

2

τ

]

+ y
2

e
+ y

2

µ
+ y

2

τ
+ y

2

ν1
+ y

2

ν2
+ y

2

ν3

−

( 3

4
g

2

Y
+

9

4
g

2

2

)

+ 3
(

y
2

t
+ y

2

b

)

}

− fy yν2

dyν3

dt
=

yν3

16π2

{ 3

2
y

2

ν3
−

3

2

[

(1 − X − Y )y
2

e
+ (1 − Z − W )y

2

µ
+ (X + Y + Z + W − 1)y

2

τ

]

+ y
2

e
+ y

2

µ
+ y

2

τ
+ y

2

ν1
+ y

2

ν2
+ y

2

ν3
−

( 3

4
g

2

Y
+

9

4
g

2

2

)

+ 3
(

y
2

t
+ y

2

b

)

}

− fy yν3

dX

dt
= −

3

(4π)2









y2
e
+ y2

µ

y2
e
− y2

µ





{

(y
2

ν1
− y

2

ν3
)XZ +

(y2
ν3

− y2
ν2

)

2
[W (1 − X) + X − (1 − Y )(1 − Z)]

}

+





y2
e
+ y2

τ

y2
e
− y2

τ





{

(y
2

ν1
− y

2

ν3
)X(1 − X − Z) +

(y2
ν3

− y2
ν2

)

2
[(1 − Y )(1 − Z) − X(1 − 2Y ) − W (1 − X)]

}

+





y2
ν1

+ y2
ν2

y2
ν1

− y2
ν2





{

(y
2

e
− y

2

τ
)XY +

(y2
τ

− y2
µ
)

2
[W (1 − X) + X − (1 − Y )(1 − Z)]

}

+





y2
ν1

+ y2
ν3

y2
ν1

− y2
ν3





{

(y
2

e
− y

2

τ
)X(1 − X − Y ) +

(y2
τ

− y2
µ
)

2
[(1 − Y )(1 − Z) − X(1 − 2Z) − W (1 − X)]

}




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More RGEs for SM+3 right-handed neutrinos.. ...
dY

dt
= −

3

(4π)2









y2
e
+ y2

µ

y2
e
− y2

µ





{

(y2
ν3

− y2
ν1

)

2
[W (1 − X) + X − (1 − Y )(1 − Z)] + (y

2

ν2
− y

2

ν3
)Y W

}

+





y2
e
+ y2

τ

y2
e
− y2

τ





{

(y2
ν3

− y2
ν1

)

2
[(1 − Y )(1 − Z) − W (1 − X) − X(1 − 2Y )] + (y

2

ν2
− y

2

ν3
)Y (1 − Y − W )

}

+





y2
ν2

+ y2
ν1

y2
ν2

− y2
ν1





{

(y
2

e
− y

2

τ
)XY +

(y2
τ

− y2
µ
)

2
[W (1 − X) + X − (1 − Y )(1 − Z)]

}

+





y2
ν2

+ y2
ν3

y2
ν2

− y2
ν3





{

(y
2

e
− y

2

τ
)Y (1 − X − Y ) +

(y2
µ

− y2
τ
)

2
[W (1 − X − 2Y ) + X − (1 − Z)(1 − Y )]

}





dZ

dt
= −

3

(4π)2









y2
µ

+ y2
e

y2
µ

− y2
e





{

(y
2

ν1
− y

2

ν3
)XZ +

(y2
ν3

− y2
ν2

)

2
[W (1 − X) + X − (1 − Y )(1 − Z)]

}

+





y2
µ

+ y2
τ

y2
µ

− y2
τ





{

(y
2

ν1
− y

2

ν3
)Z(1 − X − Z) +

(y2
ν2

− y2
ν3

)

2
[W (1 − X − 2Z) + X − (1 − Y )(1 − Z)]

}

+





y2
ν1

+ y2
ν2

y2
ν1

− y2
ν2





{

(y2
e
− y2

τ
)

2
[(1 − Y )(1 − Z) − X − W (1 − X)] + (y

2

µ
− y

2

τ
)ZW

}

+





y2
ν1

+ y2
ν3

y2
ν1

− y2
ν3





{

(y2
τ

− y2
e
)

2
[(1 − Z)(1 − Y ) − W (1 − X) − X(1 − 2Z)] + (y

2

µ
− y

2

τ
)Z(1 − Z − W )

}





dW

dt
= −

3

(4π)2









y2
µ

+ y2
e

y2
µ

− y2
e





{

(y
2

ν2
− y

2

ν3
)WY +

(y2
ν3

− y2
ν1

)

2
[W (1 − X) + X − (1 − Y )(1 − Z)]

}

+





y2
µ

+ y2
τ

y2
µ

− y2
τ





{

(y
2

ν2
− y

2

ν3
)W (1 − Y − W ) +

(y2
ν3

− y2
ν1

)

2
[(1 − Y )(1 − Z) − X − W (1 − X − 2Z)]

}

+





y2
ν2

+ y2
ν1

y2
ν2

− y2
ν1





{

(y
2

µ
− y

2

τ
)WZ +

(y2
τ

− y2
e
)

2
[(1 − X)W + X − (1 − Y )(1 − Z)]

}

+





y2
ν2

+ y2
ν3

y2
ν2

− y2
ν3





{

(y
2

µ
− y

2

τ
)W (1 − Z − W ) +

(y2
τ

− y2
e
)

2
[(1 − Y )(1 − Z) − X − W (1 − X − 2Y )]

}



 .
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