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Introduction

GR is non a renormalizable theory

GR is described by the Einstein-Hilbert action

1 "
- _ A4 R4
SEH 16:Gn v/d x\/—gWR™, (1)

which is Lorentz invariant

t— 0t x), x' = £t x). (2)
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Introduction

GR is non a renormalizable theory (cont.)

where

In the Feynmann diagram, each internal line picks up a propagator,
while each loop picks up an integral,

/dwdSK o~ k*.
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Introduction

GR is non a renormalizable theory (cont.)

So, the total contribution from one loop and one internal propagator is
k*k™2 =k? - 00, as k — co.

Improved UV behavior can be obtained, if Lorentz invariant higher-
derivative curvatures added. For example,

V,.R.;V*R*® V,RV'R, R?

are added
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Introduction

GR is non a renormalizable theory (cont.)

So, the total contribution from one loop and one internal propagator is
k*k™2 =k? - 00, as k — co.

Improved UV behavior can be obtained, if Lorentz invariant higher-
derivative curvatures added. For example,

V,.R.;sV*R* V,RV'R, R?

are added
1 1 1 1 1
— k4 — k4 k“ =
e GN -‘r G/\/ GN 5 T = K2 Guk?
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Introduction

GR is non a renormalizable theory (cont.)

At high energy, the propagator o 1/k* ,and the total contribution from
one loop and one internal propagator now is

k*k—* = k° — finite, as k — oco.

The problem of the UV divergency is cured. But two new problems
occur,
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Introduction

GR is non a renormalizable theory (cont.)

At high energy, the propagator o 1/k* ,and the total contribution from
one loop and one internal propagator now is

k*k—* = k° — finite, as k — oco.

The problem of the UV divergency is cured. But two new problems

occur,
1 1 1

k2 — Gnk* ~ k2 k2 —1/Gn’
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Revisiting Hofrava-Lifshitz gravity in brief

Essential ingredients
» Non relativistic theory of gravity.

» Geometrical framework: foliation of the space-time + ADM
variables

ds? = —N?dt® + y; (dx' + N'dt) (ax/ + N'dt), i,j=1,2,3.
» Strong anisotropy between space and time
X' — bX, t — bt
» Invariant under foliation-preserving diffeomorphisms
X=X ()?/. t), t=1(t)
» The action at lower order (z = 1) is given by

S (v, Ni, N) = / dtdx® N/~ {K,,-K"f —A\K2 + B®R 4 aad
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Coupling HL gravity and electromagnetism

The action in 4 + 1 dimensions

The Horava-Lifshitz action on this geometrical framework is given by

N

S(Guv,N,,N) = [ dtdx*NVG|K,,, K" — \K? + R + aa, a"
; f / /

3)
where g, = 9,LnN and K, K""¥ — AK?Z is the kinetic term.
1 .
/</u/ - ﬂ\l (g;u/ - V/I,Nl/ - VI/N/I,) ) (4)
and K its trace
K == GIII/;(’III/: (5)

A is a dimensionless coupling constant, while « and 3 are the
coupling constants at low energy in the potential of the theory.
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Coupling HL gravity and electromagnetism

Hamiltonian formalism

We proceed to reformulate the action using the Hamiltonian
formalism. The conjugate momentum to G,,,, is given by

o — ()L _ \/G(K;w o )\G/”/K), (6)
86}1//
and its trace by
=G =VG(1 - 4)\)K. 7)
The Hamiltonian density obtained from the Legendre transformation
is
3¢ — VGN| T Tuw + Ao 3R — aa,a"| + 27"V ,N,
- G (1-40)G " e T Vel
-H’TPN.
(8)
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Coupling HL gravity and electromagnetism

Equations of motion and constraints

Variations with respect to G,,,, gives

v 1 NGHY |:7‘_/\pﬂ—)\/) + A 772 :| n 2N|: “)"TK
kv — ks
= VG | (1-4)) \FG Ve

/\ 7T’“/x
LV
Ao va AG }

7~,3,\/é |:v(uv1/)N o Gpl/v)\v/\N:| - 15(}’ \/éNGp//a/)ap

(4)
} + sf/v{ RHV —

ravBNaa + 29, x| - v, e,
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Coupling HL gravity and electromagnetism

Equations of motion and constraints (cont.)

while variations with respect to 7" yields

2NnmHv 2\ T

11/N7 1N1/ I/Nj,w 1
Ve +(174A)G,, f\fGJrv” + VN, (10)

Finally, variations with respect to N,, determine the first class

constraints of the theory

G/u/ —

Vi =0, (11)

and variations with respect to N gives

T T A w2 )
& — —BYR 4+ qa,a" +2aV,a" =0, 12
G ' (-4ng U Ntoeda ey, . (12)

which ends up being a second class constraint.
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Coupling HL gravity and electromagnetism

Key features of Kaluza-Klein approach

» The idea is to explain matter (in four dimensions) as a
manifestation of pure geometry (in higher ones).

» The five-dimensional Ricci tensor and Christoffel symbols are
defined in terms of the metric exactly as in four dimensions

£ A R”C a9 fC ,FCPFD _£C D
Ras = Oclag — 98l ac + 148l cp — TApl BC

. 1. . . .
F35 5 GeP (dAGDB + 0BGpa — ()DGAB> :

where A,B=10,1,2,3, 4.
» Cylinder condition 1.e
9Gas
ox4

=0.
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Coupling HL gravity and electromagnetism

Kaluza-Klein Technologies

There are multiple ways to write down the four-dimensional metric,
but a simple way to parametrize it is as follows

Yij + ()A,A/ (.')Aj) (1 3)

(G;II/) - < ()AI 0]

where v; is a 3-dimensional Riemannian metric. We denote
det (vj) = v, thus we have G = det (G,,) = v¢ > 0, hence ¢ > 0.
The inverse metric is then given by

i A
(G <7A" :)+AkAk> , (14)

where ~/ are the components of the inverse of v; and A’ = 1/A;.

Francisco Tello Ortiz | Doctorado en Fisica mencién Fisica Matematicas



Coupling HL gravity and electromagnetism

Kaluza-Klein Technologies (cont.)

The decomposition (13) is invertible

GisGja
N o= Gy — 15
1y I G44 ( )
Ga;

A = == 16
) G44 ( )
O = G44. (17)

We then have . i B _
7‘_/”/ G;U/ = WUA’//] + PIA/' + ,OO (1 8)

where

pro=a (19)
P = 2pAx" 21" (20)
p = 7IAA +27"A + 1% (21)
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Coupling HL gravity and electromagnetism

Kaluza-Klein Technologies (cont.)

Equations (15)-(21) define a canonical transformation. In fact,

(G (X), 7 (%)} pg = % (6002 + 8050 S (x— %), (22)
imply
(00 (R}es = 5 (015 + 5f8) 5 (x— %), (@9)
{AI(x), P (%)} pg = 616 (x = %), (24)
{6(x).P(R)} p = 6 (x — %), (25)

and all other Poisson brackets being zero.
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Kaluza-Klein reduction to 3 + 1 dimensions £
T

The Hamiltonian density is given by

N pp A j 12 ,
= g | e 2 gy (o) 0

—~yoaa;a } AP’ — Aj ( ol — 1p' K Fye — 1,0” (),o> — 0Py,
(26)

where 5
@ i i/
WR=R- 4 Fif’ = \—@v,v Vo, (27)
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Kaluza-Klein reduction to 3 + 1 dimensions

16

T
The Kaluza-Klein reduction of the momentum constraint (11) yields
H*=9p = 0 (28)
. I 1 .
H = Vi — 5" Fic = 5,00 = 0 (29)

The conservation of these primary constraints is satisfied and the
conservation of Py yields the Hamiltonian constraint

Hy= —— 0?0 + plpj + Ppi LA (Pl + po)® — BroR
RVET A it g T —any Pt Re) = P
B , ) . ) )
+‘Z y¢? FiFY + 23”,'\/5V,-V’ﬁ} + an/y¢a;d + 2a\/V; (ﬁa’) =0.

(30)
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Kaluza-Klein reduction to 3 + 1 dimensions m
T

Variations with respect to p?, p’ and p give the field equations

. N [ 29\ '

Vi P// ( U4/\) ("™ im + PO)} + V(ily, (31)
. ) 1 .

A = + O\ + 5/\,A,ko,-k (32)
) r 2 1 .

¢ = - |2pg? + a f4 M (P"™im + po) o} + 5N 0. (33)
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Kaluza-Klein reduction to 3 + 1 dimensions

Variations with respect to ~;;, A; and ¢ yield the field equations

pi N o &°p” + P puc + Ip’n 2 (P Yim + )| — N
2 Ve | TSI T M —an) o TS Vo

NP R 2 . R .
: [-ZP%L Togh? Tt (1—4)) (P Y + P9) M +Nvhép {Ei
—fr’"-“] + BV {v“v-“ (A\' \/F}) VA (_\' \/f_ﬂ + —;\ VA

X

Y : ) .
s — '—II-',,”,I-‘”'”] + By lﬁ,’-’i};_\'{)‘ \./5 —20°N ¥ \»"’6]
ij

+aN+/73 {

: ; s P |
ﬂ,‘.ﬂ" - ﬂ’rrf“ — Vi [_;;"[’_.-\J-' _F _-\"] + _j;‘\rjil":'”” Fin

1 o
+ 5 pA' ¥ o,

1
L

(57)
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Kaluza-Klein reduction to 3 + 1 dimensions

p = B0, (N\/ p Ff> 50k (Np/ = NpF). (34)
S Jopr — —pip; - p'pi + < Vop?
2 V¢ 2\/(73 j 4\F (-4

. '/'n. 2 1 ;

- A
ﬁna, ] )’\FV VN—Q— d (p/\)
(35)
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Perturbative analysis

So, the perturbations around Euclidean space are defined by
introducing the variables hj, Q;, n, n; and n4 in the following way

vj = 0j+ehy, pl=eQj, Ni=en, Ny=en, N=1+en. (36)
While for the scalar ¢ and the vector A; fields we have
A = €&, pi =€, ¢o=14er, p=eyx. (37)

So, at linearized level the evolution field equations become

T = 2X+m(x+ﬂ), (38)
Y = nghfﬂAn (39)
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Perturbative analysis

& = G- Oina, (40)
¢ = 3(‘)/ (0/{/ — 0}'{/) ) (41)
hy = 205+ m (Q+&) +29;n), (42)
. 3 00 99 T
Q = -3 <5,-,- A)Ah+ Ahj — | <5,,— ’AJ>A(n+2).

Besides, from the constraints we have

9 = 0 (43)
BAT +2aAn+ AR = 0. (44)
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Perturbative analysis

In order to cast the physical degrees of freedom propagated at
linearized level we use the orthogonal transverse/longitudinal
decomposition obtaining

& =q. (45)
C-/T = ‘lj)Af/Ts (46)
so, combining (45) and (46) we get the following wave equation for
the photon )
& —pagl =o, (47)

spreading with velocity +/3. From equations (42) and (43) we obtain
the following wave equation for the graviton

hIT — BARIT =0, (48)
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Perturbative analysis

it's noteworthy that the graviton has the same spread velocity as the
gauge vector, i.e, v/B. The longitudinal modes &L and ht are gauge
modes. They are not physical excitations. The remaining terms obtai-
ned from the decomposition of the equations (42) are

AT = 207+ P (@74, (49)
Qr = nghT — 28An— BAT, (50)

and the longitudinal terms
n,+(1/\4)\)i(QT+X)—O, (51)
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Perturbative analysis

The above equation (51) allows to determine n;. So, solving (44) for
An we get

an—-" (AT + ART), (52)

«

and combining it with (38), (39), (49) and (50) we obtain

h" —27 = pA(h" —27) (53)
croo. . B =X)(38—2a) T,
h+i = = - A(h" +7). (54)
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Conclusions

» The gauge symmetry of the gauge vector is generated by the
same first class constraint as in the electromagnetic-gravity
theory in General Relativity. Moreover, the field equations for the
gauge vector have the same structure as in the relativistic case.

» The speed of propagation of the graviton and the gauge vector
field it is the same velocity /3 for both excitations.

» After KK reduction, we recast the foliation preserving
diffeomorphism in 3 4+ 1 dimensions plus the usual gauge
symmetry U(1)

» The power-counting renormalizability of the resulting 3 + 1 theory
is ensured in the Kaluza-Klein approach since it comes from a
power counting renormalizable theory (once the z = 4 terms
have been incorporated) To be proved !l.
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