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Motivation

m Question: Calculations in QCD color space, su(N), N = 3, can be elegantly
simplified using a flow picture for color, can we do the same for the Lorentz
structure ~ su(2), su(2)?

—— ——
left right

m For color one can formulate color-flow Feynman rules, can we similarly
formulate some chirality-flow Feynman rules?

m Answer: YES!

m Feynman rules can be rewritten in terms of chirality flows and this beautifully
simplifies calculations!
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In QCD we translate color structures to flows of
color

m SU(N) Fierz |dent|ty remove adjomt |nd|ces =1)
o i ]
0D cangs e //5k/ 06

m Remove gluon vertices similarly

b b b
i = ﬁ% N &é% - &é%
a ¢ a ¢ a ¢

m In the end every amplitude is a linear combination of products of ds

Idea:

Lu N D Try to remove Lorentz indices in analogy with removing gluon indices, with the

UNIVERSITY goal of recasting all Feynman rules to chirality-flow rules
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Can we do something similar for spacetime?

m At the (complexified) algebra level, the Lorentz group consists of two copies

Lorentz structure, two copies of

SR— of su(2), so(3,1) = su(2) @ su(2)

m The Dirac spinor structure transforms under the direct sum representation
QED Examples 1 1 .

(5’ 0)&(0, é) in the chiral/Weyl basis

L n‘;\m left right

(SIS
NEl )

u) |, (et ug
UR 0 e 0z=13 | \up

i.e. actually two copies of SL(2,C), generated by the complexified su(2)
algebra

UNIVERSITY
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Spinor-helicity: its building blocks

m Consider massless particles: chirality ~ helicity
m Spinors

wwzmmzﬁg
ut(p)=v"(p)= (lp|, 0)

m Polarization vectors

w (o) =vie = (9

a(p)=v"(p)=(0, (pl)

e'(p,r) — n)lpl or

o Irl(pl _ |p)[rl
(ro) — (rp)’

o] " [or]

where ¢, is for incoming negative helicity or outgoing positive helicity and ez
is for incoming positive helicity or outgoing negative helicity
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Spinor-helicity formalism

m Amplitudes built up from Lorentz invariant inner products

QED
QED Examples

m Lorentz inner products formed using the only SL(2,C) invariant object ¢*?

Building Blocks

i) g o = (1% = (i), eqall? 1% =lilall]® = [,
(il
={e =[ila
= — Amplitudes are built up of contractions of form (jj), [ij] ~ \/Sj

m If we manage to create a flow picture, the “flow” must contract dotted and
undotted indices separately
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Towards chirality flow: Photon exchange

m Recall color, a single SU(N): generators t? — §’s

5,‘1'5;(/
0 r
m For Lorentz structure v = v2 ( _, 0
=
use spinor Fierz in flow form is (always read indices along arrow)

T T
apf H B
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Towards chirality flow: Fermion propagators

1
m We splitp, , = puy* = Pu\/é ( 0 7 ) into two terms

™ 0

. p _ _ p
pE\/ép“TufB: > @ PE\/E'O“TZB: > @->--

m Momentum dot defined to represent slashed momenta
m For massless momenta we have

Veptr,=p=Ipllpl, V2p"7.=p=p)pl
® In a propagator, we have p = >~ pi", p,-2 =0
i Pi 6
P= o> =D lI%" for pf=0
i

- =i Pi

p: —>@->-- :Z’I>(x[”5 for p12:0
i
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Towards chirality flow: external gauge bosons

m In the spinor-helicity formalism

Pl o)Ir|

Nlel  lelr]
] * lor]

) (e

m — easy to translate to chirality flow

e(p,r) — eq(p,r) =

1 P L
Gf(p,r)%m = r 5 Or Ef(p,f)%—.;:;r

1 A "
6’;;([37 r) — m .;:; ]rr) 5 or Cﬁ(py r) — m o€ ;}
m In Feynman diagram choose arrow direction which gives aligned arrows

After careful consideration we conclude that this flow picture works always
works
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The QED flow rules: outgoing particles

Species Feynman Flow

(p;) ‘—»—f{? ® -
Vo) | @ 0
e) | @——1 @ >
i) | @———1 @ < i
er(pis ) ‘/\/\/\/\/\/]Z? [:_r]‘_:i :" o & ._«R:
dipr) | @V & @ L oor & @ !

Spinor-helicity formalism

Use left and right chiral spinors su(2), su(2) and R/L for outgoing —/+ helicity
~—— ——

Lu N D dotted undotted
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The QED flow rules:

vertices and propagators

Feynman Flow
L e
R
R
K iev2 T
L T
P % Pi i Pi
= Z @ > s
P
HANSINAN Y Tk O — g TS

Stitch together such that arrow direction match
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Simplest QED example, all particles outgoing

m Regular spinor-helicity = easy

’ 2e” it
L L3 »
2ie ; - :
: = ([2lam” 1) 5)((4177"[3]7)
QED B se+e_ OéB
QED Examples 1 et 1 4
Qacp R R
o 2ig® : 2ig?
S = [2lal3]*(4)71)s = ——[23](41)
Se+e— Se+

m Chirality flow = super easy and intuitive
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Simplest QED example, all particles outgoing

m Regular spinor-helicity = easy

2e” I8
L L3 »
2ie ; - 3
= ([2lam” 1) 5)((4177"[3]7)
. Sete— af
1¢b 1y
R
2ie? : 2ie?
= [2]413]%(4]°[1)5 = [23](41)
ete— Se+
m Chirality flow = super easy and intuitive
22_ L+3 . 3
_2ief s e
=5
Ly R o 1m4
23](41)
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A complicated QED example

lL__.,___| 2H 3L_-)__| 41?
' '
! —P1—P2—Ds5 !
5L——<-—-‘ <] <« @-<-"- +6R

( Pp3+pa+pe

P8 + Py + Pio
7R o -

m Here all particles crossed to
outgoing

m Pick any consistent arrow
direction

Tt Do T 10%
R m Compare to standard QFT:
12 4" matrices
8k i 9F
_ (Vaeiyp 1) (i) ' [is)(e4)[10 9]
~——— S12 S34 Sg910 S125 S346 Sga10 Sat0  [8/8](re9)
vertices N———

photon propagators

fermion propagators

polarization vectors

X <<r99>[9r8] + <r910>[10r8]> (E?l(m + [34](47) + [36]<67>>

0

X (— (89)[91](12) — (89)[95](52) — (810)[10 1](12) — (810)[10 5](52>)
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Feynman Flow
K1, a1 1
p1 \
5 1oty _ gsf® —
Q000 ’ 2 /. 1-2
D2 ;
<p3
H3, a3
M1, a1 H2, az 1; ‘2
ig§ Z fa agbfba4a3 3 _
Z(2,3,4) 1
4 3
Hd, @4 13, a3

Arrow directions only consistently set within full diagram
Double line = g,,,,, momentum dot = p,,
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Massive spinor helicity basics
m Massive spinors and polarization vectors written in terms of massless Weyl

spinors of momentum p’, q, u*(p) = [ 1%

pb , etc.
m Decompose massive momentum p as sum of massless ones
2
pr=pt+agt, (PP=¢=0, a=LE
p=V2p'r, = P1P’| + alql(q|
m g is arbitrary but physical, as defines spin direction s
1 1
v— (" — agt) = —(p* — 2agt
—(" —agd") = —(p" — 2a9")
== pf tphas oy = Pl(1,), g — p» = 25 (1,-p)

Spin measured along s# = (p“ pb) = 1E(|p| p°p) = dlrectlon of motion!
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Fermion vertices

Fermion-vector vertex

0 Cr T
" =ie(P.CL+ PrCr)Y" = iev/2 ~___ T
CL JUEREEE 0
Fermion-scalar vertex
CL v 0
-= = ie(PLCL + PRCR) = ie o .
0 Cr >

Left and right chiral couplings may differ, in particular Cg = 0 for W+
= electroweak sector nice in chirality flow
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Fermion propagator

m Fermion propagator

i mfé‘j‘g \/épdﬁ _ i my Q. .
pP-m \Vap,; md.” ) e —mp
|
|
(1] 1= [l
(/] ) = (I
[ T Tl

Arrow flips may induce minus signs! Care must be taken

Malin Sjédahl (Lund) The chirality-flow formalism

November 22" 2021 20/25



Spinor-helicity formalism

QED
QED Examples
Qcp

Building Blocks
Examples

LUND

A massive example

UNIVERSITY

Malin Sjédahl (Lund) The chirality-flow formalism

Consider the diagram of e e, — 757, and include the mass me

p2 p3
m Obtain 3 new terms o g 3
=
m Simplify with choices of g1, o, 13, 14 !
eV jaj =T gl fo =M i o
T ) " o)) N 2
Py <o Tlg ‘72%7”»”‘:3
—2ie? i_Rj me Mg LT
= > > A]74*171*(11 — b Pi—P1— Q1
((ps = p1)? = me)Bre](dra) | 1 [aipi] () o
1 oo Hmmmee oo 4
[ r)% Py PR ’;
Mme 3 Me
TMe | : >
) L api], Lo
T4 4
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Towards an implementation

m Clearly much superior for pen and paper calculations

m What about implementation?

m Each contribution free of matrix structure, only sum of products of spinor inner
QED Exampie products
m Natural to sum only over contributing helicities, most particles are effectively
S massless
m Only some Feynman diagrams contribute to given helicity assignment, for
fermions (ninL + Ming)! = NinL!NinR!
m Assignment of the same reference momentum for massless gauge bosons
removes many terms (1/2 of terms survive 3g vertex, 1/4 survives 4g vertex for
external gluons and random polarizations)

m Currently implementing in MadGraph (Zenny Wettersten’s master thesis, in

LU N collaboration with Andrew Lifson, Oliver Mattelaer (Louvain La Neuve))
UNIVERSITY
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Application to resummation

m For color, resummation can be done in a color-flow basis

m Similarly here use chirality-flow we obtain a limited set of Lorentz structures
m Gain full control over analytic structure of resummation

m In collaboration with Simon Platzer (Vienna and Graz)

... and beyond leading order
m Division in left and right chiral spinors is a four-dimensional construction

m ... but loops are calculated in 4 — 2¢ dimensions

m Need to consistently treat spinors in 4 — 2¢ dimension, solve Weyl eq. in
4 — 2¢ dimensions, treat spin sums and inner products...

m Worked out with Andrew Lifson and Simon Platzer (Vienna and Graz)
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Conclusion and outlook

m Splitting Lorentz structure into su(2), su(2), we have been able to recast all

standard model Feynman rules to chirality-flow rules

m The chirality-flow formalism gives a transparent and intuitive way of
understanding the Lorentz inner products appearing in amplitudes

m Spinor-helicity formalism: 4 x 4 matrices v* — to 2 x 2 matrices o*

m Chirality-flow method: 2 x 2 matrices o* — scalars

m Shorter calculation of Feynman diagrams
m Many processes within range of quick pen and paper calculations, often no
intermediate steps
m Final result transparent/intuitive
m Implementing in MadGraph
m Resummation paper close to ready, and loops on their way
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