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IR behavior of scattering amplitudes — Wilson lines



Why

IR behavior of scattering amplitudes — Wilson lines
tt production at LHC and ILC
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Wilson lines

Limiting cases
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HQET heavy-to-heavy current

J = h:r/hv — ZJ(as(:UJ)?SO)Jr(:UJ)

ho = 2, (s (1) (1)
coshp=v-v



Green functions
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Green functions
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Renormalization

W (t,t'0) =W (t+t)
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dlog Z;
dlog

log = log Z; + finite

D(ag, @) =
(s, 0) = 0



Exponentiation in QED

Coordinate space, Wilson line of any shape (n; = 0)

W(t) = + :&:.
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Trny = all color structures allowed




Exponentiation in QCD
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Exponentiation in QCD
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Exponentiation in QCD
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Casimir scaling up to 3 loops



Momentum space

w W'

Vertex function V: 1PI, without external-leg propagators
G(w, w5 ) = V(w,w';0)Sy(w) Sy (w)
V(w,w's9) = 2,2, Vo(w,w's 93 )
log V(w,w'; ) — log V(w,w';0) = log Z; + finite

Convenient to set W' = w



5w - 57 (w)
w —w
log V(w,w’;0) = —log Z), + finite

V(w,w';0) = = Z;, "V (w,w'; 0; )

Zy is gauge dependent; Z; is gauge invariant



History

1 loop
[as, @) = CF% (pcothp —1)

Follows from the soft radiation function

in classical electrodynamics

The Guinness Book of Records The anomalous
dimension known for a longest time

(> 100 years)

2 loops Korchemsky, Radyushkin (1987)
Kidonakis (2009)

3 loops here
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2 loops Korchemsky, Radyushkin (1987)
Kidonakis (2009)

3 loops here

v at 3 loops — Melnikov, van Ritbergen (2000)
Chetyrkin, Grozin (2003)
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Abelian large ny structures
Cr(Tpng) ol and C%4(Ten) 2al (L > 3)

QED with ny flavors Cp =1, C4 =0, Tr =1, By = _gnf
At LBy and NLf,, the Wilson line of any shape

logW = :&:

with

NV

up to NLj,. First broken at NNLj,

e

n]Lc_?’aL (L>4)



Abelian large ny structures

log W (t,t'; ) — log W (t,t';0)

A -:W:l log ZJ + ﬁnlte

(external-leg corrections cancel). Momentum space

log V(w,w; ) —log V(w,w;0)
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Abelian large ny structures

Qg pcothp —1
6m B(2+b,2 —|— b)I'(1+ b)F(l —b)

I'=0Cp

b= 60% Beneke, Braun (1995)
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Abelian large ny structures
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CpC?

2
N, — 00 NCZAA

Only topologies surviving at N, — oo



Topologies and master integrals
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Topologies and master integrals

71 master integrals
7 straight-line [Grozin (2000)]
8 products of lower loops

10 generalized triangles [Grozin, Kotikov (2011)]

46 nontrivial
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Differential equations
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Symmetry © — 1/x

Differentiate in z and reduce to masters
Initial values at x =1



Differential equations

r=e"*
Symmetry © — 1/x

Differentiate in z and reduce to masters

Initial values at x =1
Canonical basis f [Henn (2013)]

- a b c -
aa: ) = -
f(me) ¢ x+x+1 r—1

4 singular points
»x=1(p—0)
» £ =0, 00 (p — +00)
» z=—1(pgp = )
Harmonic polylogarithms H,,, ,, (z) (n; =0, £1)
[Remiddi, Vermaseren (2000)]
Uniform weight functions



Result
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Result

A = $1(y)
Aa(o) = Jualo) + 5 — €| ) Hial)]

Aa(o) = =€ | 110000+ TH0)| 46 | {Ha0a0) + 510000
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Uniform weight ¢
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Mo, ) = Qa, x)
Qa,z) = Cp— {AH- (Ag—l-Az—i-614)621g
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oﬁeloop
two loop
three loop




Yp — T

Euclidean pp =7 — ¢

Kilian, Mannel, Ohl (1993)
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Fuclidean space
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Conformal symmetry

Fuclidean space
ds® = dx} + di?

Spherical coordinates

Lo = r COS O T =rnsind
ds® = dr? + r*(dé” + sin® § dii ?)

Ik 1

r=e% y = 01
ds? = eV (dyg + dgjz)



Conformal symmetry

uv Uv
T Yo
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IR IR
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Conformal anomaly

In QCD conformal symmetry is anomalous
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In QCD conformal symmetry is anomalous
= [ function

2 loops
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Conformal anomaly

In QCD conformal symmetry is anomalous

= [ function

2 loops

=2

7V (G o A%
CV(G o) 5o (_> tog
i z

(g, m—0) — 1
m



Conformal anomaly

In QCD conformal symmetry is anomalous
= [ function
2 loops

VAT as(m)

(g, m—0) — 1
m

=0 p’=q



Conformal anomaly

In QCD conformal symmetry is anomalous
= [ function

2 loops
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3 loops
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Conclusion

» ['(ag, ) at 3 loops has been calculated via harmonic
polylogarithms up to weight 5

» Cp(Teng)t and C%(Teny) 2 (L > 3) in T and v,
are known to all loops

»  — oo: the known result is reproduced

» Q(a,z) does not contain nys: only 1 gluonic color
structure at each L (1 structure at 2 loops and 3
structures at 3 loops disappear)

» g = — 0: the relation to V(¢') which follows from
conformal invariance is violated at 3 loops by a term
~ fBoc



	Introduction
	CF (TF nf)2 and CF2 TF nf
	Calculation
	
	E
	Conclusion

