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Motivation (αs)

Three-loop RGE for all the SM Lagrangian parameters were calculated
recently in the MS scheme [MSS12, BPV13, CZ13].
Boundary values at the electroweak (EW) scale are required for a RGE
analysis of the model

I Matching predictions in terms of parameters with “observables” or
“pseudo”-observables - in perturbation theory at two loops.

In a vacuum stability analysis of the SM the uncertainty of the
instability scale (or critical values of the SM parameters at the EW
scale) is dominated by those of yt , λ and αs [BKKS12, DDVEM+12]

I When one determines αs(µ) in the SM (from that of nf = 5 flavour
QCD) usually only strong interactions are taken into account.

I However, the electroweak corrections can be potentially enhanced by
top Yukawa coupling.
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Motivation (mb)

The bottom-quark mass can be used to determine the corresponding
running Yukawa coupling - yb.

I Similar to the top-quark the b-quark pole mass Mb can be used as an
input “pseudo”-observable.

I However, it is known that quark pole-mass is ill-defined due to
renormalon ambiguity.

I Contary to the top-quark the ambiguity O(ΛQCD) significantly limits
relative precision of Mb ⇒new definitions of the b-quark mass
parameter (short-distance).

I Moreover, the relation between Mb and the corresponding running
parameter (either mb or yb) at the matching scale involves logs of very
different scale (mb and EW scale), which can not be simultaneously
made small via a suitable choice of the renormalization scale⇒call for
effective theories
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QCD embedded in the SM

LSM = LgaugeQCD + LgaugeSU(2)×U(1) + LYukawa + LHiggs + Lg.f. + Lghosts

In the QCD embedded in the SM, quark mass terms are generated via
Yukawa interactions with the Higgs vacuum expectation value v:

mq =
yqv√
2

Due to spontaneous symmetry breaking (SSB) all other SM masses
are also proportional to v

M2
W =

g2
2 v2

4
, M2

Z =
g2
1 + g2

2
4

v2, M2
h = 2λv2
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QCD embedded in the SM

LSM = LgaugeQCD + LgaugeSU(2)×U(1) + LYukawa + LHiggs + Lg.f. + Lghosts

Introducing fine-structure constant α and Weinberg angle θW

(4π)α =
g2
1 g2

2
g2
1 + g2

2
= g2

2 sin2 θW = g2
1 cos2 θW

Parametrization used in this work

y2
q =

4πα
sin2 θW

m2
q

M2
W

, λ =
4πα

8 sin2 θW

M2
h

M2
W

I All the parameters here are bare (or MS renormalizied) ones.
I NB: In the formal limit v →∞ the mass ratios are finite.
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Parameter values and the choice of renormlization scheme
The values of the SM parameter are not predicted by the theory but
should be extracted from an experiment via matching procedure.

In the QCD sector, due to confinement, one usually adopts MS
scheme to define the running αs(µ).
In order to determine the corresponding value, an observable O is
matched to the corresponding theoretical prediction

O = αk
s (µ)

[
c0(µ) + c1(µ)αs(µ) + c2(µ)α2

s (µ) + ...
]
,

so that αs(µ0) at some matching µ0 is extracted.
To avoid large logarithms the scale µ0 is usually chosen around the
typical scale involved in the measurement of O (e.g. momentum
transfer Q2).
However, in MS additional effort is required if a theory involves
different mass scales (apparent violation of the Appelquist &
Carazzone decoupling theorem[AC75])
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Re-summation and effective theories

A(E) A(M)

A(M), B(M),MA(E), B(E),M

µ̄ = E µ̄ = M

Low-energy observableRG EFT
E ≪ M

RG FT
logE/µ̄

logE/µ̄logM/µ̄ Mat
hinglogM/µ̄

Matching can be used to find
A(µ̄) given Ā(µ̄), B(µ̄) and M.

This is how α
(6)
s (µ̄) is found

from the quoted value of
α

(5)
s (MZ )!

Effective theory (ET) describes the interactions of light fields at low
energies E � M and parametrized by running A(µ̄) coupling .
The latter can be expessed via matching in terms of (running)
parameters of the “full” theory (FT) - A(µ̄),B(µ̄) and heavy masses M.
Large log E/M are re-summed by solving renormalization group (RG)
equations in the effective theory with initial conditions at µ̄ = M.
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QED x QCD as an effective low-energy theory

As a “low-energy” effective theory for the SM we consider a (toy) QCD
x QED theory describing strong and electromagnetic interactions of
five massless quarks (u, d , c , s, b) and leptons.

LSM
(
αSM
s , g1, g2, yt , λ, ...

)
⇒ L(nf =5)

QCD×QED

(
α

(5)
s , αEM

)
Similar to the QCD case we “integrate out” top quark, electroweak
gauge bosons and Higgs fields. We also neglect Fermi-like
non-renormalizable interactions ”GF ψ̄ψψ̄ψ” with GF ∝ g2

s

M2
W
.

Formally, we consider the limit v →∞, which is different from that
yt , g2, λ→∞, v = fixed usually implied in the discussions of
“non-decoupling” feature of the models with SSB (see [Pic98] ).

From the phenomelogical point of view we miss a lot of electroweak
physics, goverened at low energies by the Fermi constant GF !
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⇒ L(nf =5)

QCD×QED

(
α

(5)
s , αEM

)
Similar to the QCD case we “integrate out” top quark, electroweak
gauge bosons and Higgs fields. We also neglect Fermi-like
non-renormalizable interactions ”GF ψ̄ψψ̄ψ” with GF ∝ g2

s

M2
W
.

Nevertheless, our task is to study the running of αSM
s (µ) in MS

extracted from α
(5)
s (µ) at some matching scale µ0 ' 100− 200 GeV

Due to the chosen MS scheme, the result is also valid in the effective
QED×QCD×Fermi theory!
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Matching bare parameters

α
(5)
s,0 = ζαs ,0[αs,0, α0,M0]× αs,0

Due to SU(3) gauge invariance, the bare decoupling constant ξαs,0 can be
found in a number of ways:

ζαs,0 = ζ2
cGc,0ζ

−2
c,0ζ

−1
G ,0 = ζ2

qGq,0ζ
−2
q,0ζ

−1
G ,0 = ...

in which different ζs are found by considering three- and two-point 1PI
Green functions in the SM so that

ζcGc,0and ζqGq,0 correspond to the leading terms in Taylor expansion
of the integrand of the ghost-gluon and (light)-quark-gluon vertices,
respectively.
ζc,0, ζG ,0, ζq,0 involve only lnM/µ terms coming from ghost, gluon
and quark propagators.
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cGc,0ζ

−2
c,0ζ

−1
G ,0 = ζ2

qGq,0ζ
−2
q,0ζ

−1
G ,0 = ...

in which different ζs are found by considering three- and two-point 1PI
Green functions in the SM

so that

Taylor expansion can produce spurious IR-divergent 1
(q2)2

terms, which,

upon integration, lead to additional IR poles in ε = (4− d)/2 in bare ζs.
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Matching bare parameters

α
(5)
s (µ) =

Zαs [αs , α,M]

Zα
s(5)

[
α

(5)
s

] ζαs ,0 [Zαsαs ,Zαα,ZMM]× αs(µ)

Due to SU(3) gauge invariance, the bare decoupling constant ξαs,0 can be
found in a number of ways:

ζαs,0 = ζ2
cGc,0ζ

−2
c,0ζ

−1
G ,0 = ζ2

qGq,0ζ
−2
q,0ζ

−1
G ,0 = ...

in which different ζs are found by considering three- and two-point 1PI
Green functions in the SM

so that

But the spurious IR poles are canceled in the matching relation for the
running couplings after renormalization.
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Matching via “pseudo”-observables

Mb = mb(µ)

1 +
2∑

i+j=1

αi
s · αj · σij(Mb,M, µ) + · · ·


SM

= mb(µ)

1 +
2∑

i+j=1

αi
s · αj · σij(Mb, µ) + · · ·


QEDxQCD

+O
(mb

M

)

Matching via pseudo-observable - the pole mass Mb - calculated either in
the full SM or in nf = 5 QCDxQED with mb(µ) ≡ m

(5)
b (µ), etc.

Both σij and σij are extracted from the b-quark self-energies. Only
photon and gluon exchange contribute to σij , while σij also involve
exchange of heavy virtual particles with mass M = {Mt,MW ,MZ ,MH}
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+O
(mb

M

)

Matching via pseudo-observable - the pole mass Mb - calculated either in
the full SM or in nf = 5 QCDxQED with mb(µ) ≡ m

(5)
b (µ), etc.

mb(µ), α(µ), αs(µ) are related to their counterparts in the SM by means
of decoupling constants ζs.
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Matching via “pseudo”-observables

Mb = mb(µ)

1 +
2∑

i+j=1

αi
s · αj · σij(Mb,M, µ) + · · ·


SM

= ζb ·mb(µ)

1 +
2∑

i+j=1

ζ iαs
ζ jαα

i
s · αj · σij(Mb, µ) + · · ·


QEDxQCD

+O
(mb

M

)

Matching via pseudo-observable - the pole mass Mb - calculated either in
the full SM or in nf = 5 QCDxQED with mb(µ) ≡ m

(5)
b (µ), etc.

But what is mb(µ) in the SM formula for Mb?
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Running mb in the SM

Running mass is not a fundamental SM Lagrangian parameter and is
expressed in terms of yb and the Higgs field v.e.v

mb(µ) = yb(µ)v/
√
2

What is v?

I v
?≡ v(µ) ≡

√
−m2(µ)
λ(µ) - minimizes tree-level potential expressed in MS

parameters (gauge-independent),γmb
6= βyb

I v
?≡ ṽ(µ) - minimizes Higgs effective-potential expressed in terms MS

parameters (gauge-dependent), γmb
6= βyb

I v2 = 1√
2GF

- gauge-independent vev from the tree-level matching to
the Fermi-theory, γmb

= βyb .
d

d lnµ2 mb = γbmb,
d

d lnµ2 yb = βybyb
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Running mb in the SM
Reorganize series for Mb in the SM, use [HK95, KV14, KPV15]

mb(µ)→ mY ,b(µ) = yb(µ)2−3/4G
−1/2
f

I via matching to Fermi theory - v2(µ) = m2(µ)
λ(µ) = 1√

2Gf (1+δ̄r(µ))
with

δr(µ) being an appropriate variant of Sirlin’s ∆r parameter

Advantage - the relation between Mb and mY ,b(µ) does not involve
numerically “dangerous” tadpole terms, scaling as M4

t /M2
W M2

h .

Crucial check - independence of ξmb
on “soft” scale Mb

mb(µ) = mY ,b(µ) · ζmb
(αs , α,M,��Mb,µ) = mY ,b(µ) · (1 + δζmb

)

The relation is used to find the boundary value of the Yukawa coupling
from the nf = 5 QCDxQED b-quark running mass at µ = Mt

yb(µ) = 23/4Gf ·mb(µ) · ζ−1
mb

(µ)
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Results
The results of matching after proper re-expansion can be casted, e.g.,
into the following form

αs = αs
(5)

(
1 +

αs
(5)

4π
δζ

(1)
α′
s

+

(
αs

(5)
)2

(4π)2 δζ
(2)
α′
s

+
αs

(5)αF

(4π)2 δζ
(2)
α′
sα

+ · · ·
)

mY ,b = mb

(
1 +

αF

4π
δζ(1)
αF

+

(
αs

(5)
)2

(4π)2 δζ
(2)
α′
s

+
αs

(5)αF

(4π)2 δζ
(2)
α′
sα

+
(αF )2

(4π)2 δζ
(2)
α · · ·

)

αF ≡
√

2GFM
2
W

π

(
1− M2

W

M2
Z

)
= 132.233 (for PDG‘14)

The required expressions for the strong coupling is available from
[Bed14]and the results for the b-quark mass are preliminary and
extracted from full two-loop electroweak corrections considered in the
recent paper by Kniehl, Pikelner and Veretin’ 2015.
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Numerical analysis of the O (αsα) correction to αs

In order to analyze the calculated correction we take the matching
scale is µ = MZ and use PDG’14 values of the pole masses.
The quoted world average α(5)

s (MZ ) = 0.1185 is assumed to be fitted
within the effective theory.
At Z - boson mass scale (three-loop contribution O(α3

s ) is also
shown):

αs(MZ ) = 0.1185·

1− 0.008067︸ ︷︷ ︸
αs

− 0.000965︸ ︷︷ ︸
α2
s

+ 0.000143︸ ︷︷ ︸
αsα

+ 0.000018︸ ︷︷ ︸
α3
s

 ,
In principle, final result for the running αSM

s (µ� MZ ) should not
depend on the matching scale. However, due to truncation of the
series, there is a residual dependence on µ
As a consequence, the matching scale is usually chosen of the order of
electroweak scale so that no large logs appear in the relation
(effectively re-sum logarithms lnMZ/µ).
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Preliminary numerical analysis of EW corrections to mb

At Z - boson mass scale (with RunDec):

yb(MZ ) = 23/4Gf ·mb(MZ ) ·

1− 0.00838︸ ︷︷ ︸
α

− 0.00074︸ ︷︷ ︸
α2
s

− 0.00023︸ ︷︷ ︸
α3
s

+ 0.00068︸ ︷︷ ︸
αsα

+ 0.00005︸ ︷︷ ︸
α2

+ · · ·


in comparision with

yb(MZ ) = 23/4Gf ·Mb

1− 0.010︸ ︷︷ ︸
α

− 0.0270︸ ︷︷ ︸
αs

− 0.0784︸ ︷︷ ︸
α2
s

+ 0.0032︸ ︷︷ ︸
αsα

+ 0.0003︸ ︷︷ ︸
α2

+ · · ·


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Scale dependence of the decoupling corrections to αs

The scale dependence of different matching corrections:

αs in terms of αs
(5)

∆ζ
(αs)
αs ≡ αs

(5)

(4π) δζ
(1)

αs
(5) ,

etc
Four-loop running up
to the matching scale
via RunDec [CKS00]
package.
[CKS06, SS06,
KKOV06] - α4

s

αs(Mt) = 0.10800·
(
1+0.00034︸ ︷︷ ︸

α2
s

+ 0.00013︸ ︷︷ ︸
αsα

+ 0.00016︸ ︷︷ ︸
α3
s

+ 0.00006︸ ︷︷ ︸
α4
s

)

Αs

Αs
2

Αs Α

Αs
2+Αs Α

Αs
3

100 150 200 250Mt
-10

-5

0

5

10

Μ, GeV

DΖΑs

H i L H ΜL ×10 4

Αs H M z L =0.1185
1� ΑH M z L =127.94
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Conclusions

Electroweak corrections to the matching relations between αs of the
SM and effective αs

(5) are found and expressed either in terms of
particle pole masses or MS running masses in an explicit
gauge-invariant way.
The corrections for αs ,when evaluated at the electroweak scale, are
found to be comparable with pure three(four)-loop QCD contribution
usually taken into account in three-loop RGE analysis of the SM.
Two-loop electroweak decoupling corrections for yb(µ) are found by
considering the b-quark poles mass in the SM and effective
QCDxQED. The obtained result is gauge-indepdent and is free from
soft scales, thus, allowing to use RGE for resummation of logmb/Mt .
Still a comprehensive numerical analysis is lacking for mb.
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Thank you for your attention!
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