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Parton denstities and splitting functions

@ Bjorken variable

_qz

BT 2P g

@ Evolution of PDFs
dfi/n

dlng sz: Pir @ fi/n
@ Quark parton density
funtxn) = [ o=t (N(P)| [) 132 [Wiv] @INP)

@ Quark collinear Wilson line

0
Wi(x)=Pexp (- igs/ dsA-A(x+sA)),A>=0
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Motivations for four-loop splitting functions

o PDF uncertainties: the talk by Stefano Forte and Pavel Nadolsky

e DY N3LL’ gr spectrum and uncentainties: the talk by Johannes
Michel

@ Three-loop amplitude: the talk by Amlan Chakraborty, Piotr Bargiela
and Fabian Lange

@ Begin to go into N3LO precision era, but N3LO PDFs are missing.
@ Mismatch between precision of fixed order hard scattering and PDFs

@ The evolution of N3LO PDFs requires four-loop splitting functions
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Splitting functions and Anomalous dimensions

Mellin transformation

1 1
Fy(n) = - /0 dz 2" \fy(2), y(n) = /0 dz 2Py i(2)

: d - 2 7 2
DGLAP in moment space: qu(n,u ) = —22j3fyqj(n)j;-(n,u )

Light-cone expansion: f;(n) ~ (N(P)|1;A(A - D)Zfl% |IN(P))

n-moment of the P +— anomalous dimension of Twist-2 Spin-n local operator
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Twist-two operators

According to the flavor group,
@ A single non-singlet operator

1Ak

1 7 n
Og =5 [ViA(A - D) 7%]

where (Dy,);j = 0,6;; — igS(T“)iJ-Afj, Ak is the flavor generator.

@ Two singlet operators

1.-
Oy = 5 [Vid(A - D)~ uyy]

1 - n
Og = 2 [Am Gg}u(A : D)szAun GZ H]
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Renormalization of twist-two operators

@ The non-singlet operator O j is distinguished from singlet operators
by the quark flavor, and is multiplicatively renormalized, i.e.,

R _ —nsB
Oq,k—Z Oq,k

@ The two singlet operators belong to the same irreducible
representation and mix under renormalization,

R B
<0q> _<qu qu)(%)
Og Zgq Zgg Og

@ Extract the anomalous dimensions from the renormalization factors,

e S Lo ()
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Splitting functions from DIS

One-loop results po [AItareIIl and Parisi, 1977]

Two-loop results P(1)[Furmanski and Petronzio, 1980; Curci, Furmanski and
Petronzio, 1980]

Three-loop results P(2)

> Non-singlet[Moch, Vermaseren and Vogt, 2004]
» Singlet[Vogt, Moch and Vermaseren, 2004]

Partial four-loop results for singlet splitting functions[S. Moch, B. Ruijl,
T. Ueda, J.A. M. Vermaseren, A. Vogt, 2021]
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Splitting functions from off-shell operator matrix elements
(OMEs)

Consider the matrix elements with zero-momentum operator insertion,

Aij = U(p)‘ol‘](p» Lj=qorg

o Non-singlet, multiplicatively renormalized, no renormalization issues
> three-loop[J. Bliimlein, P. Marquard, C. Schneider, K. Schénwald, 2021]
> partial four-loop results from the fix Mellin moments computation[S.

Moch, B. Ruijl, T. Ueda, J.A. M. Vermaseren, A. Vogt, 2017]

@ Singlet, there are some renormalization issues, the operators O, and
Og mix with gauge-variant (alien) operators,

» one-loop[D.J. Gross, F. Wilczek, 1974] First pointed out the possible
mixing with gauge-variant operators

> two-loop[E.G. Floratos, D.A. Ross, C. T. Sachrajda, 1978] Some flaws due
to omitting the gauge-variant operators

> two-loop[R. Hamberg and W. L. van Neerven, 1992] All flaws resolved
using the order g gauge-variant operators constructed in[J. A. Dixon,
J.C. Taylor, 1974]
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Significant efforts in deriving gauge-variant operators

@ [D.J. Gross, F. Wilczek, 1974] first pointed out the possible mixing with
gauge-variant operators

@ [J.A. Dixon and J.C. Taylor, 1974] constructed order g gauge-variant
operators, not clear how to generalize to higher order

@ [Joglekar and Lee, 1975] gave a general theorem about the
renormalization of gaug invariant operators. No explicit results are given

@ [J. C. Collins and R. J. Scalise, 1994] studied the renormalization of
energy-momentum tensor

@ [G. Falcioni and F. Herzog, 2022] constructed the gauge-variant operators
based on a generalized BRST symmetry
Very promising, however, the operators were constructed for fixed
Mellin moments n. More and more number of operators are needed
for higher Mellin moments.

Construct all-n gauge-variant operators?
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A new framework of deriving gauge-variant operators

@ Extending the renormalization of the operator Og,

[e.o]
Op = ZgqOf + ZegOg +| ) i (O/l?i + Op, + 0(83,-) i = Olay)
i—1

where Oy, is composed of gluon fields only, while Op; and Oc, also
involve quark and ghost fields separetaly.

@ Infinite gauge-variant operators are needed, only finite number of
operators are needed at finite order

@ A single gauge-variant operator doesn't satisfy the transverse
condition, the sum of them do satisfy

Pubv <g(p)|Of|g(p))”” #0,0r = Oy, Op, or Oc,,
PuPv (8(p)|Oa; + Os, + Oc,|g(p))"” = 0.
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Extending to quark operator
@ The renormalization can be generalized to Oy directly,

o0
OF = ZqgOF + ZggOf + 3 i (OF, + OF + OF) ki = O(al*")
i=1

@ Need k x k mixing matrix for (k — 1)-loop computations;
For 3-loop computations, See also the talk by Taushif Ahmed for similar

operator mixing

Oq R qu Zq g K1 K2 Oq B

Og _ Zeyg Zgg M "2 Og
OaB.c, 0 0 Zyna Zaa, OaBic
Ou,B,6 0 0 Zapa Zaa Ou,B,6

W|th OA[.B[.C[. = OA[ + OB,' + OC[
@ The renormalizations of gauge-variant operators don't mix with the
physical operators, compatible with the theorems given by Joglekar and

Lee, 1975
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The first type renormalization constants 7,

@ Consider the determination of the first type gauge-variant operators
OF = ZgqOf + Zgg OF +m (Of, + Op, + Og,) + O(5) ,m = O(ay)
@ |dea: we determine the Feynman rules instead of the gauge-variant
operators themselves.

@ The only input is the Feynman rule of the lowest order ghost operator
Oc,, which can be easily determined

7p’1f&{’”‘"7)£,?z5 '5u1a21+(_1)nA. n
— 1 5 (A-p)".

@ Consider one loop OME with two ghost states, impose the
renormalization conditions

0= [(clOgle)® ) + 5" (| Ogle)> V],

m_1 -G
' en(n—1)
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The first type ghost operators at higher order

@ To determine the ghost operator Oc, at order g/", we consider the
following correlators with 7 gluons and two ghosts,

(c|Oglc+mg)lp, "™ R=Z(v Z4)" (€| ZgqOq + Zgg Og

e fim, B
+ 11 (04, + Op, + O¢,) |c + mg>l1LFl,| K

@ Expanding the correlators as the following form,

M%w+mwmwzgﬁﬁ%w+mwwwﬂ“ﬂ(ng

@ To lowest order, imposing the renormalization conditions again

e, (O), 1 oty (1), (m), B
(el0ale+mg) "™ " = —g5 [(elOgle+ mg)f (]

1
1 /e
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The first type gauge-variant operators
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Feynman rules of the first type gauge-variant operator

p1yin . P2y iz
P1iia P2,z

D3, 13, a3

P P2
§
& e
&
3

P3: p13, a3 Pas fa, aq

11+ (-1)
2 2
i14(-1)

8

n
igs A3

—0

T A(A . (pl + pz) )n—Z

iy

n
gSZAus AH4 (Tas T% _ T% Tas)izil A Z <

n—3

h=0

3(A-(pr4p2) (A ) = (A )T
— (A p) (A p) ) New

Feynman rules for Op, operator with all momentum flowing into the vertex.
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D3: 13, a3

114 (—1D)" n—3 . P

ng“f‘gsf“l“m (3A A Y ((*A cp) (A p) AT 3)
=0

+(A'P1*A'Pz)(A'(Pl+P2))"_2*(A'Dl)"_lJr(A‘Pz)"_l)»

Py, a1 P2, 2, a2

D3: 3,03
11 —1)"
g%gsfalﬂzaa ( CAAMGRIE2 A L p (A - (py + p2)) "2
n—2 . . ) B
—3AMIAMSPI2 S (A o)t (A py) TATITE) poart Ak ()3 4 pl3) (A p) T
j1:0
n—3 . N P
— AMIARZAMS (pypr—propa+ P2 p2) D (=8 p) (A ) TR ) + Permutations ,
j1:0

Completely agree with[R. Hamberg and W. L. van Neerven, 1992] after
correcting some typos there
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New, all-n Feynman rules for Oc,

Pss H3. 03 Pas Ha, Qg
ﬁl + (2*1) :ng"‘A”“{f”“‘““f"“‘“(6(—A-p4)“’2 +6(A-py) n-2
n—2
FOA-On )68 ()= 3 |

i1=0
FU=A )+ (=2 p) B A p1) A B(A ) T 4 (A (pr 4 p2) T

LA )4 (A ) "I (B = ) (A 1+ ) )
n-2 j1

+BZZ[ ~Apa) B (A p) (A () (A )]

=0j2=0

n—2
(68 )" 68 Gt )" T [3(-8pa) ()

J1=0
F 3D g (A p) "I [5(-A ) = (-2 p) ] (A (pr +pa) "

FOLBp)" I A p) D ()

-30- mZ[ —Aps) " = (A ) P (A (1 + )" = (A ) <A-Pﬂ>"”"ﬂ
1=0
n—2 Jl] )
F03 [CA P Q) I 4 ) - 148G+ ) 7]

51=042=0

+ dorazases () } X
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New, all-n Feynman rules for Oy,

P1s i, a1 P2, jr2, a2

Pa, 13, 03 Pas Ha, ag

gl_ﬁwigg{gAm Ak ghans (8 (2faaras paczas _ gaaraz faasas) (A L p,yn-2

ST A A 28 )

x z { —p2)) " (A-pg)j]](7A.pl)—,n+n—3:|)

J1=0

+ ZAM AR A AR ((m p1+Dp1epa+pLops+pa-p2+p2-ps+ ps-ps) fOU AR

+(prpr—5p1-p2 — 5p1-ps —Bp2p2 — Sp2-ps +Aps -m)f““““fauw)

n—4 ji
% z Z —A ) (A (pr+ ) TR (A ) —J|+n—4)
J1=032=0
— AP2 AP (fau]u;;faaga4 + l3faalazfua:xa1) (A"”pf.;” — A““p‘f])
n=3 Jj1
DI —pa)) T (A pg) P (— A py) TIENTE) g AR AR AR
J1=0j2=0
n—3
x (4p§m +p§:l)faa1a:1fanza4 Z {[4(,3 S(p1+pa)) P+ (A pa) T (—A - p2) —j14n-3
J1=0

2(A-p)? (A (=p1 — p3)) 7"‘”"73] + darazasan (oo } + Permutations.
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Three-loop singlet splitting functions from
off-shell OMEs
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Sample Feynman diagrams

@ Once we get the Feynman rules for both gauge-invariant and
gauge-variant operators, we only need to compute the two-point
off-shell OMEs

@ Sample diagrams contribute to three-loop singlet splitting functions

&EW@W

fg. Cﬁﬁ‘b ps %%7/
0
CM)?/O? ”WD(T Oﬁﬁa
B e calf
C—§ 1 C, 3 A (T prfress)
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Renormalization and results

@ The correct renormalization to three loops should be

Oq R qu Zq g R1 K2 Oq B
Og Zgqg Zgg M 2 Og
OAI B G 0 0 ZA1A1 ZAIAZ OA] B C
Oa,,6, 0 0 Zpna Zaa, Oa,,6,

@ Op,B,c, is still missing, try the 3 by 3 mixing matrix,

R B
Oq Zag Zgg R Oq
Og =| Zgg Zgg m Og

(OFN: ¥o) 0 0 Zya Oa B,

@ Results: confirm MVV in Feynman gauge £ =1

Yo = Vg MW] = 0,7 — v Mw] =0,
2 — MW = 0,72 — /D MwW] = (1 - &) ]
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Summary

@ The off-shell OMEs method is one of the most efficient methods to
compute the splitting functions

o For off-shell OMEs, the physical singlet operators mix with unknown
gauge-variant operators

@ We developed a new framework based on renormalization conditions
to find the all-n Feynman rules of the gauge-variant operators

@ As a first application, we apply it to the 3-loop singlet splitting
functions and recovered the well-known results by MvV

@ The method of finding the Feynman rules of gauge-variant operators
presented here can be generalized to four loops directly

Thank you very much for your attention!
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Extra material
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Splitting functions from on-shell operator matrix elements

(OMEs)
Consider the matrix elements with zero-momentum operator insertion,
A = ((P)0ilj(p)) i,j=qorg

To keep the p? onshell, i.e., p? = 0, one need to introduce a mass scale

e Consider non-zero momentum transfer (like a form factor), one-loop
in[B.W. Harris and J. Smith, 1994]

@ Introduce an internal mass scale, massive OMEs (by-product),
three-loop results in[Ablinger et al. 2010, 2014abc, 2017]

@ Introduce an external mass scale, like measuring pr or the vituality ¢
(by-product), three-loop results in[M.-x. Luo, TZY, H. X. Zhu, and Y. J.
Zhu, 2019, 2020; M. A. Ebert, B. Mistlberger, and G. Vita, 2020]
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The formula to derive other type gauge-variant operators
@ Consider the determination of the second type gauge variant operators
R B B B B B
Op = ZgqOg + ZggOg +m (OA1 +0p, + OCI)
+ (OEZ + OEZ + Oa) + (’)(af) S = (9(@%)

Need to consider two-loop multiple points correlators?
Look at the renormalization of gauge-variant operators

Of s, = Zaa, (OF + OB + OF ) + Zus, (08, + OF, + 08) + 0(ad),
Zna = 0), Zna, = O(as)

Only need to consider one-loop one-particle-irreducible OMEs to
determine other type of gauge-variant operators

To determine n;(i > 2), still need to compute multi-loop multi-point
correlators, but only in some special kinematics
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Feynman rules for other types of gauge-variant operators

@ In progress

@ Preliminary results

Op, = O(g%) , OB, = O(g?)
OAz = O(gs) ) OAs = O(gs)
OCz = O<gs) ) OCs = O(gs)

@ Renormalization of Og
m .
i=1

@ Oy, and Og;, also contribute to three-loop singlet splitting functions
@ Oga,, Op, and Og, only contribute to four-loop singlet splitting
functions, Op, only contributes starting at five-loop order
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Lorentz structures of one-loop multi-point correlators

@ Pure gluons correlators, for exmample, 4—gluon correlators

[<g|0g|ggg>$|ﬂww4’ 0. @ B] = Dy AFTAFZAFS AME 4 by AFTAFZ A3 ph4

1/e
+ b3 AP AF2 AH4 piﬂ + b4A“‘/A”3 AH4 piiz + bs A2 AF3 AH4 pfl
+ bg APLAF2 AF3 péﬂ + by AF1L AP2 AF4 p;S + bg AHMLAH3 AMP;Z + by AH2 AF3 AP4 pé‘l
+ b AFTAF2 AH3 Pé“l + by AFTAR2 AH4 pé‘s + b AML AR AH4 pgz + bz AF2AH3 A”“Pé”
+ big APLAF2 gl3ka | b g APTAHS gh2ba | b o AHI A4 gh2l3 g AF2 AF3 gliiia
+ Dig AF2 AFa gl1ls | g AHS AH4 g1k

@ An example, why not by A1 AH2 pi's pli4?

Property of twist-two operators (spin-n and mass n + 2)

@ Property of Feynman rules for a vertex (no mass scale can be generated in the
denominator)
3

@ counting the mass dimension of by AH1 A2 pl's phit,
[boo] +2+4=n—-2+2+4=n+4,

where 4 is mass dimension of the external 4 gluons. [ wist-4 operators
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Computational methods

@ Non-standard terms appearing in the Feynman rules

@ Example: Feynman rules for O, at lowest order

D1, %1 ® P2, i2 %A(A.pl)”*l

@ Sum the non-standard terms into a linear propagtor using a parameter x, first
proposed in[J. Ablingera, J. Blumlein, A. Hasselhuhnb, S. Kleinc, C. Schneidera,
and F. WiBbrock, 2012]

n—1 S n n—1 __ X
(A-p) %;x(A T

@ Always work on x-space, take the coefficient of x" symbolicly in the end using the
package HarmonicSums[Ablinger 2010-]

@ Harmonic polylogrithms[Remiddi and Vermaseren,1999] — Harmonic
sums|[Vermaseren 1998,Blumlein and Kurth,1998]

oo

H(1,1;x) = Zx ( y)
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Computational procedure up to three loops

@ Use QGRAF to generate all relevant Feynman diagrams

@ Substitute the x-space Feynman rules in Mathematica

@ Use FORM and Color to evaluate dirac matrix and color algebra

@ Use a self-written code, Reduze 2 and FeynCalc to classify the topologies
@ Use FIRES6, LiteRed, Reduze 2 and Kira to perform IBP reductions

@ Derive differential equations with respect to the parameter x, turn them into
canonical form proposed by Henn using CANONICA and Libra

@ The solutions of master integrals are in terms of HPLs with argument x

@ Turn OMEs in terms of HPLs into OMEs in terms of Harmonic sums with
the help of the package HarmonicSums.

@ In the end, we obtained (j(p)|Oy/¢lj(p)) to three loops, (j(p)|Oa . |j(p))
to two loops, in general & dependence, where j = g, g, or ghosts.

@ Also need (j(p)|On,c|j(p)) to one loop, in progress.
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