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CURRENT THEORETICAL DESCRIPTION

WHAT?
Compute NNLO QCD corrections to pp → t̄th by using
Fragmentation Functions (FFs).
WHY tt̄h?
Study the top-Higgs Yukawa coupling.

tt̄h production

✓ NLO QCD corrections1,
✓ NLO QCD corrections of

t̄th + jets2

✓ NLO EW corrections3,
× NNLO QCD corrections.

t → th fragmentation

✓ LO top-Higgs FF4,
✓ NLO top-Higgs FF in the limit

m2
h ≪ m2

t ≪ ŝ and based on
soft-gluon approximation 5,

✓ NLO top-Higgs FF6.

1Beenakker et al., Reina et al., ’01, 4Braaten, Zhang, ’16,
2Cullen et al, ’13, 5Dawson, Reina, ’98,
3Zhang et al, ’14, 6CB, Czakon, Generet, Krämer, ’21.
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CURRENT THEORETICAL DESCRIPTION

500 1000 1500 2000 2500 3000 3500 4000

10 10

10 8

10 6

10 4

d dp
T,

h
[p

b/
Ge

V]
pp tth Exact
pp tth Approximation

500 1000 1500 2000 2500 3000 3500 4000
pT, h [GeV]

0.2

0.0

0.2

Ex
ac

t
Ap

pr
ox

Ex
ac

t

⋄ Good approximation at large pT → errors decrease to below
5% for pT > 600 GeV.

⋄ Enables to resum logarithms at high pT → necessary for future
colliders.
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THE FINAL STATE FACTORIZATION

In the collinear limit:
ŝ ≫ q2 ∼ m2

t

hard scattering and
collinear emission

factorize.

dσ̂ab→h+X(pa, pb, ph) =
∑

i

∫ 1
0 dz dσ̃ab→i+X(pa, pb, pi;µ)Di→h(z;µ) ,

with z =
n · ph

n · pi
and nµ =

1√
2
(1, 0, 0, 1) is the light-cone vector in the Higgs

direction.

3

→ Analogous to the initial state factorization (PDFs).

! Di→h(z;µ) can be perturbatively computed.
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DEFINITION OF THE FRAGMENTATION FUNCTION

[LO example of the following general formula]

Dq→h(z) =
zd−3

4π

∫
dx−e−ip+h x−/z 1

2Nc
TrcolorTrDirac

[
/n ⟨0|ψq(0)

P̄ exp

(
ig
∫ ∞

0
dy−n · Aa(y−n)TT

a

)
a†h(ph)ah(ph)

P exp

(
−ig

∫ ∞

x−
dy−n · Ab(y−n)TT

b

)
ψ̄q(x−n) |0⟩

]
G Wilson Lines This definition is gauge invariant!

7Collins, Soper, ’82. 4
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EXAMPLE: THE LO FRAGMENTATION FUNCTION

5

Dt→h =
zd−3

4π

∫
ddpt

(2π)d (2π)δ
+(p2

t − m2
t )(2π)δ

+(p+h /z − (pt + ph)
+)

y2
t µ̃

2ϵ

2Nc

×
∑

spins,colors

Tr
[
/n
/pt

+ /ph
+ mt

(pt + ph)2 − m2
t
(/pt

+ mt)
/pt

+ /ph
+ mt

(pt + ph)2 − m2
t

]
.

Applying the formula of the previous slide at LO, the fragmentation
Dt→h reads:

Using reverse unitarity, the phase-space becomes a
loop integral8:

δ(x) → 1
2πi

(
1

x − iε
− 1

x + iε

)
↙ ↘
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EXAMPLE: THE LO FRAGMENTATION FUNCTION

8Anastasiou, Melnikov, ’02. 5

Dt→h =
zd−3

4π

∫
ddpt

(2π)d (2π) δ
+(p2

t − m2
t ) (2π) δ

+(p+h /z − (pt + ph)
+)

y2
t µ̃

2ϵ

2Nc

×
∑

spins,colors

Tr
[
/n
/pt

+ /ph
+ mt

(pt + ph)2 − m2
t
(/pt

+ mt)
/pt

+ /ph
+ mt

(pt + ph)2 − m2
t

]
.

Using reverse unitarity, the phase-space becomes a loop integral8:

δ(x) → 1
2πi

(
1

x − iε
− 1

x + iε

)
↙ ↘
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THE NLO FRAGMENTATION FUNCTION CONTRIBUTIONS

Virtual corrections Real corrections

6
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DIFFERENTIAL EQUATIONS METHOD

⋄ Reduction to MIs can be performed with the usual techniques9:
✓ 8 master found for virtual corrections,
✓ 8 master found for real corrections.

⋄ A system of first order linear differential equations for the
MIs can be derived:

∂xi f⃗ (⃗x, ϵ) = Axi (⃗x, ϵ) f⃗ (⃗x, ϵ).

⋄ It is possible to choose a basis of MIs, the Canonical basis10,
such that: d⃗f (⃗x, ϵ) = ϵ dA(⃗x) f⃗ (⃗x, ϵ),

with dA(⃗x)ij =
∑

k

cijk dlog(αk(⃗x)).

9FIRE. Smirnov, ’15.
10Henn, ’13.
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CANONICAL BASIS FOR VIRTUAL CORRECTIONS

⋄ Generic canonical master: f virt
i = ϵni Bi(mt,mh, z) Tvirt

i .
⋄ Semi-algorithmic approach:

✓ Tvirt
i found by maximizing symmetries,

✓ Bi(mt,mh, z) found by applying Magnus transformations11.

Pre-canonical Tvirt
i :

I0,2,1,0,0,1,1 I0,2,1,1,0,1,1 I1,1,1,1,0,1,1 I0,0,0,1,2,1,1

I0,0,0,2,1,1,1 I0,1,0,1,1,1,2 I0,1,0,2,1,1,1 I0,1,0,1,1,1,1

11Argeri et al., ’14
8
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CANONICAL MATRIX FOR VIRTUAL CORRECTIONS

⋄ Rationalizing roots: m2
t →

m2
h

4
(−τ 2 + 1).

⋄ Canonical matrix in dlog-form:

dAτ =M1 dlog (τ) + M2 dlog (1 − τ) + M3 dlog (1 + τ)

+ M4 dlog (2 − z (1 − τ)) + M5 dlog (−2 + z (1 + τ))

+ M6 dlog
(
−4 + z

(
3 + τ 2)) ,

where Mi are rational 8 × 8 matrices.

⋄ Solution given in terms of GPLs.

⋄ Integration constants matched in limit m2
t → ∞.

9
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MASTER INTEGRALS RESULTS
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SIMPLIFYING POLYLOGARITHMIC EXPRESSIONS WITH SYMBOLS

12Goncharov, ’09, Duhr, Gangl, Rhodes,’12. 11

Symbols12 (S) were used as a systematic way of simplifying the
polylogarithms appearing in the MIs analytic expressions.

Definition
⋄ S(Lin(x)) = − ln(1 − x)⊗

ln(x)⊗ ...⊗ ln(x)︸ ︷︷ ︸,
⋄ S(ln(x) ln(y)) =

ln(x)⊗ ln(y) + ln(y)⊗ ln(x),

⋄ ...⊗ ln(x · y)⊗ ... = (...⊗
ln(x)⊗ ...) + (...⊗ ln(y)⊗ ...),

⋄ S(πn) = 0 with n ≥ 2,

⋄ Symbols are unique up to ∼ πn.

n-1 times
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SIMPLIFYING POLYLOGARITHMIC EXPRESSIONS WITH SYMBOLS

12Goncharov, ’09, Duhr, Gangl, Rhodes, ’12.
11

Symbols12 (S) were used as a systematic way of simplifying the
polylogarithms appearing in the MIs analytic expressions.

Definition
⋄ S(Lin(x)) = − ln(1 − x)⊗

ln(x)⊗ ...⊗ ln(x)︸ ︷︷ ︸,
⋄ S(ln(x) ln(y)) =

ln(x)⊗ ln(y) + ln(y)⊗ ln(x),

⋄ ...⊗ ln(x · y)⊗ ... = (...⊗
ln(x)⊗ ...) + (...⊗ ln(y)⊗ ...),

⋄ S(πn) = 0 with n ≥ 2,

⋄ Symbols are unique up to ∼ πn.

n-1 times

Example
S( −Li2(x) − ln(1 − x) ln(x) +π2

6 )

=ln(1 − x)⊗ ln(x) − (ln(1 − x)⊗ ln(x)
+ ln(x)⊗ ln(1 − x))+0

= − ln(x)⊗ ln(1 − x)

= S(Li2(1 − x))

↓
Li2(1 − x) = −Li2(x)− ln(1 − x) ln(x) + Aπ2

A = 1
6 → Euler’s reflection formula
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COLLINEAR RENORMALIZATION

The bare t → h fragmentation function:

Dh→h = δ(1 − z) +O(y2
t )↙

DB
t→h(z) = (Zth ⊗ Dh→h)(z) + (Ztt ⊗ Dt→h)(z) +O(y2

tα
2
s , y

4
t ).

The renormalization constants in terms of splitting functions are:

Zth(z) =
y2

t

16π2

1
ϵ

P(0)
th (z)

+
y2

t

16π2

αs

2π

( ?︷ ︸︸ ︷
1
2ϵ

P(1)
th (z) +

1
2ϵ2 (P

(0)
qq ⊗ P(0)

th )(z) −
β
(0)
th

4ϵ2 P(0)
th (z)

)
+O(y2

tα
2
s , y

4
t ),

Ztt(z) =δ(1 − z) +
αs

2π
1
ϵ

P(0)
qq +O(α2

s , y
2
t ).

P(0)
qq , P(0)

th known → P(1)
th derived as a by-product of our computation.

12
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P(1)
th (z) = CF

[
− 8z Li2(z) + z ln2(1 − z)

− 1
2

z ln2(z) + 3z ln(1 − z)− 4z ln(z) ln(1 − z)

+ (−1 +
1
2

z) ln(z) + (−13
2

+ 15z)
]
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th derived as a by-product of our computation.



Conclusions



Goals & Motivations The fragmentation function Loop computation Collinear renormalization Conclusions

SUMMARY & OUTLOOK

ACHIEVEMENTS

✓ Dt→h(z) fragmentation at O(y2
tαs),

✓ Dg→h(z) fragmentation at O(y2
tαs),

✓ Pth(z) splitting function at O(y2
tαs),

✓ Pgh(z) splitting function at O(y2
tαs).

OUTLOOK

⊙ Testing the fragmentation approxi-
mation for the t̄th production at NLO,

⊙ NNLO computation of the fragmen-
tation functions in mh → 0.

13



CANONICAL BASIS APPROACH

⋄ It is possible to choose a basis of MIs, the Canonical basis1,
such that: d⃗f (⃗x, ϵ) = ϵ dA(⃗x) f⃗ (⃗x, ϵ),

with dA(⃗x)ij =
∑

k

cijk dlog(αk(⃗x)).

⋄ The solution of the differential equations system is:

f⃗ (⃗x, ϵ) = P exp

[
ϵ

∫
γ

dÃ(⃗x′)

]
f⃗ (⃗x0, ϵ).

Canonical MIs can be expanded in Taylor series around ϵ = 0:

f⃗ (⃗x, ϵ) =
∞∑

k=0

ϵk f⃗ (k)(⃗x) → f⃗ (k)(⃗x) =
∫
γ

dÃ(⃗x′) f⃗ (k−1)(⃗x′) + f⃗ (⃗x0, ϵ)

1Henn, ’13.



THE LP FORMULA

The LO qq̄ → t̄th cross section is decomposed as:

dσ̂qq̄→t̄th(P) ≈ dσ̃qq̄→t̄th(P, µ)︸ ︷︷ ︸+ 2
∫ 1

0
dz dσ̃qq̄→t̄t(p = P/z)Dt→h(z, µ)︸ ︷︷ ︸ .

The direct (infrared-safe) contribution is computed as:

dσ̃qq̄→t̄th(P, µ) ≈ lim
mt→0

(
lim

mh→0
dσ̂qq̄→t̄th(P)

− 2
∫ 1

0
dz dσ̃qq̄→t̄t(p = P/z) lim

mh→0
Dt→h(z, µ)

)
.

Direct Contribution
q2 ∼ ŝ

Fragmentation Contribution
q2 ≪ ŝ



SIMPLIFYING POLYLOGARITHMS EXPRESSIONS WITH SYMBOLS

1. Take the symbol of the initial form

2. Use symbol properties to simplify the expression

3. Write the simplified expression in terms of polylogaritmhs
↓

Exploit that different types of contributions satisfy different
symmetry relations

Example: At weight 2, there are 4 types of contributions:

Li2(a), ln(a) ln(b), π ln(a), π2,

with

S(Li2(a)) = − ln(1 − a)⊗ ln(a)

S(ln(a) ln(b)) = ln(a)⊗ ln(b) + ln(b)⊗ ln(a).
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