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Introduction
GR is non a renormalizable theory

GR is described by the Einstein-Hilbert action

SEH =
1

16πGN

∫
d4x

√
−g(4)R(4), (1)

which is Lorentz invariant

t → ξ0(t , x), x i → ξi (t , x). (2)
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Introduction
GR is non a renormalizable theory (cont.)

GR is not renormalizable, where the graviton propagator is given by,

G(ω,k) =
1
k2

where
k2 ≡ ω2 − c2k2.

In the Feynmann diagram, each internal line picks up a propagator,
while each loop picks up an integral,∫

dωd3k ∝ k4.
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Introduction
GR is non a renormalizable theory (cont.)

So, the total contribution from one loop and one internal propagator is

k4k−2 = k2 →∞, as k →∞.

Improved UV behavior can be obtained, if Lorentz invariant higher-
derivative curvatures added. For example,

∇µRαβ∇µRαβ , ∇µR∇µR, R2,

are added

1
k2 +

1
k2 GNk4 1

k2 +
1
k2 GNk4 1

k2 GNk4 1
k2 + . . . =

1
k2 −GNk4 .
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Introduction
GR is non a renormalizable theory (cont.)

At high energy, the propagator ∝ 1/k4 ,and the total contribution from
one loop and one internal propagator now is

k4k−4 = k0 → finite, as k →∞.

The problem of the UV divergency is cured. But two new problems
occur,

1
k2 −GNk4 =

1
k2 −

1
k2 − 1/GN

.
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Revisiting Hořava-Lifshitz gravity in brief

Essential ingredients
I Non relativistic theory of gravity.
I Geometrical framework: foliation of the space-time + ADM

variables

ds2 = −N2dt2 + γij
(
dx i + N idt

) (
dx j + N jdt

)
, i , j = 1,2,3.

I Strong anisotropy between space and time

~x ′ → b~x , t ′ → bz t

I Invariant under foliation-preserving diffeomorphisms

x̃ i = x̃ i (x̃ j , t
)
, t̃ = t̃(t)

I The action at lower order (z = 1) is given by

S (γij ,Ni ,N) =

∫
dtdx3N

√
γ
[
KijK ij − λK 2 + β(3)R + αaiai

]
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Coupling HL gravity and electromagnetism
The action in 4 + 1 dimensions

The Hořava-Lifshitz action on this geometrical framework is given by

S (Gµν ,Nρ,N) =

∫
dtdx4N

√
G
[
KµνKµν − λK 2 + β(4)R + αaµaµ

]
,

(3)

where aµ = ∂µLnN and KµνKµν − λK 2 is the kinetic term.

Kµν =
1

2N
(ġµν −∇µNν −∇νNµ) , (4)

and K its trace
K = GµνKµν , (5)

λ is a dimensionless coupling constant, while α and β are the
coupling constants at low energy in the potential of the theory.
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Coupling HL gravity and electromagnetism
Hamiltonian formalism

We proceed to reformulate the action using the Hamiltonian
formalism. The conjugate momentum to Gµν is given by

πµν =
∂L

∂Ġµν

=
√

G (Kµν − λGµνK ) , (6)

and its trace by

π = Gµνπ
µν =

√
G (1− 4λ) K . (7)

The Hamiltonian density obtained from the Legendre transformation
is

H =
√

GN
[
πµνπµν

G
+

λ

(1− 4λ)

π2

G
− β(4)R − αaµaµ

]
+ 2πµν∇µNν

+σPN .

(8)
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Coupling HL gravity and electromagnetism
Equations of motion and constraints

Variations with respect to Gµν gives

−π̇µν = −1
2

NGµν

[
πλρπλρ√

G
+

λ

(1− 4λ)

π2
√

G

]
+ 2N

[
πµλπν

λ√
G

+
λ

(1− 4λ)

πµνπ√
G

]
+ β
√

GN
[(4)

Rµν − 1
2

(4)

RGµν

]
−β
√

G
[
∇(µ∇ν)N −Gµν∇λ∇λN

]
− 1

2
α
√

GNGµνaρaρ

+α
√

GNaµaν + 2∇ρ

[
πρ(µNν)

]
−∇ρ

[
πµνNρ

]
,

(9)
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Coupling HL gravity and electromagnetism
Equations of motion and constraints (cont.)

while variations with respect to πµν yields

Ġµν =
2Nπµν

√
G

+
2λ

(1− 4λ)
GµνN

π√
G

+∇µNν +∇νNµ, (10)

Finally, variations with respect to Nµ determine the first class
constraints of the theory

∇µπ
µν = 0, (11)

and variations with respect to N gives

πµνπµν
G

+
λ

(1− 4λ)

π2

G
− β(4)R + αaµaµ + 2α∇µaµ = 0, (12)

which ends up being a second class constraint.
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Coupling HL gravity and electromagnetism
Key features of Kaluza-Klein approach

I The idea is to explain matter (in four dimensions) as a
manifestation of pure geometry (in higher ones).

I The five-dimensional Ricci tensor and Christoffel symbols are
defined in terms of the metric exactly as in four dimensions

R̂AB = ∂C Γ̂C
AB − ∂BΓ̂C

AC + Γ̂C
ABΓ̂D

CD − Γ̂C
ADΓ̂D

BC

Γ̂C
AB =

1
2

ĜCD
(
∂AĜDB + ∂BĜDA − ∂DĜAB

)
,

where A,B = 0,1,2,3,4.
I Cylinder condition ı.e

∂ĜAB

∂x4 = 0.
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Coupling HL gravity and electromagnetism
Kaluza-Klein Technologies

There are multiple ways to write down the four-dimensional metric,
but a simple way to parametrize it is as follows

(Gµν) =

(
γij + φAiAj φAj

φAi φ

)
, (13)

where γij is a 3-dimensional Riemannian metric. We denote
det (γij ) ≡ γ, thus we have G ≡ det (Gµν) = γφ > 0, hence φ > 0.
The inverse metric is then given by

(Gµν) =

(
γ ij −Aj

−Ai 1
φ + Ak Ak

)
, (14)

where γ ij are the components of the inverse of γij and Ai = γ ijAj .
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Coupling HL gravity and electromagnetism
Kaluza-Klein Technologies (cont.)

The decomposition (13) is invertible

γij = Gij −
Gi4Gj4

G44
(15)

Aj =
G4j

G44
(16)

φ = G44. (17)

We then have
πµνĠµν = πij γ̇ij + pi Ȧi + pφ̇, (18)

where

pij = πij (19)
pi = 2φAjπ

ij + 2πi4φ (20)

p = πijAiAj + 2πi4Ai + π44. (21)
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Coupling HL gravity and electromagnetism
Kaluza-Klein Technologies (cont.)

Equations (15)-(21) define a canonical transformation. In fact,

{Gµν (x) , πρλ (x̃)}PB =
1
2
(
δρµδ

λ
ν + δρνδ

λ
µ

)
δ (x − x̃) , (22)

imply

{γij (x) ,pkl (x̃)}PB =
1
2
(
δk

i δ
l
j + δk

j δ
l
i
)
δ (x − x̃) , (23)

{
Ai (x) ,pj (x̃)

}
PB = δj

i δ (x − x̃) , (24)

{φ (x) ,p (x̃)}PB = δ (x − x̃) , (25)

and all other Poisson brackets being zero.
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Kaluza-Klein reduction to 3 + 1 dimensions

The Hamiltonian density is given by

H =
N√
γφ

[
φ2p2 + pijpij +

pipi

2φ
+

λ

(1− 4λ)

(
pijγij + pφ

)2 − γφβ(4)R

−γφαaiai
]
− Λ∂ipi − Λj

(
∇ipij − 1

2
piγ jk Fik −

1
2

pγ ij∂iφ

)
− σPN ,

(26)

where
(4)R = R − φ

4
FijF ij − 2√

φ
∇i∇i

√
φ, (27)
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Kaluza-Klein reduction to 3 + 1 dimensions

The Kaluza-Klein reduction of the momentum constraint (11) yields

H4 ≡ ∂ipi = 0 (28)

H j ≡ ∇ipij − 1
2

piγ jk Fik −
1
2

pγ ij∂jφ = 0 (29)

The conservation of these primary constraints is satisfied and the
conservation of PN yields the Hamiltonian constraint

HN ≡
1√
γφ

[
φ2p2 + pijpij +

pipi

2φ
+

λ

(1− 4λ)

(
pijγij + pφ

)2 − βγφR

+
β

4
γφ2FijF ij + 2βγ

√
φ∇i∇i

√
φ

]
+ α

√
γφaiai + 2α

√
γ∇i

(√
φai
)

= 0.

(30)
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Kaluza-Klein reduction to 3 + 1 dimensions

Variations with respect to pij , pi and p give the field equations

γ̇ij =
N√
γφ

[
2pij +

2γijλ

(1− 4λ)

(
plmγlm + pφ

)]
+∇(i Λj), (31)

Ȧi =
Npi√
γφ3

+ ∂i Λ +
1
2

Λjγ
jk Fik (32)

φ̇ =
N√
γφ

[
2pφ2 +

2λ
(1− 4λ)

(
plmγlm + pφ

)
φ

]
+

1
2

Λi∂iφ. (33)

Francisco Tello Ortiz | Doctorado en Física mención Física Matemáticas



18

Kaluza-Klein reduction to 3 + 1 dimensions

Variations with respect to γij , Ai and φ yield the field equations
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Kaluza-Klein reduction to 3 + 1 dimensions

ṗi = β∂j

(
N
√
γφ3F ji

)
− 1

2
∂k
(
Λk pi − Λipk) , (34)

ṗ = − N
√
γ

[
3
2

√
φp2 − 1

2
√
φ3

pijpij −
3

4
√
φ5

pipi +
λ

(1− 4λ)

(
3
2

√
φp2

+
ppijγij√

φ
− 1

2

(
pijγij

)2√
φ3

)
− γβ

(
1
2

√
φR − 3

8

√
φF ijFij

)

− γ

2
√
φ
αaiai

]
− β
√
γ
√
φ
∇i∇iN +

1
2
∂i
(
pΛi) .

(35)
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Perturbative analysis

So, the perturbations around Euclidean space are defined by
introducing the variables hij , Ωij , n, ni and n4 in the following way

γij = δij + εhij , pij = εΩij , Ni = εni , N4 = εn4, N = 1 + εn. (36)

While for the scalar φ and the vector Ai fields we have

Ai = εξi , pi = εζi , φ = 1 + ετ, p = εχ. (37)

So, at linearized level the evolution field equations become

τ̇ = 2χ+
2λ

(1− 4λ)
(χ+ Ω) , (38)

χ̇ = −β
2

∆h − β∆n, (39)
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Perturbative analysis

ξ̇i = ζi − ∂in4, (40)
ζ̇i = β∂j (∂iξj − ∂jξi ) , (41)

ḣij = 2Ωij +
2δijλ

(1− 4λ)
(Ω + ξ) + 2∂(inj), (42)

Ω̇ij = −β
2

(
δij −

∂i∂j

∆

)
∆h +

β

2
∆hij − β

(
δij −

∂(i∂j)

∆

)
∆
(

n +
τ

2

)
.

Besides, from the constraints we have

∂i Ωij = 0 (43)
β∆τ + 2α∆n + β∆h = 0. (44)
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Perturbative analysis

In order to cast the physical degrees of freedom propagated at
linearized level we use the orthogonal transverse/longitudinal
decomposition obtaining

ξ̇T
i = ζT

i . (45)

ζ̇T
i = β∆ξT

i , (46)

so, combining (45) and (46) we get the following wave equation for
the photon

ξ̈T
i − β∆ξT

i = 0, (47)

spreading with velocity
√
β. From equations (42) and (43) we obtain

the following wave equation for the graviton

ḧTT
ij − β∆hTT

ij = 0, (48)
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Perturbative analysis

it’s noteworthy that the graviton has the same spread velocity as the
gauge vector, i.e,

√
β. The longitudinal modes ξL and hL

i are gauge
modes. They are not physical excitations. The remaining terms obtai-
ned from the decomposition of the equations (42) are

ḣT = 2ΩT +
4λ

(1− 4λ)

(
ΩT + χ

)
, (49)

Ω̇T = −β
2

∆hT − 2β∆n − β∆τ, (50)

and the longitudinal terms

ni +
λ

(1− 4λ)

∂i

∆

(
ΩT + χ

)
= 0, (51)
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Perturbative analysis

The above equation (51) allows to determine ni . So, solving (44) for
∆n we get

∆n = − β

2α
(
∆τ + ∆hT ) , (52)

and combining it with (38), (39), (49) and (50) we obtain

ḧT − 2τ̈ = β∆
(
hT − 2τ

)
(53)

ḧT + τ̈ =
β

α

(1− λ) (3β − 2α)

(1− 4λ)
∆
(
hT + τ

)
. (54)
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Conclusions

I The gauge symmetry of the gauge vector is generated by the
same first class constraint as in the electromagnetic-gravity
theory in General Relativity. Moreover, the field equations for the
gauge vector have the same structure as in the relativistic case.

I The speed of propagation of the graviton and the gauge vector
field it is the same velocity

√
β for both excitations.

I After KK reduction, we recast the foliation preserving
diffeomorphism in 3 + 1 dimensions plus the usual gauge
symmetry U(1)

I The power-counting renormalizability of the resulting 3 + 1 theory
is ensured in the Kaluza-Klein approach since it comes from a
power counting renormalizable theory (once the z = 4 terms
have been incorporated) To be proved !!.
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