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Abstra
t
The 
urrent knowledge on the three-loop approximation of thestati
 potential in QCD is reviewed. This results are used for thedetermination of the 4-th order approximation of the QCD
β-fun
tion and for the e+e−-annihilation R-ratio in the V-s
heme.The �nal results are 
ompared with the ones, obtained in theMS-s
heme and minimal MOM-s
heme in the Landau gauge. The
ommon features of the QED expression for the β-fun
tion in theV-s
heme and MOM-s
heme are summarized.
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The third order perturbative QCD stati
 potentialThe stati
 potential in QCD is introdu
ed as a potential ofintera
tion between stati
 quark and antiquark at a distan
e r withusing Wilson loop:VQCD(µ2r2, αs(µ2)) = − limT→∞

1iT ln 〈0 | Tr Pe ig ∮C dxµAa
µT a

| 0〉
〈0 | Tr 1 | 0〉 =

=

∫ d3~q
(2π)3 e i~q~rV(~q 2, µ2, αs(~q 2)) ,where αs is the strong 
oupling 
onstant in MS-s
heme,

αs/4π = g2/16π2, g is the strong 
oupling 
onstant of the QCDLagrangian, C is a re
tangular loop of time extent T and spatialextent r, T a is the generator of SU(N
 ) group, Aa
µ is the gluon�eld, P is the ordering operator along the way.



The third order perturbative QCD stati
 potentialIn momentum spa
e the stati
 potential 
an be written into theform V(~q 2, µ2, αs(~q 2)) = −4πCFαs(~q 2)
~q 2 (1+ aMS1 αs(~q 2)4π +

+aMS2 (

αs(~q 2)4π )2
+

(aMS3 + 8π2C 3A ln µ2~q 2)(αs(~q 2)4π )3
+ . . .

)

.

[T a,T b] = if ab
T 
 , f a
d f b
d = CAδab , (T aT a)ij = CF δij , CA andCF are the Casimir operators, CA = N
 , CF = (N2
 − 1)/2N
 .The additional term 8π2C 3AL appears due to the infrared (IR)divergen
es, whi
h begin to manifest themselves in the the stati
potential at the three-loop level. We will negle
t it in our RG-basedanalysis.



Colour stru
tures of SU(N
)-groupNA is the number of the generators of the Lie algebra of theSU(N
 ), nl=nf − 1, nf is the number of quark �avours,dab
dF = Tr(T aT (bT 
T d))/6 and dab
dA = Tr(C aC (bC 
C d))/6 arethe total symmetri
 tensors, (C a)b
 = −if ab
 , where C a are thegenerators of the adjoint representation of the Lie algebra of theSU(N
 )-group andNA = N2
 − 1 , dab
dA dab
dANA =
N2
 (N2
 + 36)24 ,dab
dF dab
dANA =

N
 (N2
 + 6)48 ,
dab
dF dab
dFNA =

N4
 − 6N2
 + 1896N2
 .



High order PT QCD 
orre
tions to the stati
 potentialThe 
oe�
ients aMSi are 
al
ulated from the 
on
rete Feynmandiagrams and equal aMS1 =
319 CA −

209 TFnl ,
(W. Fis
hler, A. Billoire, 1977)aMS2 =

(4343162 + 4π2 − π44 +
223 ζ(3))C 2A −

(179881 +
563 ζ(3))CATFnl

−

(553 − 16ζ(3))CFTFnl + (209 TFnl)2
,

(M. Peter, Y. S
hroder, 1997)



High order PT QCD 
orre
tions to the stati
 potentialThe three-loop 
onstant perturbative 
ontribution to the stati
potential in the MS-s
heme 
an be presented asaMS3 = a(3)3 n3l + a(2)3 n2l + a(1)3 nl + a(0)3 .a(3) = −

(209 )3T 3F ,a(2)3 =

(12541243 +
3683 ζ(3) + 64π4135 )CAT 2F +

(1400281 −
4163 ζ(3))CFT 2F ,a(1)3 = −709.717C 2ATF +

(

−
71281162 + 264ζ(3) + 80ζ(5))CACFTF

+

(2869 +
2963 ζ(3)− 160ζ(5))C 2FTF − 56.83(1)dab
dF dab
dFNAwhere the error of numeri
al 
al
ulation of the C 2ATF -
oe�
ient isnot indi
ated (A. Smirnov, V. Smirnov, M. Steinhauser, 2008) .



High order PT QCD 
orre
tions to the stati
 potentialThe numeri
al expressions of the nl -independent 
ontributions wereobtained by A. Smirnov, V. Smirnov and M. Steinhauser in 2010and read a(0)3 = 502.24(1)C 3A − 136.39(12)dab
dF dab
dANAThese results should be 
ompared with the independent 
al
ulationof C. Anzai, Y. Kiyo and Y. Sumino in 2010a(0)3 = 502.22(12)C 3A − 136.8(14)dab
dF dab
dANA (1)whi
h have greater ina

ura
ies. Re
ent the more a

urate result inEq.(1) was obtained by Y. Sumino:a(0)3 = 502.22(12)C 3A − 136.6(2)dab
dF dab
dANA



QCD β-fun
tion in MS-s
heme at four-loop levelThe evolution of the strong 
oupling 
onstant αs is determined bythe QCD β-fun
tion in MS-s
heme:
µ2∂(αs/4π)

∂µ2 = βMS(αs) = −

∞
∑i=0 βi(αs4π)i+2

,

β0 = 113 CA −
43TFnl ,

(G.'t Hooft, D. Gross, F. Wil
zek, H. Politzer, 1973)
β1 = 343 C 2A − 4CFTFnl − 203 CATFnl ,

(D. Jones, W. Caswell, 1974; E. Egorian, O. V. Tarasov, 1979)
βMS2 =

285754 C 3A + 2C 2FTFnl − 2059 CFCATFnl − 141527 C 2ATFnl+
+
449 CFT 2Fn2l + 15827 CAT 2Fn2l ,O. Tarasov, A. Vladimirov, A. Zharkov, (80); S. Larin, J. Vermaseren, (93)



QCD β-fun
tion in MS-s
heme at four-loop level
βMS3 =

(150653486 −
449 ζ(3))C 4A +

(

−
3914381 +

1363 ζ(3))C 3ATFnl+
+

(7073243 −
6569 ζ(3))C 2ACFTFnl +(

−
420427 +

3529 ζ(3))CAC 2FTFnl+
+46C 3FTFnl +(793081 +

2249 ζ(3))C 2AT 2Fn2l +
+

(135227 −
7049 ζ(3))C 2FT 2Fn2l + (17152243 +

4489 ζ(3))CACFT 2Fn2l +
+
424243CAT 3Fn3l + 1232243 CFT 3Fn3l + (

−
809 +

7043 ζ(3)) dab
dA dab
dANA +

(5129 −
16643 ζ(3)) dab
dF dab
dANA nl + (

−
7049 +

5123 ζ(3)) dab
dF dab
dFNA n2l
(T. Ritbergen, J. Vermaseren, S. A. Larin, 1997; M. Czakon, 2005)



De�nition of the gauge- and s
heme-independent V-s
hemeIn the QCD stati
 potential the renormalization group logarithmsL=ln(µ2/~q 2) 
an be re
overed with help of the solution ofRG-equation for β-fun
tion in MS-s
heme at three-loop level:
αs(~q 2) = αs(µ2)(1+ β0Lαs(µ2)4π + (β20L2 + β1L)(αs(µ2)4π )2

+

+(β30L3 + 2.5β0β1L2 + βMS2 )

(

αs(µ2)4π )3
+ . . .

)We will 
onsider a V-s
heme i.e. a s
heme in whi
h the stati
potential in momentum spa
e will be as the Coulomb potentialV(~q 2, µ2, αs(µ2)) = −4πCF αs,V(~q 2)
~q 2



De�nition of the gauge- and s
heme-independent V-s
hemeHen
e one 
an obtain the perturbative expansion of the strong
oupling 
onstant αs,V(~q 2) in V-s
heme
αs,V(~q 2) = αs(µ2)P(αs(µ2), L) = αs(µ2) ∞

∑n=0 PMSn (L)(αs(µ2)4π )n
,where polynomials PMSn (L) are expressed through higher order PTQCD 
orre
tions to the stati
 potential and equal:PMS0 = 1 ,PMS1 (L) = aMS1 + β0L ,PMS2 (L) = aMS2 + (2aMS1 β0 + β1)L+ β20L2 ,PMS3 (L) = aMS3 + (3aMS2 β0 + 2aMS1 β1 + βMS2 )L+

+(3aMS1 β20 + 52β0β1)L2 + β30L3 .



De�nition of the gauge- and s
heme-independent V-s
hemeFor de�nition of the renormalized parameter µV and expansion ofthe QCD 
oupling 
onstant in V-s
heme through 
oupling 
onstantin MS-s
heme at ~q 2=µ2V is used the e�e
tive 
harge method ECH,developed by G. Grunberg.At the �rst step, following the NLO de�nition of the ECH s
heme,we de�ne the e�e
tive s
ale of the V-s
heme as
µ2V = exp[aMS1 /β0]µ2MSAt the next step we �x ~q 2 = µ2V and get the following relationbetween the e�e
tive 
harge of the V-s
heme and the QCD
oupling 
onstant αs,MS:

αs,V (µ2V ) = αs,MS(µ2V )(1+ aMS2 (

αs,MS(µ2V )4π )2
+ aMS3 (

αs,MS(µ2V )4π )3)



The QCD βV-fun
tion at the fourth order approximation inthe 
ase of the SU(N
) groupNow it is possible to de�ne the ECH β-fun
tion of the stati
potential, whi
h is the RG β-fun
tion in the V-s
heme
µ2V ∂(αs,V /4π)∂µ2V = βV(as,V ) = −

∞
∑i=0 βVi (

αs,V4π )i+2where as,V=αs,V /4π. The standard RG equation relates
βV-fun
tion to the β-fun
tion in the MS-like s
hemes:

βV(as,V (as,MS(µ2V)) = βMS(as,MS(µ2V))das,V (as,MS(µ2V))das,MS(µ2V) .



The QCD βV-fun
tion at the fourth order approximation inthe 
ase of the SU(N
) groupUsing the perturbative expansion of the strong 
oupling 
onstant
αs,V(~q 2) in V-s
heme through 
oupling 
onstant in MS-s
heme,one 
an get the transformation laws of the β-fun
tion from onegauge-invariant renormalization s
heme to another:

βV0 = βMS0 =
113 CA −

43TFnl ,
βV1 = βMS1 =

343 C 2A − 4CFTFnl − 203 CATFnl ,
βV2 = βMS2 − aMS1 β1 + (aMS2 − (aMS1 )2)β0 =

=

(2063 +
44π23 −

11π412 +
2429 ζ(3))C 3A + 2C 2FTFnl−

(4459 +
16π23 −

π43 +
7049 ζ(3))C 2ATFnl − (6869 −

1763 ζ(3))CACFTFnl
+

(29 +
2249 ζ(3))CAT 2Fn2l + (1849 −

643 ζ(3))CFT 2Fn2l ;



The QCD βV-fun
tion at the fourth order approximation inthe 
ase of the SU(N
) group
βV3 = βMS3 − 2aMS1 βMS2 + (aMS1 )2β1 + (2aMS3 − 6aMS1 aMS2 + 4(aMS1 )3)β0 =

=

(

−59143674374 +
223 · 502.24(1) − 2728π29 +

341π418 −
1513627 ζ(3))C 4A+

+

(48415372187 −
223 · 709.717− 83 · 502.24(1) + 2752π29 −

172π49 +

+
181849 ζ(3))C 3ATFnl + (

−152909 +
19523 ζ(3) + 17603 ζ(5))C 2ACFTFnl

+

(5729 +
22883 ζ(3)− 35203 ζ(5))CAC 2FTFnl + 46C 3FTFnl+

+

(

−740860729 +
83 · 709.717 − 640π29 +

3208π4405 −
56969 ζ(3))C 2AT 2Fn2l +

+
(

−
2329 −

10243 ζ(3) + 12803 ζ(5))C 2FT 2Fn2l +



The QCD βV-fun
tion at the fourth order approximation inthe 
ase of the SU(N
) group
+

(93289 − 448ζ(3)− 6403 ζ(5))CACFT 2Fn2l +
+

(937681 −
512π4405 +

12827 ζ(3))CAT 3Fn3l + (2563 ζ(3)− 128)CFT 3Fn3l +
+

(

−809 +
7043 ζ(3))dab
dA dab
dANA +

(5129 −
16643 ζ(3))dab
dF dab
dANA nl+

+

(

−7049 +
5123 ζ(3))dab
dF dab
dFNA n2l −

−
223 · 56.83(1)CA dab
dF dab
dFNA nl − 223 · 136.39(12)CA dab
dF dab
dANA

+
83 · 56.83(1)dab
dF dab
dFNA TFn2l + 83 · 136.39(12)dab
dF dab
dANA TFnl .



The QCD βV-fun
tion at the fourth order approximation inthe 
ase of the SU(3) group
βV0 = 11− 0.666666nl ,
βV1 = 102− 12.66666nl ,

βV2 = 4224.181− 746.0062nl + 20.87191n2l ,
βV3 = 43175.06(6.43) − 12951.700(390)nl + 706.9658(6)n2l − 4.87214n3l .The errors of the �rst three terms in equality for βV3 are de�ned asthe mean square error σ =

√

∑ki=1 σ2i , where σi are the numeri
alerrors that arise from multipli
ation of the fa
tor 2β0 by 
omputederrors of the 
orresponding MS-s
heme numbers for a(1)3 and a(0)3 .It should note that the property of the s
heme-independen
e of the
oe�
ients βVi within the gauge-independent MS-like s
hemes isthe 
onsequen
e of appli
ation of the ECH approa
h to the stati
potential.



The guess about analyti
al representation of the numeri
alterms in the SU(N
) expression for βV3There is the general rule, that the rate of trans
endentalitystru
ture is in
reasing with rising order of PT 
al
ulations.Following this general rule and 
onsidering the terms in theexpressions for βV2 and βV3 , we 
laim that the evaluated numeri
ally
ontributions in the expressions for the a(1)3 and a(0)3 -
oe�
ients,
an be de
omposed in terms of rational and trans
endentalnumbers in the following way709.717 = R1 + R2π2 + R3π4 + R4ζ(3) + R5π2ζ(3) + R6ζ(5) ,502.24(1) = R7 + R8π2 + R9π4 + R10ζ(3) + R11π2ζ(3) + R12ζ(5) ,56.83(1) = R11 + R12π2 + R13π4 + R14ζ(3) ,136.39(12) = R15 + R16π2 + R17π4 + R18ζ(3) ,where Ri are still unknown rational numbers. There are indi
ations,that R12 and R16 may be really zero.



To the question about e+e− R-ratioThe asymptoti
 stru
ture of the PT series for the β-fun
tion in theV-s
heme has the non-regular behaviour and di�ers from theasymptoti
 stru
ture for the β-fun
tion in the MS-s
heme. In viewof this it is interesting whether this non-regular behaviour willmanifest itself in the pro
ess of studies of s
heme-dependen
e ofhigh-order 
oe�
ients for the 
hara
teristi
s of typi
al physi
alQCD pro
esses, e.g. for the e+e−-annihilation R-ratio in the regionof dire
t produ
tion of the pair of heavy quarks and antiquarks withnf = 4, 5 number of �avours. We will not 
onsider the 
ase ofnf = 6, related to the dire
t produ
tion of the pair of tt-quarks inthe pro
ess e+e− → hadrons , whi
h may be studies in future if ILCwill be built. Indeed, the total 
ross-se
tion of this pro
ess isdominated by the subpro
ess e+e− → Z 0 → hadrons and not bythe subpro
ess e+e− → γ → hadrons , we are interested in.



R-ratio for e+e−-annihilation into hadronsWe remind that the e+e−-annihilation R-ratio is de�ned asR(s) = σ(e+e− → γ → hadrons)
σ0(e+e− → γ → µ+µ−)

= 12πIm Π(s + iε)where s is the transferred energy,
σ0(e+e− → γ → µ+µ−) = 4π2α/3s , Π(q2) is the QCD expressionfor the photon va
uum polarization fun
tion
Πµν(q2) = (qµqν − gµνq2)Π(q2) = i ∫ d4x e iqx〈0|T jµ(x)jν(0)|0〉and jµ =

∑f Qf ψ̄f γµψf is the ele
tromagneti
 hadroni
 
urrent.Sin
e the e+e−-annihilation R-ratio is the RG-invariant quantity, itobeys the RG equation without anomalous dimension term, namely
(

µ2 ∂

∂µ2 + β(as ) ∂
∂as)R(s) = 0 ,



R-ratio for e+e−-annihilation into hadrons in MS-s
hemeIn the MS-s
heme the O(α4s ) approximation for the e+e− R-ratio isRMS(s) = 3∑f Q2f (1+4αs4π+rMS1 (

αs4π)2
+rMS2 (

αs4π)3
+rMS3 (

αs4π)4)For SU(3) group the 
oe�
ients rMSi have following numeri
al formrMS1 = −1.84472nf + 31.7713 ,
(K. Chetyrkin, A. Kataev, F. Tka
hov; M. Dine, J. Sapirstein, 1979)rMS2 = −0.33139n2f − 76.8085nf − 424.763 − 26.4435δf ,
(S. Gorishny, A. Kataev, S. Larin, 1991; L. Surguladze, M. Samuel, 1991)rMS3 = 5.50812n3f − 204.1431n2f + 4806.339nf − 40091.67

+(49.0568nf − 1521.214)δf .(P. Baikov, K. Chetyrkin, J. Kuhn, 2008). Where the terms with
δf = (

∑f Qf )2/(∑f Q2f ), are the singlet 
ontributions (2012).



R-ratio for e+e−-annihilation into hadrons in V-s
hemeIn the V-s
heme the PT expression for the e+e− R-ratio is de�nedasRV = 3∑f Q2f (1+4αs,V4π +rV1 (

αs,V4π )2
+rV2 (

αs,V4π )3
+rV3 (

αs,V4π )4)Using the ECH approa
h and the V-s
heme relations, we obtain thefollowing general expressions for rVi :rV1 = rMS1 − 4aMS1 = 2.59972nf − 9.5620,rV2 = rMS2 − 4aMS2 − 2aMS1 rV1 =

= 0.50749n2f + 113.6320nf − 2054.140− 26.4435δf ,rV3 = rMS3 − 4aMS3 − 3aMS1 rV2 − (2aMS2 + (aMS1 )2)rV1 =

= 3.05815n3f − 144.9455n2f + 3455.279(2)nf − 20387.90(1.17)−
−(39.0881nf + 701.466)δf



mMOM-s
heme in QCDFor the renormalization 
onstants with arbitrary 
ovariant gauge:Aaµ0 =
√ZAAaµ, 
a0 =

√Z

a, g0 = Zgg , λ0 = ZAZ−1
λ λwhere Aa

µ, 
a are the gluons and ghosts �elds 
orrespondingly, λ isthe gauge parameter. The renormalization 
onstant of thegluon-ghost-ghost vertex is Z

g = ZgZ 1/2A Z
. The de�nition of themMOM-s
heme is based on this relation. Hen
e
αmMOMs (µ2) = ZmMOMA (µ2)(ZmMOM
 (µ2))2

(ZmMOM

g (µ2))2 α0s .The most important requirements of the mMOM s
heme areZmMOM

g (αmMOMs ) = ZMS

g (αMSs ) ,and as a 
onsequen
e
αmMOMs (µ2) = ZmMOMAZMSA (ZmMOM
ZMS
 )2

αMSs (µ2) .



R-ratio for e+e−-annihilation into hadrons in V, MS andmMOM in Landau gauge s
hemesThe energy dependen
e of 
oupling 
onstant as = αMSs /(4π) at theNLO, NNLO, N3LO approximations is de�ned through the powersof logarithmi
 terms Log = ln(s/Λ2(nf )) asaNLOs =
1

β0Log −
β1 ln(Log)
β30Log2 ,aNNLOs = aNLOs +∆aNNLOs ,

∆aNNLOs =
1

β50Log3 [β21 ln2(Log)− β21 ln(Log) + β2β0 − β21 ] ,aN3LOs = aNNLOs +∆aN3LOs ,

∆aN3LOs =
1

β70Log4 [β31(− ln3(Log) + 52 ln2(Log) + 2 ln(Log)− 12 )−
−3β0β1β2 ln(Log) + β20 β32 ] .K. Chetyrkin, B. Kniehl, M. Steinhauser, 1997



R-ratio for e+e−-annihilation into hadrons in V, MS andmMOM in Landau gauge s
hemesA

ording to the ECH approa
h, s
ale parameters Λ(nf ) should be
hosen so
Λ
(nf )2V = Λ

(nf )2MS exp[aMS1 (nf )/β0(nf )] ,
Λ
(nf )2mMOM = Λ

(nf )2MS exp[(rMS1 (nf )− rmMOM1 (nf ))/4β0(nf )] .The numeri
al values of the ΛQCD in di�erent s
hemes, MeVnf the order of approximation ν Λ
(nf )MS Λ

(nf )V Λ
(nf )mMOM4 2 350 500 6254 3 335 475 6004 4 330 470 5905 2 250 340 4355 3 245 335 4305 4 240 330 420



R-ratio for e+e−-annihilation into hadrons in V, MS andmMOM in Landau gauge s
hemesIn the 
ases of nf = 4 of a
tive �avours and ν = 2, 3, 4 the valuesfor Λ(nf =4)MS are �xed from the results (A. Kataev, G. Parente, A.Sidorov, 2003) �ts of the Fermilab Tevatron experimental data forthe xF3 stru
ture fun
tion of the neutrino-nu
leon deep-inelasti
s
attering pro
ess at the N(ν−1)LO of the theoreti
al PT results. Inthe 
ase of nf = 5 the values of Λ(nf =5)MS at ν = 2, 3, 4 wereobtained by A. Kataev and V. Kim in 2008 from the related resultsfor Λ(nf =4)MS using the the NLO, NNLO and N3LO mat
hing
onditions for the analysis of Γ(H → bb̄) PT un
ertaintes. Themat
hing point was �xed by the on-shell b-quark mass values,extra
ted in at di�erent orders of PT from the analysis of heavyquarkonium spe
trum with taking into a

ount the Pade estimatedvalue of the 
oe�
ient a3 (A. Penin, M. Steinhauser, 2002).



R-ratio for e+e−-annihilation into hadrons in V, MS andmMOM in Landau gauge s
hemes
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tion r(s) = R(s)/(3∑f Q2f )− 1. Itdepends on s = q2, where s is measured in GeV2. For nf = 4 plotsare presented for the energy region above the threshold of
harmonium produ
tion and below threshold of the bottomonium .



R-ratio for e+e−-annihilation into hadrons in V, MS andmMOM in Landau gauge s
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R-ratio for e+e−-annihilation into hadrons in V, MS andmMOM in Landau gauge s
hemes
 0.05

 0.055

 0.06

 0.065

 100  200  300  400  500  600  700  800  900

Two loop approximation, nf =5    q
2
, GeV

2

MS-bar
V

mMOM

 0.05

 0.055

 0.06

 0.065

 100  200  300  400  500  600  700  800  900

Three loop approximation, nf =5    q
2
, GeV

2

MS-bar
V

mMOM

The energy and s
heme dependen
e of the NLO and NNLOapproximations for r(s) with nf = 5. We 
onsider the energy regionabove the threshold of bottomonium produ
tion and up to theenergies s = 900 GeV2, where the subpro
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R-ratio for e+e−-annihilation into hadrons in V, MS andmMOM in Landau gauge s
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e of the N3LO approximationsfor r(s) with nf = 5.



QED-limit: the relation of the βV(αV)-fun
tion with theGell-Mann�Low fun
tionIn QED 
ase CA = 0, CF = 1, TF = 1, dab
dA = 0, dab
dF = 1,NA = 1 and nf = N � number of leptons. Thus, making thelimiting transition to the QED 
ase, we obtain from βV in QCD the
β-fun
tion in QED in V-s
heme:
βVQED(aV) = 43Na2V + 4Na3V +

(

− 2N + (
643 ζ(3)− 1849 )N2)a4V+

+

(

− 46N + (104 + 5123 ζ(3)− 12803 ζ(5)− 83 · 56.83(1))N2+
+(128− 2563 ζ(3))N3)a5V + O(a6V)



QED-limit: the relation of the βV(αV)-fun
tion with theGell-Mann�Low fun
tionComparing this result with the evaluated analyti
ally by S. Gorishny,A. Kataev, S. Larin and L. Surguladze in 1991 the four-loopapproximation of the QED β-fun
tion in the MOM-s
heme, i. e. ofthe Gell-Man�Low Ψ(aMOM)-fun
tion, namely with
Ψ =

43Na2MOM + 4Na3MOM +

(

− 2N + (
643 ζ(3)− 1849 )N2)a4MOM+

(

− 46N + (104+ 5123 ζ(3)− 12803 ζ(5))N2 + (128− 2563 ζ(3))N3)a5MOMwe 
on
lude that at the third order of PT βVQED(aV) and Ψ(aMOM)
oin
ide, and start to di�er from the fourth order of PT due to
ontributing to O(a5V) 
oe�
ient of the βV-fun
tion from diagramswith additional light-by-light-type s
attering 
ontributions throughthe QED analog of the 
oe�
ient a(1)3 in the MS-s
heme, whi
henter in the de�nition of the N2-term of the βV3 -
oe�
ient.



QED-limit: the relation of the βV(αV)-fun
tion with theGell-Mann�Low fun
tionIt is possible to 
larify that kinds of N-dependent high-order
oe�
ients of the QED β-fun
tion in the V-s
heme
βV(aV) = ∞

∑i=0 βVi (αV4π )i+2
= β

V[1]0 N(

αV4π )2
+

∞
∑i=1 i

∑l=1 βV[l]i N l(αV4π )i+2will also re
eive additional 
ontributions and what kinds of theN-dependent 
oe�
ients of the QED βV-fun
tion will 
oin
ide withthe similar expressions for the Ψ-fun
tion, whi
h we will de�ne as
Ψ(aMOM) = Ψ

[1]0 N(

αMOM4π )2
+

∞
∑i=1 i

∑l=1 Ψ[l]i N l(αMOM4π )i+2
,

β
V[l]i = Ψ

[l]i +∆β
V[l]iwhere extra terms ∆βV[l]i in the N-dependent 
ontributions to the
oe�
ients of the QED βV -fun
tion appear in the following regionof indexes [i , l ] = [i ≥ 3, 2 ≤ l ≤ i − 1].



QED-limit: the relation of the βV(αV)-fun
tion with theGell-Mann�Low fun
tionIn the 
ases of [i , l ] = [i ≥ 3, l = 1 or i ] the proportional toN [l]-
oe�
ients of the βV and Ψ-fun
tion are the same. For i = 4it 
an read
β
V[1]4 = Ψ

[1]4 =
41576 + 128ζ(3) ,

β
V[4]4 = Ψ

[4]4 = −
87569 +

35849 ζ(3) + 51209 ζ(5)P. Baikov, K. Chetyrkin, J. Kuhn, J. Rittinger, 2012.Note, that s
heme-independen
e of the linear in N-
ontribution isthe 
onsequen
e of the �quen
hed� QED 
onformal symmetryproperty.



QED-limit: the relation of the βV(αV)-fun
tion with theGell-Mann�Low fun
tionWe present the QED numeri
al results for β-fun
tions
βMS2 = −2N + 4.88888N2 ,
βMS3 = −46N + 82.9753N2 + 5.06995N3 ,
Ψ2 = −2N + 5.19943N2 ,
Ψ3 = −46N + 133.2714N2 − 25.42447N3 ,
βV2 = −2N + 5.19943N2 ,
βV3 = −46N + 284.818(26)N2 − 25.42447N3 .Note on
e more, that the �rst three 
oe�
ient of the βV-fun
tionand of the Ψ-fun
tion are the same and start to di�er at the fourthorder of PT on extra sizable 
ontribution

βV3 = Ψ3 − 151.54(2)N2This additional 
ontribution arises from the light-by-light-types
attering 
ontribution, whi
h is typi
al to the V-s
heme.



Con
lusionThe fourth term of the PT expression for βV-fun
tion in thegeneral 
ase of SU(N
) group is obtainedThe 
omparison between the fourth-order expressions for thee+e− annihilation R-ratio, obtained in the MS, in theLandau-gauge variant of the mMOM and in thegauge-independent V-s
heme leads to drasti
al de
rease of thes
heme-dependen
e for the 
ase of nf = 5 number of a
tive�avours in parti
ularConsidering the QED limit of the SU(N
)-group
βVQCD -fun
tion we observe that its perturbative expression isstarting to di�er from the perturbative expression for theGell-Mann�Low Ψ-fun
tion at O(α5V)-levelStarting from the fourth-order perturbative approximation twoN-dependent terms in the 
oe�
ients of the perturbativeexpansions of the βV- and Ψ-fun
tions will always 
oin
ide



Thank you for your attention!


