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What is a Nielsen Identity?
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Nielsen identities
are relations between proper vertex functions, they show the dependence on the gauge parameter.

@ independent on perturbation theory - they hold at all orders!

@ can be used to show gauge independence!
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NI of QED

Derivation

A word on Generating Functionals

Generating functional of correlation fuctions

Z[J] = /[du] exp {i/d4x£ + J¢>}

Generating functional of connected diagrams

| \

W[J] = log Z[J]

.
Generating functional of 1-Pl diagrams or proper vertex functions

o] = wiJ] - /d4X J(x)b(x)
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Derivation

The general Re-Gauges

Gauge fixing in QED

(0uA)?

Leep = —%Fz + (i) — m)p — D - dc — 2%

"Gauge independence" := "Independence on the gauge parameter"

BRST-formulation

3
2

1 _
LQED:—ZF2+¢(itzﬁ—m)¢—Ea-ac+ B21Bj-A
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Derivation

BRST invariance

Consider the QED Lagrangian:

3

1 _
Loep = —ZF2+w(ilp—m)¢+§B2+Ba~A—EB~8c

It is invariant under the BRST transformations:

0A, = €byc
dc=0
6B=0
_ _ dc=¢€B
6 = +iecyp
oY = —iecyp

Imposing that the generating functional is invariant under this transformation generates the
Ward identities for QED.
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A generalised BRST invariance

3
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NI of QED

Derivation

A generalised BRST invariance

3

1 _
Loep =~ 3 F +6(ild — m)y + 5B + BO- A—20-dc + %(EB

X is Grassmann valued.
Expand generating functional in x:

= /[d,u]exp /d xLo + *CB}
:/[du]exp /d4x {l/d4 (1+XEB)}
Z= / M| exp / d4x£

This additional term leaves the physics invariant!




NI of QED

Derivation

A generalised BRST invariance

1 -
Loep = —ZFZ + (i — m)y + §B2 +BY-A—¢d-0c+ >éEB
X is Grassmann valued.

Consider a generalised BRST transformation:

6A, = €0uc 6c=0
6B=0 éc =eB
5 = +iecyp 8¢ = ex
0 = —iectp ox =0.

Check invariance:

oL=Xp2 4 Xg2 9

2 2

Imposing that the generating functional is invariant under this transformation will generate the
Nielsen identities for QED!

Breckenbridge, Lavelle, Steele
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Nielsen identities of QED: derivation
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Nielsen identities of QED: derivation

Z=e" = /[dp.] exp {i/d“x Loep + JMA“+._/¢1/J + iJ@ + BJg — iy icy) + icq/_nm}

PSR | S A o _ i ST
Notice: 65’71/: = —eictyp = oy and 65% eicyp = o1

Consider the generating functional of proper (i.e. amputated) vertex functions:
I—(AM7 1/)7 1Z7B7 C7 E7 X’ £7 ﬁw? 77’([)_) =

W(JH7J1/;7-71/17J3777113777¢7X7£) - /d4XJNAM + JBB+ :lw’(/}"_’(ZJ»LL



NI of QED

Derivation

Nielsen identities of QED: derivation

Z=eV = /[dp,] exp { /d x Loep + JMA'LL+J,¢,’I,[J + wa + BJp — fyic) + ICT[)T]w}

sr P ST T sT
Notice: 65_1/ —eictyp = o and EW = eicy) = oY
Consider the generating functional of proper (i.e. amputated) vertex functions:
I—(AM7 1/)7 1Z7B7 C7 E7 X’ £7 ﬁw? 77’([)_) =
W(JH«7 J1137 -71[17 JB? 771;7 ﬁwv X f) - /d4X JNAM + JBB + :lw’(/} + ’@J’LZY
The variation of T is

sr or or or e
o = 8 5o +6¢TA+M $+5c6f_+55f£+535f3+5 5 Hoose



NI of QED

Derivation

Nielsen identities of QED: derivation

A, = €dyc
. . SB=0 _
Using the generalised BRST o 5f 0
symmetry... §¢ = +tiecd = 0 =eB
ony 5¢ = ex
or dx =0
6 = —iech = —
61y

...we can obtain the identity

— ST sr_ar ST ar ar
O*aﬂCMH * 5w 5¢+ 1L+BE+X{T§

...and after some more simplifications...

62r_ or §2r sr

5 T oxdny 6

_ or
0=2L+BLL




NI of QED

Derivation

Nielsen identities of QED: derivation

A, = €dyc
. . B=0 =
Using the generalised BRST st 5f 0
symmetry... §¢ = +tiecd = 0 =eB
N 8¢ = ex
ST dx = 0.
S = —iect) = —
61y
...we can obtain the identity
— or or or or or or
O*aucaAH‘*‘anw 5¢+ 1[,+B(SE+X6§
...and after some more simplifications...
_or 62r_ or 82r  or
0= e T 56

5 T oxdny 6

QED- Nielsen identities for generating functionals (fermionic part)

—agr = FX% rw =+ FX% FQ/—)
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Application

The Mass of the Electron

QED- Nielsen identities for generating functionals (fermionic part)

—8§F = Fxﬁw F¢ + FX% rqz

Nielsen idetintity for the fermion two point function

0
—a—grw = PyigxTgy + Tyal dnox
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Application

The Mass of the Electron

QED- Nielsen identities for generating functionals (fermionic part)

—6§F = Fxﬁw F¢ + FX% rzz

Nielsen idetintity for the fermion two point function

0
—3—§rw = PyigxTgy + Tyal dnox

On shell

| \

0
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The Mass of the Electron

In general:  T,;= A(P?)p— B(p?) and  A(M?*)M = B(M?).
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Application

The Mass of the Electron

In general:  T,;= A(P?)p— B(p?) and  A(M?*)M = B(M?).

=0

DA(p?) . OB(p?) DA(M2)  OB(M?)
(ag T )l = gE oE
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Application

The Mass of the Electron

In general:  T,;= A(P?)p— B(p?) and  A(M?*)M = B(M?).

OA(P?)  OB() L OAMR)  OB(MP)

(ag P )’“:W‘M o~ o

OA  OB1OM  [OB(M?) . OA(M?)] oM _
At om) ae = | e M e ] =0 G =0

First application of the Nielsen identities

The on-shell mass of the electron is gauge independent.
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Derivation

BRST-Lagrangian for the Standard Model

_ Xg & Xa P p_ Xz & e
L, = 2'59 a,Gm" 2‘5 A 2‘5 (8. 2" + £2 M Go)

- 2)(? [+ (W — it M G™) + 2= (W} + it My GY)|

w

Gambino, Grassi 2000
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Derivation

BRST-Lagrangian for the Standard Model

Lorsr = 7 {ewduc” — swduc* —ig [W*( - W*J]}
T {a,‘ei FieWE (c“ oo Z) £ iect [A,, —C—Wz,,]}
Sw Sw
+ {0 - G} - v figcte} 4 e {2y (4 - e |
Ag_-‘nbcb} H{E o — Gct] + I z}
+'y¢{2f D+ 2[Gc Gc]+2CWG°c
a

2
w =S

+ ~F ig[Hﬁ»vilGD]ciq:icGi - Sw ez
2 20w Sw
09 [t S ) ¢*
+7{2[GC+GC] 2CW(H+L) }
2
cw

9 L g
9y g
ﬁ C 2

%uc —e [Qlc‘ + (er lew) L'j I

g“;"d%‘r [ 1t — (7 - lew) iw} ut + g,;uLc,2
gzdu%f —e [Qdc‘ + (— + stw) } e qu cn
- i {equ (et + z%cz) ) +zﬁ§{—efeu (¢+ %?) u +gs%u c,,}

\e
+ lﬁ.‘?’{*ﬁQd (C‘ + Zlf) dR+g,5dRc,,} +he.
w

+ i (m,mF)

+ i (nh)

Gambino, Grassi 2000
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Derivation

Nielsen identities of the Standard Model

Recall: NI of QED/QCD

76§F = I'Xﬁw rw P FX% Fd;

Generalising this procedure we can obtain the following relation (in the fermionic sector):

Standard Model Nielsen identities for generating functionals

_aﬁr = Z Ui Do+ Doy r?Z,

| fermions

The actual Nielsen identities for proper vertex functions can now be obtained by functional

differentiation with respect to some Standard Model fields. The corresponding BRST- invariant
Lagrangian density is rather complicated!
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Quark self-energies

We want to find gauge invariant combinations of quark self-energies! l
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Application

Quark self-energies

We want to find gauge invariant combinations of quark self-energies! I

0 9
—agruja,- = 57%57[1’ XI: lrxmru?, + rxﬁ:rw/]
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Application

Quark self-energies

Imposing fermion, lepton and ghost conservation, we find:

—0¢Tym; = Z [r%j Uz + Txnpy; rwlﬁl}
I

Also, quark number and isospin are conserved — all 1's must be up-type quarks.

Nielsen identity for quark 2-point function

~0eTuya(p) = > [Fxone (P () + Py (P)F )]
k=1,2,3

X
X
u " W VEL‘M.‘ ;
VEu u&



NI of the SM

Application

Perturbation theory

Expanding in the number of loops...

Mo =027 470 7@

Xim XUm

Mo = rfm) 4 r@ oy ete
...gives the first-order (and also the higher-order) Nielsen identity for the fermion 2-point
function:

u(1) _ r@® 0 ) @)

85):/] - Z |: X”mkrukuj + rufuk leujxj|
k=1,2,3

At tree level, ru,uj is the inverse propagator: FU (p m; )

Nielsen identity @ 1-loop

8 zL/(l) Xu,'r,_,(P mu) + (p mu)l—n Ui
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Application

Perturbation theory

Expanding in the number of loops...

Mo =027 470 7@

Xim XUm

Mo = rfm) 4 r@ oy ete
...gives the first-order (and also the higher-order) Nielsen identity for the fermion 2-point
function:

u(1) _ r@® 0 ) @)

85):/] - Z |: X”mkrukuj + rufuk leujxj|
k=1,2,3

At tree level, ru,uj is the inverse propagator: FU (p m; )

Nielsen identity @ 1-loop

8 zL/(l) Xu,'r,_,(P mu) + (p mu)l—n Ui

1) (1)
Need to calculate rxu_mj and rﬁl_qu!

Espriu, Mazano, Talavera 2002
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Feynman rules

ol
— - Bl
.
L
o
A
v, —— K
* ) Z
, G
K, —" =AM,
.-

=) i e
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Proper vertex functions
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Relevant diagrams

(4)
/b;;vb,

r (4) X —-. " VZ /t't'——l-,fi 1
— = w P ‘ G: = '
VLuix MJ -_}4;"54 u\'; ; ois.lo

The calculation was done both manually and using computer algebra
(Mathematica, FeynArts,FormCalc).
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Application

Calculation of the diagrams

1
T = (PmiBy(e) + Cis?) + As(?) ) R
1
F%,.ZJ.X = L(PBU(Pz)mj + Cy(p)t AU(P2)>
Here:

Ajj: W-boson in the loop
Bjj, Cjj: Goldstone boson in the loop

Espriu, Mazano, Talavera 2002
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Gauge invariance

Mo = (pmi3(62) + Ci(p2) + 436 ) R
1
Mo = L(BBs()m; + () + Ax(6?))
...plugging these into Nielsen idetity...
1 u
352’;(): xun(P m{) + (p — m)rnu,x

...and using the chiral decomposition:

Ti(p) = pLY) () + pRE)R (%) + LT5(p?) + REF (p?)
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Gauge invariance

Mo = (pmi3(62) + Ci(p2) + 436 ) R
1
Mo = L(BBs()m; + () + Ax(6?))
...plugging these into Nielsen idetity...
1 u
3527](): xun(P m{) + (p — m)rnu,x

...and using the chiral decomposition:

Zi(p) = pLY) () + pRE)R (%) + LT5(p?) + REF (p?)

We find gauge invariant combinations:
O¢ (m,z,’.j.’ (pz) — Z,-Lj (p2> mj> =0 (1)
O (pZZ;}R (p2> + ):;JY.L (p2> mjm;j + m,-):? (p2) + ):,-Lj <p2) mj) =0 (2)

Espriu, Mazano, Talavera 2002
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Checking NlIs @ two loops

Recall the Nielsen identity for the quark self-energies:

—0cTya(P) = > [Fam (P s (P) + Moty (P e ()]
k=1,2,3
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Checking NlIs @ two loops

Recall the Nielsen identity for the quark self-energies:

—0cTya(P) = > [Fam (P s (P) + Moty (P e ()]
k=1,2,3

Expanding this at two loops gives
(2) _
—0eTL ()= > M, (I () + T, (TS, (p)
k=1,2,3

0 (D, (p) + T ()T, (P)]

@) @)
Need to calculate I\ 7, an rﬁ;th!
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Conclusion

Nielsen Identities...

@ show dependence on the gauge parameter:

8§I'1 =Tol 3+ T4l5+ ...

@ can be derived from a generalised BRST-invariance of the SM (they
generalise the Slavnov-Taylor IDs)

@ can be used to show gauge independence both in general and in
perturbation theory
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R¢-gauge Feynman Rules

5
kk,
BNNNANAAN v gl e g 'y
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