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The current knowledge on the three-loop approximation of the
static potential in QCD is reviewed. This results are used for the
determination of the 4-th order approximation of the QCD
B-function and for the eTe~-annihilation R-ratio in the V-scheme.
The final results are compared with the ones, obtained in the
MS-scheme and minimal MOM-scheme in the Landau gauge. The
common features of the QED expression for the S-function in the
V-scheme and MOM-scheme are summarized.
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The third order perturbative QCD static potential

The static potential in QCD is introduced as a potential of
interaction between static quark and antiquark at a distance r with
using Wilson loop:

< | igfdx”AfLT"‘ >
1. (0|TrPe ¢ 0
\% 22 2)) = — lim = =
qco(p™rt as(p?)) = = lim —=In ] Tr1]0)
d*q g2 2 =2
:/(27T)3eqrv(q s 7a5(q )) 5

where «s is the strong coupling constant in MS-scheme,

as/4m = g2 /1672, g is the strong coupling constant of the QCD
Lagrangian, C is a rectangular loop of time extent T and spatial
extent r, T? is the generator of SU(N.) group, A7 is the gluon
field, P is the ordering operator along the way.



The third order perturbative QCD static potential

In momentum space the static potential can be written into the
form

V(G2

B =2 (=2
as(32)) = 47 Cras(q )<1+aMsasiZ )+

= 1
q2

+a¥_s<%f)>2+ ( MS 4+ 872 C3In F)( iﬂ2)> )

[T2, TP) = ifabeTe, facdfbed — Cp53b, (T2T3); = Crdjj, Ca and
Cr are the Casimir operators, C4 = N, Cr = (N? —1)/2N, .

The additional term 872 C3L appears due to the infrared (IR)
divergences, which begin to manifest themselves in the the static
potential at the three-loop level. We will neglect it in our RG-based
analysis.




N4 is the number of the generators of the Lie algebra of the
SU(N;), nj=n¢ — 1, n¢ is the number of quark flavours,

dgbed = Tr(T? T(bTCTd))/6 and d3b¢d = Tr(C2C(PCCD)/6 are
the total symmetric tensors, (C?)p = —if2°¢, where C? are the
generators of the adjoint representation of the Lie algebra of the
SU(N,)-group and

dgpeddzbed  N2(NZ +36)

Na=Ne—1, Na 24 ’
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The coefficients a;

diagrams and equaI

MS are calculated from the concrete Feynman

S =

20
= —CA — 9 TFrs
(W. Fischler, A. Billoire, 1977)
NS 4343 us 22 1798 56
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(216
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(M. Peter, Y. Schroder, 1997)
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High order PT QCD corrections to the static potential

The three-loop constant perturbative contribution to the static
potential in the MS-scheme can be presented as

S = a4 aPn? 4 aVn, + 2

3
A0 = _<§> T2,

12541 368 644 14002 416
a?) = (— +5003) + >CAT£ + (— - —g(3)> CrT?

243 135 81 3
71281
A = —700.717C3TF + ( - 16% +264((3) + 80C(5)> CaCrTr
286 206 dabcddabcd
*(T +=-¢3) - 160c(5)> CETr —56.83(1)—— F—
A

where the error of numerical calculation of the Cf‘ Tr-coefficient is
not indicated (A. Smirnov, V. Smirnov, M. Steinhauser, 2008) .



High order PT QCD corrections to the static potential

The numerical expressions of the nj-independent contributions were

obtained by A. Smirnov, V. Smirnov and M. Steinhauser in 2010
and read
dabcddabcd

al") = 502.24(1)C3 — 136.39(12)-F 5
A

These results should be compared with the independent calculation

of C. Anzai, Y. Kiyo and Y. Sumino in 2010

dabcddabcd
al") =502.22(12)C3 — 136.8(14)-F
A

which have greater inaccuracies. Recent the more accurate result in

Eq.(1) was obtained by Y. Sumino:
dabcddabcd

") = 502.22(12)C3 — 136.6(2)
Na



QCD p-function in MS-scheme at four-loop level

The evolution of the strong coupling constant « is determined by
the QCD p-function in MS-scheme:

i S (1)

L YR s
Bo 3CA 3 T

(G.'t Hooft, D. Gross, F. Wilczek, H. Politzer, 1973)
34 20
p1 = ?CE\ —4CeTEn — ?CATF”Ia

(D. Jones, W. Caswell, 1974; E. Egorian, O. V. Tarasov, 1979)

g 2857 205 1415
é\/IS = —CA + 2CFTFI7[ — —CFCATFH/ — —CATFn,—I—

+E CF T,_—n/ + ?CA T,_-n,,
O. Tarasov, A. Vladimirov, A. Zharkov, (80); S. Larin, J. Vermaseren, (93



QCD p-function in MS-scheme at four-loop level

150653 44 30143 | 136
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(T. Ritbergen, J. Vermaseren, S. A. Larin, 1997; M. Czakon, 2005)



Definition of the gauge- and scheme-independent V-scheme

In the QCD static potential the renormalization group logarithms
L=In(12/G ?) can be recovered with help of the solution of
RG-equation for S-function in MS-scheme at three-loop level:

() = () (1450 LD 1 (307 ¢ sy (S0

— 21\ 3
(B3 +2.56061 L% + 5%“)(%) + )

We will consider a V-scheme i.e. a scheme in which the static
potential in momentum space will be as the Coulomb potential

=2
— o Vv q
V(G2 2, as(u?)) = 4””’“%



Hence one can obtain the perturbative expansion of the strong
coupling constant o v(G ) in V-scheme

asv(§?) = as(?)P(as(i?), L) = as(u?) 3 Py (

as(p?)

— 47 ’
where polynomials PM3(L) are expressed through higher order PT
QCD corrections to the static potential and equal

PyS =
(L) = 2}’ + BoL
PMS(L) = aS + (2aM53, + 1)L + B2L2
7(L) = a3 St (3a3 Sﬁg + 2ay Sﬂl + ﬂ
+
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Definition of the gauge- and scheme-independent V-scheme

For definition of the renormalized parameter uy and expansion of
the QCD coupling constant in V-scheme through coupling constant
in MS-scheme at § =2, is used the effective charge method ECH,
developed by G. Grunberg.

At the first step, following the NLO definition of the ECH scheme,
we define the effective scale of the V-scheme as

py = explay’® /Bl

At the next step we fix §2 = u3, and get the following relation
between the effective charge of the V-scheme and the QCD
coupling constant a yg:

2 2 2 3
as (Ysis(#v) wis (Csams(iv)



Now it is possible to define the ECH -function of the static
potential, which is the RG S-function in the V-scheme

6(0& 7\//4’71')
N%/ ;N%/ = BV as V

Zﬁ, (as V)i+2

where a5 y=as v /4m. The standard RG equation relates
BV-function to the B-function in the MS-like schemes
B8Y(as,v (3,35 (7)) = 83, 35 (17)

das,v(as 7i5(H3))
das,M_S(u%/')
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The QCD V-function at the fourth order approximation in
the case of the SU(N,) group

Using the perturbative expansion of the strong coupling constant
asv(G?2) in V-scheme through coupling constant in MS-scheme,
one can get the transformation laws of the S-function from one

gauge-invariant renormalization scheme to another:
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— — 2 Ca— =T,
By = 3 CAT g TEM,

By = ﬂiws = —Cf\ —A4CFTEn — ?CATF’”’I ;
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The QCD V-function at the fourth order approximation in
the case of the SU(N,) group

By = 55" = 22105, + (a°)?B1 + (283"° — 62158y + 4(a1™°)*) o =
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The QCD V-function at the fourth order approximation in
the case of the SU(N,) group
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The QCD V-function at the fourth order approximation in
the case of the SU(3) group

By =11 — 0.666666n; ,
B =102 — 12.66666n, ,
By = 4224.181 — 746.0062n; + 20.87191n7 ,
By = 43175.06(6.43) — 12951.700(390)n; + 706.9658(6)n? — 4.87214n>.

The errors of the first three terms in equality for 3y are defined as

k .
the mean square error ¢ = \/> 7 ; 0?2 , where o; are the numerical

errors that arise from multiplication of the factor 23y by computed
errors of the corresponding MS-scheme numbers for agl) and ago) :
It should note that the property of the scheme-independence of the
coefficients 3 within the gauge-independent MS-like schemes is
the consequence of application of the ECH approach to the static

potential.



The guess about analytical representation of the numerical
terms in the SU(N,) expression for 3

There is the general rule, that the rate of transcendentality
structure is increasing with rising order of PT calculations.
Following this general rule and considering the terms in the
expressions for 3) and 3y, we claim that the evaluated numerically
contributions in the expressions for the agl) and ago)—coefficients,
can be decomposed in terms of rational and transcendental

numbers in the following way

709.717 = Ry + Rom? + Rem* + R4C(3) + Rsm2((3) + Re((5) ,
502.24(1) = Ry + Regm? + Rom* + R10¢(3) + Ruim?¢(3) + Ri2¢(5) ,
56.83(1) = Ry + Riom® + Rism* + RiaC(3) ,
136.39(12) = Ri5 4+ Rigm + Ruzm* + RigC(3) ,

where R; are still unknown rational numbers. There are indications,
that Ry» and Ry may be really zero.



To the question about e™e™ R-ratio

The asymptotic structure of the PT series for the 3-function in the
V-scheme has the non-regular behaviour and differs from the
asymptotic structure for the S-function in the MS-scheme. In view
of this it is interesting whether this non-regular behaviour will
manifest itself in the process of studies of scheme-dependence of
high-order coefficients for the characteristics of typical physical
QCD processes, e.g. for the e e~ -annihilation R-ratio in the region
of direct production of the pair of heavy quarks and antiquarks with
ns = 4,5 number of flavours. We will not consider the case of

ng = 6, related to the direct production of the pair of tt-quarks in
the process et e~ — hadrons, which may be studies in future if ILC
will be built. Indeed, the total cross-section of this process is
dominated by the subprocess e*e~ — Z° — hadrons and not by
the subprocess ete™ — v — hadrons, we are interested in.



R-ratio for ete -annihilation into hadrons

We remind that the eTe -annihilation R-ratio is defined as
R(s) =

where s is the transferred energy,
oolete™ — v — putp~) = 4r2a/3s , M(q?) is the QCD expression
for the photon vacuum polarization function

N (6?) = (4,90 — 8w d*)N(q?) = i/d4x (0| T jiu(x)(0)]0)

o(eTe™ — v — hadrons)

= 127Im I1 ]
(e 5 7 S ) mwlm MN(s + ie)

and j, =) Qf’(;f’}’yﬂ/}f is the electromagnetic hadronic current.
f

Since the e™ e -annihilation R-ratio is the RG-invariant quantity, it
obeys the RG equation without anomalous dimension term, namely

(42502 + 8la:) ) RS =0,



R-ratio for ete-annihilation into hadrons in MS-scheme

In the MS-scheme the O() approximation for the ete™ R-ratio is
. _ 2 3 4
RMS(5) — 3 2( 4 4% MS [ &s MS [ &s MS [ Ys
(5) Zf: QF{ 1+ 47T+r1 4 2 4 RE 47
For SU(3) group the coefficients r,-NTS have following numerical form

PMS — _1.84472n; + 31.7713 ,
(K. Chetyrkin, A. Kataev, F. Tkachov; M. Dine, J. Sapirstein, 1979)
PMS = —0.33139n2 — 76.8085n; — 424.763 — 26.44350; ,
(S. Gorishny, A. Kataev, S. Larin, 1991; L. Surguladze, M. Samuel, 1991)
rMS = 55081203 — 204.1431n? + 4806.339n; — 40091.67
+(49.0568n; — 1521.214)5;.

(P. Baikov, K. Chetyrkin, J. Kuhn, 2008). Where the terms with
6r = (X7 Qr)?/(Xf Q2), are the singlet contributions (2012).



R-ratio for et e -annihilation into hadrons in V-scheme

In the V-scheme the PT expression for the eTe™ R-ratio is defined
as

2 3 4
% 2 Qs vV | v QsV v %V v [ %,V
= 1442V sV sV AV
3zf:Qf<+ 47T+r1<4ﬂ> +r2<47r> +r3<47r>>
Using the ECH approach and the V-scheme relations, we obtain the

. . V
following general expressions for r;

=5 45 =g 59972nf — 9.5620,

r2V = r2 — 4a — 2aMSr1V =
=0. 50749nf + 113.6320nf — 2054.140 — 26.44350; ,
= n" =42 32" — (22" + (a®))n’ =

= 3.05815n} — 144.9455nf + 3455.279(2)ns — 20387.90(1.17)—
—(39.0881n¢ + 701.466)5;



mMOM-scheme in QCD

For the renormalization constants with arbitrary covariant gauge:

A = \ZNAM & =\/Z.C%, g0 = Zyg, Mo = ZaZ; A
where A%, c? are the gluons and ghosts fields correspondingly, A is
the gauge parameter. The renormalization constant of the
gluon-ghost-ghost vertex is Zecg = ZgZi/ch. The definition of the
mMOM-scheme is based on this relation. Hence
ZRMON (2)(Z0MON (122

(ZmMOM (;,2))2

ccg

amMOM (#2) —

0
s Qs -

The most important requirements of the mMOM scheme are

ZmIOM(qmMOM) — ZNS( 1)

and as a consequence
MOMy/, 2 ZXIMOM ZypMOM 2 MS/, 2
m C
Qs (1%) = ZVS < Zm>as (1) -
A C




R-ratio for et e -annihilation into hadrons in V, MS and
mMOM in Landau gauge schemes

The energy dependence of coupling constant as = als\/TS/(47r) at the
NLO, NNLO, N3LO approximations is defined through the powers
of logarithmic terms Log = In(s/A%(nf)) as

vo_ 1 PBiin(Log)

a - )
s Bolog  PB3Log?
GVNLO _ JNLO | pGNNLO

AZNNLO _ 55L 3[51 In?(Log) — B2 In(Log) + G230 — 2] ,
N3LO o aNNLO +A3N3LO
s S ’
3 5 1
BalftO = T [53(~ 0 (Log) + 3 In*(Log) +2In(Log) — 5)-
0

—3BoS1 52 In(Log) + 53 53]
K. Chetyrkin, B. Kniehl, M. Steinhauser, 1997



R-ratio for et e -annihilation into hadrons in V, MS and
mMOM in Landau gauge schemes

According to the ECH approach, scale parameters A(ns) should be
chosen so

N2 = N2 [ (nf) /ol )]

A ons = AT exp(AVS (ng) — Am™MOM () /450 (nf)] .

The numerical values of the Agcp in different schemes, MeV

n¢ | the order of approximation v /\(Mn_g) /\g”) /\fgﬁOM
4 2 350 500 625
4 3 335 475 600
4 4 330 470 590
5 2 250 340 435
5 3 245 335 430
5 4 240 330 420




R-ratio for et e -annihilation into hadrons in V, MS and
mMOM in Landau gauge schemes

In the cases of nf = 4 of active flavours and v = 2, 3,4 the values
for /\%:4) are fixed from the results (A. Kataev, G. Parente, A.
Sidorov, 2003) fits of the Fermilab Tevatron experimental data for
the xF3 structure function of the neutrino-nucleon deep-inelastic
scattering process at the N(*~1LO of the theoretical PT results. In
the case of nf = 5 the values of A(Mn_;:s) at v = 2,3, 4 were
obtained by A. Kataev and V. Kim in 2008 from the related results

for A=*) using the the NLO, NNLO and N®LO matching

conditions for the analysis of [(H — bb) PT uncertaintes. The
matching point was fixed by the on-shell b-quark mass values,
extracted in at different orders of PT from the analysis of heavy
quarkonium spectrum with taking into account the Pade estimated
value of the coefficient a3 (A. Penin, M. Steinhauser, 2002).
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ete™ — Z°% — hadrons, starts to dominate. . - N
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In QED case Ca =0, Cr =1, Tp =1, d3b< =0, dgb<d =1,
Na =1 and nf = N — number of leptons. Thus, making the

limiting transition to the QED case, we obtain from BV in QCD the
B-function in QED in V-scheme:

BXED(‘?V) = gNa%, + 4Na%, + (— ON + ( <(3) _ @)Nz) a€/+
( 46N + (104 + 5—12C(3) - @C@) ~ 2 56.83(1))N?+
+(128 — @ﬁ(S))W) ay + O(a{’,)

O

)
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n
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QED-limit: the relation of the 3V (cy )-function with the
Gell-Mann—Low function

Comparing this result with the evaluated analytically by S. Gorishny,
A. Kataev, S. Larin and L. Surguladze in 1991 the four-loop
approximation of the QED S-function in the MOM-scheme, i. e. of
the Gell-Man-Low W(ayowm)-function, namely with

64 134

4

(- aom+ 108 + 22¢3) - Zcomn2 + 128 - Zg(am )aim

we conclude that at the third order of PT BXED(aV) and V(anom)
coincide, and start to differ from the fourth order of PT due to
contributing to O(a¥) coefficient of the 3V-function from diagrams
with additional light-by-light-type scattering contributions through
the QED analog of the coefficient agl) in the MS-scheme, which
enter in the definition of the N2-term of the 33 -coefficient.



QED-limit: the relation of the 3V (cy )-function with the
Gell-Mann—Low function

It is possible to clarify that kinds of N-dependent high-order
coefficients of the QED S-function in the V-scheme

oo i i+2
Vi Qv Vil v
=5 () =) e (3)
will also receive additional contributions and what kinds of the
N-dependent coefficients of the QED 3Y-function will coincide with
the similar expressions for the W-function, which we will define as

+2
W(ayon) = W[l]N<aMﬂ> Jrz:Z:W[/],\,/<oz1\/101\/1> 7
i=1 |=1
5[\’[1] [1] +A BVU]
where extra terms AB,-V[I] in the N-dependent contributions to the
coefficients of the QED 3Y-function appear in the following region
of indexes [i,/]=[i >3,2</<i—-1].



QED-limit: the relation of the 3V (cy )-function with the
Gell-Mann—Low function

In the cases of [i,/] = [i > 3,/ =1 or i] the proportional to
NU_coefficients of the 3V and W-function are the same. For | = 4
it can read

4157
gy =yl = & T1280(3) .

Bv[4] \U[4] 8756 3584 5120

-2 + 2R + )

P. Baikov, K. Chetyrkin, J. Kuhn, J. Rittinger, 2012.

Note, that scheme-independence of the linear in N-contribution is
the consequence of the “quenched” QED conformal symmetry
property.



QED-limit: the relation of the 3V (cy )-function with the
Gell-Mann—Low function

We present the QED numerical results for S-functions

M5 — 2N +4.88888N7
BB = 46N +82.9753N? + 5.06995/\°
W, = —2N +5.19943N? |
W3 = —46N + 133.2714N? — 25.42447N3 |
BY = —2N+5.19943N?
By = —46N +284.818(26)N? — 25.42447N°> .

Note once more, that the first three coefficient of the 5V-function
and of the W-function are the same and start to differ at the fourth
order of PT on extra sizable contribution

By = W3 — 151.54(2) N2

This additional contribution arises from the light-by-light-type
scattering contribution, which is typical to the V-scheme.



Conclusion

m The fourth term of the PT expression for 3Y-function in the
general case of SU(N,) group is obtained

m The comparison between the fourth-order expressions for the
ete™ annihilation R-ratio, obtained in the MS, in the
Landau-gauge variant of the mMOM and in the
gauge-independent V-scheme leads to drastical decrease of the
scheme-dependence for the case of ny = 5 number of active
flavours in particular

m Considering the QED limit of the SU(N,)-group
BXCD—function we observe that its perturbative expression is
starting to differ from the perturbative expression for the
Gell-Mann-Low W-function at O(az3,)-level

m Starting from the fourth-order perturbative approximation two
N-dependent terms in the coefficients of the perturbative
expansions of the V- and W-functions will always coincide



Thank you for your attention!



